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IJKLM NO
OPQRS TUV WXYUWXYRZ XP[\\V ]RS^_`a \aXXSb cSd eTPRfS gX_eXPYhP[hS a`P`[_`[V`^ eXfSX. ijVRY dTf_, Tf_ cklb[ g\V_XaXV Y`V[``-PRfS WXYUWXYRZ dX[kXPb[ eXf[\\_Xa a`P`[Y`f ej_Vj[. m`P`k ejVRYTf_ ckl Sn ]\[aWbS QXSXPb[ X[\\_VX[ ej_ YTTSRf WXYUWXYRZ dX[okXPb[ eXf[\\_XaXV ]\[aWXS X_[UePRfS XppXPXY (W`V_`[TTV) hP[hSa`P`[_`[VV`[.q\[XWXS X_[UePRfS TSVg`S `_UWUSYTTV Sn WXYUWXYRZ XSX_Rd, YTTSRfa`P`[_``, VRrrUPUSlRX_ Y`[]RY[`_ [`a W`Y WXYUWXYRZRfS j_jS gX_oeXPY hP[hS a`P`[_`[V`S`. sSX_RYRZ [UjWUYPRf[ jPQRS TURfS YTk-]RSV g\V_Xa Sn WXYPRlXS X_[UeP, YjVjPajf_j[QRfS jSj_b[ g\V_Xa-[Tf[``P g\V_Xa ej_jW^[Tf tW. uhS ]\[XWXS X_[UePRfS ]\[XWXSj[YjP[\f, g\\Pn, a`W^``g ]\[XWXS aXWXXPX_ eX ]\[XWXS aXWXXPX_o[TfS Y\aXf [`a W`Y \aX[VXa\\S\\VXV XSX_RYRZ [UjWUYPRfS TSVg`S\aX[VXa\\S\\V X]R[_X[VXSX.vS` eTa`S Sn ]\[XWXS X_[UeP eX XSX_RYRZ [UjWUYP ajwPb[ S`[Yo[`S g\V_Xa TSV`g ej_ja Y\_ `S`aTT g\PXa eRQ[Rf[ aRfa ej_gjS tW.vS`aTT g\PXa eRQR[Y XSX_RYRZ [UjWUYP, ]\[XWXS X_[UePRfS jSj_bS`_UWUSYTTVRf[ eTY`S aXWPXab[ aRQ``_``. uhS eT_`[ eTPY dXXkX_ejVja ejV_j[\\Vb[ aXkgXP[XgXS.vS` SjWbS YX_XXPaR gXSX_ dhk_h[hh[hh uxyz-RfS uXYUWXYRZ{jWpntYUPRfS z\P[\\_RfS uXYUWXYRZRfS VRVXZYRZ – |UjWUYPRfSY`SaRWV [`g`S aXc[XXP RPTT_e`_ }XSnV eXcP_XSX.
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1.1. ������. ������ �����  �
a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

am1 am2 . . . amn¡¢£¢¤ m ·n ¥¦¦¤§§¨©©£ ¥¦¡¥£¦¤ ¥¢¡ª «¤¬«¡¥ ¥©®¯¬°¡ ©±² ³´µ¶. ·¤¢ (¥¦¦-¤§§¨°¤) ¥©®¯¬°¡m×n ¢¸¢¹¯º¤ ¹©¥¸¯¬ ¡¢¤¢. m×n ¢¸¢¹¯º¤ ¹©¥¸¯¬°¡







a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

am1 am2 . . . amn
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a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

am1 am2 . . . amn

∥
∥
∥
∥
∥
∥
∥
∥
∥








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

am1 am2 . . . amn








¡¢» ¥¢¹¨¢¡®¢¨¢¡. ¼©¸¯¹¨©©A = ‖aij‖, i = 1,m, j = 1, n
§½§Am×n = (aij)¡¢» ¥¢¹¨¢¡®¢¾ ¥¦¾¯¦®¨¦® ¯º. ¿©¥¸¯¬°¡ ³¥¢¢» ©º¡©© aij (i = 1,m,

j = 1, n) ¥¦¦¤§§¨°¡ ¹©¥¸¯¬°¤ ¢®¶¹¶¤¥ ¡¢¤¢.ÀÁÂÁÃ ÄÅÆÂÇÈÉÊ ËÌÍ ÁÎÏÄÏÊÆÌÌÐ ÊÑ ËÒÐÇÆ ÆÒÒ ËÒÎ ÄÅÆÂÇÈÉÓ ËÒÐÇÆÄÅÆÂÇÈ ÓÁÊÁ.
Am×n

ÄÅÆÂÇÈÉÊ ai1, ai2, . . . , ain
ÆÒÒÊÔÔÐÉÓ i-p ÄÕÂÇÖÊ ÁÎÏÄÏÊÆÌÌÐ (i =

1,m); a1j , a2j , . . . , amj
ÆÒÒÊÔÔÐÉÓ j-p ËÅÓÅÊÉÊ ÁÎÏÄÏÊÆÌÌÐ (j = 1, n) ÓÁÊÁ.

aij
ÊÑ ÄÅÆÂÇÈÉÊ i-Â ÄÕÂ j-Â ËÅÓÅÊÉÊ ÁÎÏÄÏÊÆ. ×¯ª¢¢®¢®: a18

¤µ 1-¸¹«¸, 8-¸ ©¡©¤©¤¨ ¦¸ª¯¾ ¢®¶¹¶¤¥ a33
¤µ 3-¸ ¹«¸, 3-¸ ©¡©¤°¤ ¢®¶¹¶¤¥.ØÙÚÛÛ

1.1. Ü¦Ý¸ ³º®¨±¢¸¯º¤ ¡©´©¸ ««¤¯º 3 ©¡§§®©¾©¨ ««¸¯º¤ ³¥¢¢¡¨¢-¾³³¤¯º¡ ´««¨«¡ ©º»¢¢. Þ¢¡¨³¡¢¢¸ ³º®¨±¢¸¢¢£ ©¡§§®©¾§§¨ ¾³¸¥¢® ³¥¢¢¡-¨¢¾³³¤¯º ¤¢¡»¯º¡ ´««¾ ³¤¢ ¤µ ¾©¸¡©®´©¤ 2, 3, 4, ¾¦Ý¸¨§¡©©¸ ³º®¨±¢¸¢¢£©¡§§®©¾©¨ ³¥¢¢¡¨¢¾³³¤¯º ¤¢¡»¯º¡ ¾³¸¡¢¾ ³¤¢ ¤µ ¾©¸¡©®´©¤ 1, 5, 2 ¡¢±¢®
[

2 3 4
1 5 2

]

¤µ ¥¢¢±¸¯º¤ ´©¸¨®°¤ ¾§±¯º¤ ¹©¥¸¯¬ ¦®¤¦.ØÙÚÛÛ
1.2. ßº®¨±¢¸¯º¤ ¡©´©¸ 1, 2, 3, 4 ¥«¸®¯º¤ ³¥¢¢¡¨¢¾³³¤ ³º®¨±¢¸à®¢¨¢¡. á³¥¢¢¡¨¢¾³³¤¯º ¥«¸«® ¥§£ ³¸¯º¤ ³º®¨±¢¸®¢®¨ 1, 2, 3 ¥«¸®¯º¤
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¥³³¾¯º ¢¨ ¾¢¸¢¡®¢¨¢¡ ¡¢±¢® ¹©¥¶¸¯©®°¤ ´©¸¨®°¤ ¤¦¸¹°¤ £¯£¥¶¹ ¤µ

A =





a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34





¹©¥¸¯¬ ©º¤©. ·¤¨ aij
¤µ j-p ³¥¢¢¡¨¢¾³³¤ ³º®¨±¢¸®¢¾¢¨ ª©©¸¨©¡¨©¾ i-p¹©¥¶¸¯©®°¤ ¦¸¬.

A = [a11a12 . . . a1n] ÓÁòÁÊ óÕÃÍÕÊ ÓÅÊÈ ÄÕÂÆÁÖ 1 × n
ÁÂÁÄËÇÖÊ ÄÅÆÂÇÈÉÓ

ÄÕÂ ÄÅÆÂÇÈ,







a11

a21
...

am1








ÓÁòÁÊ ÓÅÊÈ ËÅÓÅÊÅÆÅÖ m× 1
ÁÂÁÄËÇÖÊ ÄÅÆÂÇÈÉÓ

ËÅÓÅÊÅ ÄÅÆÂÇÈ ÓÁÊÁ.ôõôö÷ôøùôùú
.
ÀÁÂÁÃ A,B ÓÁòÁÊ ÍÒûÂ ÄÅÆÂÇÈÉÊ ÁÂÁÄËÁ ÊÑ ÇüÇÎ, AÄÅÆÂÇÈÉÊ ÁÎÏÄÏÊÆÌÌÐ ÊÑB ÄÅÆÂÇÈÉÊ ÍÅÂÓÅÎóÅÍ ÁÎÏÄÏÊÆÌÌÐÆÁÖ ÆÁÊÈÌÌËÒÎ A,B ÄÅÆÂÇÈÔÔÐÉÓ ÆÁÊÈÌÌ ÄÅÆÂÇÈÔÔÐ ÓÁÊÁ.ýÅÆÂÇÈÉÊ ÄÕÂ ËÅÓÅÊÉÊ ÆÒÒ ÆÁÊÈÌÌ ËÒÎ ÆÁÂ ÄÅÆÂÇÈÉÓ þÃÅÐÂÅÆ ÄÅÆÂÇÈÓÁÊÁ. ×¯ª¢¢®¢®:

[a1],

[
a11 a12

a21 a22

]

,





a11 a12 a13

a21 a22 a23

a31 a32 a33





¤µ ¤¢¡, ¾¦Ý¸, ¡§¸©±¨§¡©©¸ ¢¸¢¹¯º¤ ÿ±©¨¸©¥ ¹©¥¸¯¬§§¨.

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann








ÓÁòÁÊ þÃÅÐÂÅÆ ÄÅÆÂÇÈÉÊ a11, a22, . . . , ann
ÁÎÏÄÏÊÆÌÌÐÇÖÓ ÓÒÎ ÐÇÅÓoÊÒÎÑ,

a1n, a2n−1, . . . , an1
ÁÎÏÄÏÊÆÌÌÐÇÖÓ ÍÅüÔÔÓÇÖÊ ÐÇÅÓoÊÅÎÑ ÓÁÊÁ.ýÅÆÂÇÈÉÊ ËÌÍ ÁÎÏÄÏÊÆÌÌÐ ÊÑ ÆÁÓÆÁÖ ÆÁÊÈÌÌ ËÒÎ ÆÁÓ ÄÅÆÂÇÈ ÓÁÊÁ. �ÁÓÄÅÆÂÇÈÉÓ

O =








0 0 . . . 0
0 0 . . . 0

. . . . . .
. . . . . .

0 0 . . . 0








ÓÁü ÆÁÄÐÁÓÎÁÊÁ.ÀÁÂÁÃ A ÄÅÆÂÇÈÉÊ ÐÇÅÓÒÊÅÎÑ ÐÁÁÂ ÒÂ�ÇÍ ÁÎÏÄÏÊÆÌÌÐÁÁò ËÔòÅÐ ËÌÍ ÁÎÏ�ÄÏÊÆÌÌÐ ÊÑ ÆÁÓÆÁÖ ÆÁÊÈÌÌ ËÅÖÃÅÎ A ÄÅÆÂÇÈÉÓ ÐÇÅÓÒÊÅÎÑ ÄÅÆÂÇÈ ÓÁÊÁ.
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�¯©¡o¤a®µ ¹©¥¸¯¬ ¤µ

A =










a11 0 0 . . . 0
0 a22 0 . . . 0
0 0 a33 . . . 0

. . . . . . . . .
. . . . . .

0 0 0 . . . ann










¾¢®¢¸¥¢º ©º¤©.�ÇÅÓoÊaÎÑ ÄÅÆÂÇÈÉÊ ÓÒÎ ÐÇÅÓÒÊÅÎÑ ÐÁÁÂÍ ËÌÍ ÁÎÏÄÏÊÆ ÊÑ ÊÁÓÆÁÖ ÆÁÊÈÌÌËÒÎ ÊÁÓü ÄÅÆÂÇÈ ÓÁÊÁ.Þ¢¡» ¹©¥¸¯¬°¡

E =








1 0 . . . 0
0 1 . . . 0

. . . . . .
. . . . . .

0 0 . . . 1








¡¢» ¥¢¹¨¢¡®¢¨¢¡.ÀÁÂÁÃ þÃÅÐÂÅÆ ÄÅÆÂÇÈ A-ÇÖÊ ÓÒÎ ÐÇÅÓÒÊÅÎÇÖÊ ÊÁÓ ÆÅÎÐ ÒÂ�ÇÍ ËÌÍ ÁÎÏ�ÄÏÊÆ ÊÑ ÆÁÓÆÁÖ ÆÁÊÈÌÌ ËÒÎ A ÄÅÆÂÇÈÉÓ ÓÔÂÃÅÎüÇÊ ÄÅÆÂÇÈ ÓÁÊÁ.

A =










a11 a12 a13 . . . a1n

0 a22 a23 . . . a2n

0 0 a33 . . . a3n

. . . . . . . . .
. . . . . .

0 0 0 . . . ann










¹©¥¸¯¬°¡ ¨¢¢¨ ¡§¸±©®»¯¤ ¹©¥¸¯¬









a11 0 0 . . . 0
a21 a22 0 . . . 0
a31 a32 a33 . . . 0

. . . . . . . . .
. . . . . .

an1 an2 an3 . . . ann










¹©¥¸¯¬°¡ ¨¦¦¨ ¡§¸±©®»¯¤ ¹©¥¸¯¬ ¡¢¤¢.ôõôö÷ôøùôùú
.
ÀÁÂÁÃA þÃÅÐÂÅÆ ÄÅÆÂÇÈÉÊ aij = aji (i, j = 1, n) ËÅÖÃÅÎ

A
ÄÅÆÂÇÈÉÓ ÆÁÓ� ÍÁÄÆ ÄÅÆÂÇÈ ÓÁÊÁ.
ØÙÚÛÛ

1.3.





2 0 3
0 −1 15
3 15 2



,







1 2 −1 0
2 3 4 5
−1 4 0 −3
0 5 −3 5






¤µ 3, 4-¸ ¢¸¢¹¯º¤ ¥¢¡ª

¾¢¹¥ ¹©¥¸¯¬§§¨.
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1.2. ������ ���� 	�
	 ������  
���  �
§ 1.2.1. �������� ������»¯® ¢¸¢¹¯º¤ ¹©¥¸¯¬§§¨ ¨¢¢¸ ¤¢¹¢¾ ³º®¨¢® ¾¯º¤¢. Am×n = (aij),
Bm×n = (bij)

¹©¥¸¯¬§§¨°¤ ¤¯º®¢¸ ¹©¥¸¯¬ ¤µ
Am×n +Bm×n = (aij + bij), i = 1,m, j = 1, n

¢®¶¹¶¤¥³³¨¢¢£ ¥¦¡¥¦¤¦. �«¸««¸ ¾¢®¢® A,B ¹©¥¸¯¬§§¨°¡ ¤¢¹¢¾¨¢¢ ¾©¸à¡©®´©¾ ¢®¶¹¶¤¥³³¨¯º¡ ¤µ ¤¢¹¤¢. ×¯ª¢¢®¢®:
A =





1 2 3 4
0 −1 4 5
3 −2 0 −1



 B =





5 0 −2 1
3 −2 1 4
2 −7 6 0





¦®
A+B =





6 2 1 5
3 −3 5 9
5 −9 6 −1





¦®¤¦.
§ 1.2.2. �������� ������� �����
A = (aij)

¹©¥¸¯¬°¡ α ¥¦¦¡¦¦¸ ³¸»¯¾¢¨ ¡©¸©¾ ¹©¥¸¯¬ ¤µ A = (aij)
¹©¥-¸¯¬°¤ ¢®¶¹¶¤¥ ³¾¤¯º¡ α ¥¦¦¡¦¦¸ ³¸»¯¾¢¨ ¡©¸©¾ ¥¦¦¤§§¨©©£ ¥¦¡¥¦¤¦.

×¯ª¢¢ ¤µ: α=3
©A =





1 0 5 −1
2 4 3 2
5 −7 4 −3




¦® 3A =





3 0 15 −3
6 12 9 6

15 −21 12 −9





(−1) ·A ÄÅÆÂÇÈÉÓ A ÄÅÆÂÇÈÉÊ ÁòÂÁÓ ÄÅÆÂÇÈ ÓÁÊÁ.
¿©¥¸¯¬°¡ ¤¢¹¢¾ © ¥¦¦¡¦¦¸ ³¸»³³®¢¾ ³º®¨®³³¨ ¤µ ¨©¸©©¾ ²©¤©¸¥©º ¦®¦-¾°¡ ¾�®©¸¾©¤ ©¥©®» ¦®¤¦. ß³¤¨: !"!ö

1. A+B = B +A (ÿ¦¹¹§¥©¥¯± ²©¤©¸) !"!ö
2. (A+B) +C = A+ (B +C) (©££¦¬¯¦¥¯± ²©¤©¸) !"!ö
3. A+O = O +A = A (¥¢¡ ¹©¥¸¯¬) !"!ö
4. A+ (−A) = O (¢£¸¢¡ ¢®¶¹¶¤¥) !"!ö
5. α(βA) = (αβ)A (©££¦¬¯¦¥¯± ²©¤©¸) !"!ö
6. α(A+B) = αA+ αB (¨¯£¥¸¯§¥¯± ²©¤©¸) !"!ö
7. (α+ β)A = αA+ βA (¨¯£¥¸¯§¥¯± ²©¤©¸) !"!ö
8. 1 ·A = A (1-¢¢¸ ³¸»³³®¢¾) !"!ö
9. 0 ·A = O (0-¢¢¸ ³¸»³³®¢¾)

A,B ¹©¥¸¯¬§§¨°¤ �®¡©±¸°¡ A−B = A+ (−B) ¡¢» ¥¦¨¦¸¾¦º®¤¦.
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1.3. ���������&�  �'�	
§ 1.3.1. (�)*+�� �����) ,����
a1 + a2 + · · · + an

¡¢£¢¤ n ¤¢¹¢¡¨¢¾³³¤³³¨¯º¤ ¤¯º®¢¸¯º¡ ¥¦±²¦¦¸ n∑

i=1
ai¡¢» ¥¢¹¨¢¡®¢¤¢.

n∑

i=1
ai = a1 + a2 + · · · + an

i-¡ ¤¯º®¢¸²®¢¾ ¯¤¨¶ÿ£ ¡¢¤¢. ×¯ª¢¢®¢®:
n∑

i=1
aij = a1j + a2j + · · · + anj,

n∑

j=1
aij = ai1 + ai2 + · · · + ain

Ü¢¸¢± n∑

i=1
ai
¤¯º®¢¸¥ ak

¤¢¹¢¡¨¢¾³³¤ ¦¸¦¾¡³º ¦®
a1 + a2 + · · · + ak−1 + ak+1 + · · · + an =

n∑

i=1, i6=k

ai�©¸©©¾ ²©¤©¸§§¨°¡ ¾�®©¸¾©¤ ª©®¡©» ¦®¤¦. ß³¤¨: !"!ö
1..

n∑

i=1
ai =

n∑

j=1
aj
¤¯º®¢¸ ¤µ ¤¯º®¢¸²®¢¾ ¯¤¨¶ÿ£¢¢£ ¾©¹©©¸©¾¡³º.

 !"!ö
2.

n∑

i=1
αai = α

n∑

i=1
ai

 !"!ö
3.

n∑

i=1
(ai + bi) =

n∑

i=1
ai +

n∑

i=1
bi

 !"!ö
4.

k∑

j=1

n∑

i=1
aij =

n∑

i=1

k∑

j=1
aij

§ 1.3.2. -������ ������ÀÁÂÁÃ A ÄÅÆÂÇÈÉÊ ËÅÓÅÊÉÊ ÆÒÒ B ÄÅÆÂÇÈÉÊ ÄÕÂÇÖÊ ÆÒÒÆÒÖ ÆÁÊÈÌÌËÒÎ A ÄÅÆÂÇÈÉÓ B ÄÅÆÂÇÈÆÅÖ óÒÍÇÈÒÍ ÄÅÆÂÇÈ ÓÁÊÁ. ýÅÆÂÇÈ A ÊÑ
B-ÆÁÖ óÒÍÇÈÒÍ ÓÁÐÓÁÁò B ÄÅÆÂÇÈÉÓ A-ÆÅÖ óÒÍÇÈÒÍ ÓÁÐÁÓ ÊÑ ÄÕÂÐÕÍÓÌÖ.×¯ª¢¢®¢®:

A =

[
a11 a12 a13

a21 a22 a23

]

B =





a11

a21

a23





¦® A ¤µ B-¥¢º ´¦¾¯¬¦¾ ¹©¥¸¯¬. Ü©¸¯¤ B-
¯º¤ ©¡©¤°¤ ¥¦¦ ¤¢¡, A-

¯º¤¹«¸¯º¤ ¥¦¦ ¾¦Ý¸ ¥§® B ¤µ A-¥©º ´¦¾¯¬¦¾ ¹©¥¸¯¬ ¯ª ©º¤©.Ü¢¸¢± A,B ¹©¥¸¯¬§§¨ ¤µ ¯»¯® ¢¸¢¹¯º¤ ÿ±©¨¸©¥ ¹©¥¸¯¬ ¦® ¢¨¡¢¢¸ ¤µ¯¶ ¯¶¥¢º¡¢¢ ´¦¾¯¬¦¾ ¹©¥¸¯¬ ©º¤©.
§ 1.3.3. ������../�� �����
A ¹©¥¸¯¬°¡ B ¹©¥¸¯¬©©¸ ³¸»¯¾ ³º®¨¢® ¤µ A ¹©¥¸¯¬ B ¹©¥¸¯¬¥©º ´¦¾¯-¬¦¾ ¹©¥¸¯¬ ©º¾ ´«±¾«¤ ¥¢¸ ³¶¨ ® ¥¦¨¦¸¾¦º®¦¡¨¦¤¦. �«¸««¸ ¾¢®¢® A ¤µ
m × n ¢¸¢¹¢¥¢º B ¤µ n × k ¢¸¢¹¢¥¢º ©º¾ ´«±¾«¤ ¥¢¸ ³¶¨ ® A-¡ B-¢¢¸³¸»¯¾ ³º®¨¢® ¥¦¨¦¸¾¦º®¦¡¨¦¤¦.
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ôõôö÷ôøùôùú

. Am×n = (aij), Bn×k = (bij)
ËÅ Cm×k = (cij) = A ·B ÓÁÃÁÎ

cij =
n∑

s=1
ais · bsj ËÅÖÊÅ.0¦¨¦¸¾¦º®¦®¥¦¦£ ³´±¢® C ¹©¥¸¯¬°¤ i-p ¹«¸ j-p ©¡©¤°¤ ¢®¶¹¶¤¥ ¤µ A-¹©¥¸¯¬°¤ i-¸ ¹«¸¯º¤ ¢®¶¹¶¤¥³³¨¯º¡ B ¹©¥¸¯¬°¤ j-¸ ©¡©¤°¤ ¾©¸¡©®´©¾¢®¶¹¶¤¥³³¨¢¢¸ ³¸»³³®» ¤¢¹£¢¤¥¢º ¥¢¤¬³³ ©º¤©. �º¹¨ A · B ³¸»±¢¸¤µ A-
¯º¤ ¹«¸¯º¤ ¥¦¦¥¦º ¥¢¤¬³³ ¹«¸¥¢º, B-

¯º¤ ©¡©¤°¤ ¥¦¦¥¦º ¥¢¤¬³³©¡©¤©¥©º ¹©¥¸¯¬ ©º¤©. ×¯ª¢¢®¢®:
A2×3 =

[
a11 a12 a13

a21 a22 a23

]

, B3×2 =





b11 b12
b21 b22
b31 b32





¦® A ¤µ B-¥¢º ´¦¾¯¬¦¾ ¹©¥¸¯¬ ¥§® A×B ³¸»±¢¸ ¥¦¨¦¸¾¦º®¦¡¨¦¤¦.
AB =

[
a11b11 + a12b21 + a13b31 a11b12 + a12b22 + a13b32
a21b11 + a22b21 + a23b31 a21b21 + a22b22 + a23b32

]

¢¤¢ »¯ª¢¢¤¢¢£ ¾©¸©¾©¨ AB ¤µ A-¥¢º ¯»¯® ¥¦¦¤° ¹«¸, B-¥¢º ¯»¯® ¥¦¦¤°©¡©¤©¥©º ©º¤©.
AB ³¸»±¢¸¯º¡ A ¹©¥¸¯¬°¡ ©¸§§¤ ¥©®©©£ ¤µ B ¹©¥¸¯¬©©¸ ³¸»£¢¤, ¢£±¢®
B ¹©¥¸¯¬°¡ ´³³¤ ¥©®©©£ ¤µ A ¹©¥¸¯¬©©¸ ³¸»£¢¤ ³¸»±¢¸ ¡¢» �¸¯¤©.0¦¨¦¸¾¦º®¦®¥¦¦£ AB ³¸»±¢¸ ¦¸ª¯¤ ©º¾©¨
— BA ¦¸ª¯¾¡³º ² ©º» ¦®¤¦,
— BA ¤µ ¦¸ª¯¾ ¦®¦±² AB 6= BA

©º» ¦®¤¦¡¢» ¹«¸¨«¤ ¡©¸¤©.ØÙÚÛÛ
1.4. A =

[
1 2

]
, B =

[
−1 0 3
1 2 −9

]

AB =
[

1 · (−1) + 2 · 1 1 · 0 + 2 · 2 1 · 3 + 2 · (−9)
]

=
[

1 4 −15
]

A1×2 · B2×3 = C1×3
©º¤©. Ü©¸¯¤ B · A ¦¸ª¯¤ ©º¾¡³º.

ØÙÚÛÛ
1.5. A =

[
1 −2 0
3 −1 5

]

, B =





1 7
3 4
−1 0



 «¡²¢¢.
A ¤µB-¥¢º, B ¤µA-¥©º ´¦¾¯¬¦¾ ¹©¥¸¯¬§§¨ ©º¡©© ¥§®AB, BA ³¸»±¢¸³³¨¥¦¨¦¸¾¦º®¦¡¨¦¤¦.
A ·B =

[
1 − 6 + 0 7 − 8 + 0
3 − 3 − 5 21 − 4 + 0

]

=

[
−5 −1
−5 17

]

B · A =





1 + 21 −2 − 7 0 + 35
3 + 12 −6 − 4 0 + 20
−1 + 0 2 + 0 0 + 0



 =





22 −9 35
15 −10 20
−1 2 0





⇒ AB 6= BA.

ÀÁÂÁÃAB = BA ËÅÖÃÅÎ A,B ÄÅÆÂÇÈÔÔÐÉÓ ËÅÖÂ òÒÎÑÐÒÓ ÄÅÆÂÇÈÔÔÐ ÓÁÊÁ.0¢¡¢¢£ �®¡©©¥©º A,B ¹©¥¸¯¬§§¨°¤ ³¸»±¢¸ AB ¤µ ¥¢¡ ¹©¥¸¯¬ ¡©¸² ¦®¤¦.
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ØÙÚÛÛ
1.6. A =

[
1 1
1 1

]

6= O, B =

[
1 −1
−1 1

]

6= O
©º¡. AB, BA-¡ ¦®.1ÒÐÒÎÆ.

A ·B =

[
1 · 1 + 1 · (−1) 1 · (−1) + 1 · 1
1 · 1 + 1 · (−1) 1 · (−1) + 1 · 1

]

=

[
0 0
0 0

]

= O

B · A =

[
1 · 1 + (−1) · 1 1 · 1 + (−1) · 1
(−1) · 1 + 1 · 1 (−1) · 1 + 1 · 1

]

=

[
0 0
0 0

]

= O

·¤¢ ¥¦¾¯¦®¨¦®¨ A 6= O, B 6= O, AB = BA = O
©º¤©.

¿©¥¸¯¬§§¨°¤ ³¸»±¢¸¯º¤ ¥¦¨¦¸¾¦º®¦®¥¦¦£ AE = EA = A, AO = OA = O¦®¦¾°¡ ª©®¡©» ¦®¤¦.
Ü¢¸¢± A ¤µ B-¥¢º, B ¤µ C-¥¢º ´¦¾¯¬¦¾ ¹©¥¸¯¬§§¨ ¦® A,B,C ¹©¥¸¯¬§§à¨°¤ ³¸»±¢¸ ABC ¤µ ¨©¸©©®©¤ ³¸»¯¾ ¨³¸¹¢¢¸ (A ·B) ·C ¡¢» ¥¦¨¦¸¾¦º®¦¡à¨¦¤¦. !"!ö

1. ¿©¥¸¯¬§§¨°¤ ³¸»¯¾ ³º®¨¢® ¤µ (¥¦¨¦¸¾¦º®¦¡¨¦¾ ¥¦¾¯¦®¨¦®¨)
(AB)C = A(BC) ©££¦¬¯¦¥¯± (

³®¢¡®¢¾) ¾§§®µ¨ ´©¾¯¸©¡¨©¤©.1ÅÆÅÎÓÅÅ. AB ¤µ A = Am×n, B = Bn×k
³¶¨ ¥¦¨¦¸¾¦º®¦¡¨¦¤¦. AB ¤µ C¹©¥¸¯¬¥©º ´¦¾¯¬¦¾ ¦® (AB) · C ¥¦¨¦¸¾¦º®¦¡¨¦¤¦. AB ¤µ C-¥¢º ´¦¾¯¬¦¾¥§® AB = (AB)m×k, C = Ck×`

©º¤©. �º¹¢¢£ (AB) · C ¤µ m× ` ¢¸¢¹¯º¤¹©¥¸¯¬ ©º¤©.
BC ¤µ n×` ¢¸¢¹¯º¤ ¹©¥¸¯¬A-¥©º ´¦¾¯¬¦¾ ¥§®A·(BC) ¤µm×` ¢¸¢¹¯º¤¹©¥¸¯¬ ©º¤©. (AB) · C = H, A · (BC) = H ¡¢» ¥¢¹¨¢¡®¢±¢® ¢¨¡¢¢¸¹©¥¸¯¬§§¨ ¯»¯® ¢¸¢¹¯º¤ m× ` ¢¸¢¹¯º¤ ¹©¥¸¯¬§§¨ ©º¤©. 2¨¦¦ H, H¹©¥¸¯¬§§¨°¤ ¾©¸¡©®´©¾ ¢®¶¹¶¤¥³³¨ ¤µ ¥¢¤¬³³ ¡¢¨¡¯º¡ ¾©¸§§®3�.
AB = Dm×k = (dij)

¡¢» ¥¢¹¨¢¡®¢±¢® dij =
n∑

s=1
aisbsj
¦®¦¾ ©

Hm×` = (hij): hij =
k∑

p=1
dipcpj =

k∑

p=1

( n∑

s=1
aisbsp

)

cpj =
k∑

p=1

n∑

s=1
aisbspcpj

BC = Gn×` = (gij)
¡¢» ¥¢¹¨¢¡®¢±¢® gij =

k∑

p=1
bipcpj
¦®¦¾ ©

Hm×` = (hij): hij =
n∑

s=1
aisgsj =

n∑

s=1
ais

( k∑

p=1
(bspcpj

)

=
n∑

s=1

k∑

p=1
aisbspcpj

·¤¨¢¢£ hij = hij (i = 1,m, j = 1, `) ⇒ H = H ⇒ A(BC) = A(BC) �. !"!ö
2. α(AB) = (αA)B !"!ö
3. (A+B)C = AC +BC !"!ö
4. C(A+B) = CA+ CB
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1.4. ��������� 	�����	 4�4� ���  ��
k > 1 ËÌÍÁÎ ÆÒÒ, A þÃÅÐÂÅÆ ÄÅÆÂÇÈ ËÒÎ

Ak = A ·A · A · . . . ·A
︸ ︷︷ ︸

k ÔÐÅÅ
ÄÅÆÂÇÈÉÓ A ÄÅÆÂÇÈÉÊ k óÁÂÁÓ ÓÁÊÁ.
Ak ¤µ A-¥©º ¯»¯® ¢¸¢¹¯º¤ ¹©¥¸¯¬ ©º¤©.Þ¢¡» ¹©¥¸¯¬°¡ A ¹©¥¸¯¬°¤ ¥¢¡ ´¢¸¢¡ (A0) ¡¢¤¢. �«¸««¸ ¾¢®¢® A0 = E.

A ¹©¥¸¯¬°¡ A-
¯º¤ ¤¢¡ ´¢¸¢¡ ¡¢¤¢ A1 = A.ôõôö÷ôøùôùú
. k ËÌÍÁÎ ÁÏÂÁÓ ÆÒÒ, A þÃÅÐÂÅÆ ÄÅÆÂÇÈ, α0, α1, α1, . . . , αk,

α0 6= 0 ÐÔÂÉÊ ÆÒÒÊÔÔÐ ËÒÎ
α0A

k + α1A
k−1 + . . .+ αkA

0

ÇÎÁÂÍÇÖÎÎÇÖÓ A ÄÅÆÂÇÈÅÅò ÍÅÄÅÅÂÅÍ k óÁÂÓÇÖÊ ÒÎÒÊ ÓÇ�ÌÌÊÆ ÓÁÊÁ.
P (x) = α0x

k + α1x
k−1 + . . .+ αk

¡¢£¢¤ ¦®¦¤ ¡¯ª³³¤¥¯º¤ x-¯º¤ ¦¸¦¤¨ A ÿ±©¨¸©¥ ¹©¥¸¯¬°¡ ¦¸§§®©¾©¨ P (A)¡¢» ¡©¸¤©.
P (A) = α0A

k + α1A
k−1 + α2A

k−2 + . . .+ αkA
0

P (A) = α0A
k + α1A

k−1 + α2A
k−2 + . . .+ αkE

P (A) ÊÑ ÆÁÓ ÄÅÆÂÇÈ ÓÅÂÃÅÎ A ÄÅÆÂÇÈÉÓ P (x) ÒÎÒÊ ÓÇ�ÌÌÊÆÇÖÊ 5óÓÔÔÂÓÁÊÁ.ØÙÚÛÛ
1.7. A =

[
1 −4
−3 −2

] ¹©¥¸¯¬ P (x) = x2+x−14 ¦®¦¤ ¡¯ª³³¤¥¯º¤�´¡§§¸ ¦®¦¾°¡ ©¥©®.1ÒÐÒÎÆ. P (A) = A2 +A− 14E =

=

[
1 −4
−3 −2

]

·
[

1 −4
−3 −2

]

+

[
1 −4
−3 −2

]

− 14

[
1 0
0 1

]

=

=

[
13 4
3 16

]

+

[
1 −4
−3 −2

]

+

[
−14 0
0 −14

]

=

=

[
13 + 1 + (−14) 4 + (−4) + 0
3 + (−3) + 0 16 + (−2) + (−14)

]

=

[
0 0
0 0

]

= O�º¤¾³³ A ¹©¥¸¯¬ P (x) = x2+x−14 ¦®¦¤ ¡¯ª³³¤¥¯º¤ �´¡§§¸ ¦®» ©º¤©.
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1.5. ������&� 	8�9  ��	
ôõôö÷ôøùôùú

. A
ÄÅÆÂÇÈÉÊ ÄÕÂÌÌÐÇÖÓ ÍÅÂÓÅÎóÅÍ ËÅÓÅÊÅÅÂ ÊÑ òÒÎÇÍÒÐÌÌòÁÍ ÄÅÆÂÇÈÉÓ A-ÓÇÖÊ ÍÕÂÃÕòÕÊ ÄÅÆÂÇÈ ÓÁÊÁ.

A ¹©¥¸¯¬°¤ ¾«¸±«£«¤ ¹©¥¸¯¬°¡ A¥ §½§ A′ ¡¢» ¥¢¹¨¢¡®¢¨¢¡.

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

am1 am2 . . . amn







, A¥ =








a11 a21 . . . am1

a12 a22 . . . am2

. . . . . .
. . . . . .

a1n a2n . . . amn








Ü¢¸¢± A = Am×n
¤µ m × n ¢¸¢¹¢¥¢º ¹©¥¸¯¬ ¦® A¥ ¤µ n ×m ¢¸¢¹¯º¤¹©¥¸¯¬ ©º¤©.�©¸©©¾ ²©¤©¸§§¨°¡ ¾�®©¸¾©¤ ª©®¡©» ¦®¤¦. ß³¤¨: !"!ö

1. (A¥)¥ = A !"!ö
2. (αA)¥ = αA¥ !"!ö
3. (A+B)¥ = A¥ +B¥ ¢¤¨ A,B ¤µ ¯»¯® ¢¸¢¹¢¥¢º ¹©¥¸¯¬§§¨ !"!ö
4. (AB)¥ = B¥ ·A¥ ¢¤¨ A ¤µ B-¥¢º ´¦¾¯¬¦¾ ¹©¥¸¯¬.

A, B, C ¹©¥¸¯¬§§¨°¤ ¾§±µ¨ (ABC)¥ = C¥B¥A¥ ©º¤©.ß³¤¥¢º ©¨¯®©©¸ A1, A2, . . . , An
¡¢£¢¤ n ³¸»¯¡¨¢¾³³¤¯º ¾§±µ¨

(A1A2 . . . An)¥ = A¥n · A¥n−1 · . . . ·A¥2 ·A¥1¯¶®¤¢.
1.6. :�4; ��������
ß³¤¢¢£ «¹¤« ¯¨ ¢®¶¹¶¤¥³³¨ ¤µ ¥¦¦ ©º¾ ¹©¥¸¯¬§§¨°¡ ©±² ³´£¢¤. 2¨¦¦¢®¶¹¶¤¥³³¨ ¤µ ¹©¥¸¯¬ ©º¾ ¹©¥¸¯¬°¡ ©±² ³´µ¶.<ÎÏÄÏÊÆÌÌÐ ÊÑ ÄÅÆÂÇÈ ËÅÖÍ ÄÅÆÂÇÈÉÓ ËÎÒþ ÄÅÆÂÇÈ ÓÁÊÁ.

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

am1 am2 . . . amn








¹©¥¸¯¬ «¡²¢¢. A ¹©¥¸¯¬°¡ ¦£¦¦, ¾¢±¥¢¢ ª§¡©¹§§¨©©¸ ¾¢¨ ¾¢¨¢¤ ¹©¥-¸¯¬©¨ ¾§±©©¾©¨ ³³£¢¾ ¹©¥¸¯¬§§¨°¡ A ¹©¥¸¯¬°¤ ®¦ÿ§§¨ ¡¢» ¤¢¸®¢¤¢.¿©¥¸¯¬°¡ ®¦ÿ ¾¢®¢¸¥ ¥©±¯¾ ¤µ ¤¢¡ §¥¡©¥©º ¯ª.

ØÙÚÛÛ
1.8. A =







a11 a12 a13 a14 a15

a21 a22 a23 a24 a25

a31 a32 a33 a34 a35

a41 a42 a43 a44 a45






¹©¥¸¯¬°¡ ¢¤¨ ³´³³®£¤¢¢¸

¾§±©©»
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B = B12 =

[
a11 a12

]
C = C13 =

[
a13 a14 a15

]

D = D22 =

[
a21 a22

a31 a32

]

F = F2×3 =

[
a23 a24 a25

a33 a34 a35

]

G = G12 =
[
a41 a42

]
K = K1×3 =

[
a43 a44 a45

]

¡¢» ¥¢¹¨¢¡®¢±¢®

A =





B1×2 C1×3

D2×2 F2×3

G1×2 K1×3



 =





B C

D F

G K





¡¢» ¯²¯¤ A ¹©¥¸¯¬ ¤µ (3 × 2) ¢¸¢¹¯º¤ ®¦ÿ ¾¢®¢¸¥¢º ¦®¤¦. ¿«¤

R =







a11

a21

a31

a41






, S =







a12 a13

a22 a23

a32 a33

a42 a43






, Q =







a14 a15

a24 a25

a34 a35

a44 a45







¡¢±¢® A =
[
R S Q

] ¡¢£¢¤ ®¦ÿ ¾¢®¢¸¥ ¯²¯» ¦®¤¦. ·¤¨A ¹©¥¸¯¬°¡
(1 × 3) ¢¸¢¹¯º¤ ®¦ÿ ¾¢®¢¸¥¢º ¥©±¯®©©.�»¯® ¢¸¢¹¯º¤A,B ¹©¥¸¯¬§§¨°¡ ®¦ÿ§§¨©¨ ¾§±©©¾©¨ ¾©¸¡©®´©¾ ®¦ÿ§§¨¤µ ¯»¯® ¢¸¢¹¯º¤ ©º±©® ¥¢¨¡¢¢¸¯º¡ ®¦ÿ§§¨©¨ ¯»¯®¾¢¤ ©¸¡©©¸ ¾§±©©®©©¡¢» �¸¯¤©. ×¯ª¢¢®¢®:

A =





a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34



 B =





b11 b12 b13 b14
b21 b22 b23 b24
b31 b32 b33 a34





¹©¥¸¯¬§§¨ ¤µ ®¦ÿ§§¨©¨ ¯»¯® ©¸¡©©¸ ¾§±©©¡¨£©¤ ©º¤©.
á®¦ÿ ¾¢®¢¸¥ ¥©±¯¡¨£©¤ ¹©¥¸¯¬§§¨ ¨¢¢¸ ¤¢¹¢¾, ¥¦¦¡¦¦¸ ³¸»³³®¢¾ ³º®¨¢®¾¯º¾¨¢¢ ¾©¸¡©®´©¾ ³º®¨®¯º¡ ®¦ÿ§§¨ ¨¢¢¸ ¾¯º¤¢. ·¤¨ ¤¢¹¢¾ ³º®¨¢® ¾¯º-¾¢¨ ¹©¥¸¯¬§§¨°¡ ®¦ÿ§§¨©¨ ¯»¯® ©¸¡©©¸ ¾§±©©¡¨£©¤ ©º¾°¡ ª©©¸¨©¤©.
á®¦ÿ ¾¢®¢¸¥ ¥©±¯¡¨£©¤ ¹©¥¸¯¬§§¨°¡ ³¸»¯¾ ¥¦¾¯¦®¨¦®¨ ®¦ÿ ¹©¥¸¯¬§§¨´¦¾¯¬£¦¤ ©º¾ ¥§¾©º ©£§§¨©® ¡©¸¤©.
á®¦ÿ ¹©¥¸¯¬ A = Ak×`, B = Bm×p

«¡²¢¢.Ü¢¸¢± ` = m
© A ¹©¥¸¯¬°¤ i-¸ ¹«¸¯º¤ ®¦ÿ§§¨ ¤µ B ¹©¥¸¯¬°¤

j-¸ ©¡©¤°¤ ¾©¸¡©®´©¾ ®¦ÿ§§¨¥©º (i = 1, k, j = 1, p) ´¦¾¯¬£¦¤ ©º±©®
A = Ak×`

¹©¥¸¯¬ ¤µ B = Bm×p
¹©¥¸¯¬¥©º ´¦¾¯¬£¦¤ ©º¤© ¡¢¨¢¡.

A = Ak×`, B = Bm×p
¢¸¢¹¯º¤ © A ¤µ B-¥¢º ´¦¾¯¬£¦¤ ¥¦¾¯¦®¨¦®¨

C = A · B ¤µ ®¦ÿ ¾¢®¢¸¥¢º ©º¤©. 0§¾©º®©® C = AB = Ck×p
¾¢®à¢¸¥¢º ©º¤©. Ck×p

¹©¥¸¯¬°¤ i-¸ ¹«¸ j-¸ ©¡©¤°¤ ®¦ÿ ¤µ A ¹©¥¸¯¬°¤
i-¸ ¹«¸¯º¤ ®¦ÿ§§¨°¡ B ¹©¥¸¯¬°¤ j-¸ ©¡©¤°¤ ¾©¸¡©®´©¾ ®¦ÿ§§¨©©¸ ³¸à»³³®» ¤¢¹¢¾¢¨ ¡©¸©¾ ¹©¥¸¯¬ ©º¤©.
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ØÙÚÛÛ
1.9. A =





1 −1 0
2 0 0

−1 0 3



 = A2×2, B =





−2 0

4 1
0 1



 = B2×1
«¡²¢¢.

A1 =

[
1
2

]

, A2 =

[
−1 0
0 0

]

, A3 =
[
−1

]
, A4 =

[
0 3

]

B1 =
[
−2 0

]
, B2 =

[
4 1
0 1

] ¡¢» ¥¢¹¨¢¡®¢±¢®
A = A2×2 =

[
A1 A2

A3 A4

]

, B = B2×1 =

[
B1

B2

] ¡¢£¢¤ ®¦ÿ§§¨©¨ ¥©±¯¡¨©¤©.
A2×2-
¯º¤ ©¡©¤°¤ ¥¦¦ ¤µ 2, B2×1-

¯º¤ ¹«¸¯º¤ ¥¦¦ ¤µ ¹«¤ 2
© A1, A3

¤µ
B1-¥¢º ´¦¾¯¬£¦¤; A2, A4

¤µ B2-¥©º ¥§£ ¥§£ ´¦¾¯¬£¦¤ ¥§® A · B ³¸»±¢¸¥¦¨¦¸¾¦º®¦¡¨¦¤¦.
A · B =

[
A1 A2

A3 A4

]

·
[
B1

B2

]

=

[
A1B1 +A2B2

A3B1 +A4B2

]

=

=







[
1
2

]

·
[
−2 0

]
+

[
−1 0
0 0

]

·
[

4 1
0 1

]

[
−1

]
·
[
−2 0

]
+

[
0 3

]
·
[

4 1
0 1

]







=

=






[
−2 0
−4 0

]

+

[
−4 −1
0 0

]

[
2 0

]
+

[
0 3

]




 =





−6 −1
−4 0
2 3





Ü¢¸¢± A =





1 −1 0
2 0 0

−1 0 3



 = A2×2, B =





−2 0

4 1
0 1



 = B2×1
¡¢£¢¤ ®¦-

ÿ§§¨©¨ ¥©±µ£©¤ ©º¡.
Ü¢¨¯º¡¢¢¸ A ¤µ B-¥¢º ´¦¾¯¬¦» ©º¡©© ¦®¦±² A1 =

[
1 −1
2 0

]

,

B1 =
[
−2 0

] ¹©¥¸¯¬§§¨ ´¦¾¯¬¦¾¡³º §²¸©©£ ¢¤¢ ¥¦¾¯¦®¨¦®¨ A · B ³¸»-±¢¸¯º¡ ®¦ÿ ¹©¥¸¯¬©©¸ ¾¯º» ¦®¦¾¡³º.
1.7. ?������
1, 2, 3, . . . , n ÆÒÒÊÔÔÐÉÊ ÐÔÂÉÊ ËÅÖÂÎÅÎÉÓ ÁÐÓÁÁÂ ÆÒÒÊÔÔÐÉÊ òÁÎÓÁÄÁÎ ÓÁÊÁ.@©©ª¯¨ n ª¯¸¾¢¡ ¥¦¦¤° ¨§¸°¤ £¢®¡¢¹®¯º¡ (α1, α2, . . . , αn) ¡¢» ¯²µ¶.·¤¨ αi

¤µ 1, 2, 3, . . . , n ¥¦¦¤§§¨°¤ ©®µ ¤¢¡.ôõôö÷ôøùôùú
.
ÀÁÂÁÃ (α1, α2, . . . , αn), (β1, β2, β3, . . . , βn) ÍÒûÂ òÁÎÓÁÄÎÇÖÊÍÔÃÑÐαi = βi (i = 1, n) ËÅÖÃÅÎ ÁÐÓÁÁÂ òÁÎÓÁÄÎÌÌÐÇÖÓ ÆÁÊÈÌÌ, ÁòÂÁÓ ÆÒÍÇÒÎ-ÐÒÎÐ (5ÐÅü ÊÁÓ αi 6= βi

ËÅÖÃÅÎ) ÆÁÊÈÌÌ ËÇ� òÁÎÓÁÄÁÎ ÓÁÊÁ.
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1, 2, 3, . . . n ¥¦¦¤§§¨©©£ ´¦¾¯¦¾ �®¡©©¥©º £¢®¡¢¹®³³¨¯º¤ ¥¦¦¡ ¦®3Ý.A¢®¡¢¹®¯º¤ ¤¢¡¨³¡¢¢¸ ©º¸©¤¨ ¢¨¡¢¢¸ n ª¯¸¾¢¡ ¥¦¦¤§§¨©©£ ©®µ ¤¢¡¯º¡¥©±¯¾ ¦®¦¹» n, ¾¦Ý¸¨§¡©©¸ ©º¸©¤¨ ³®¨£¢¤ n − 1 ¢®¶¹¶¤¥³³¨¢¢£ ©®µ¤¢¡¯º¡ ¥©±¯¾ ¦®¦¹» n − 1 ¥§® «¹¤«¾ ©º¸®©®¥©º¡©© ¤¯º®¢¢¨ n(n − 1)ª¯¸¾¢¡ £¢®¡¢®¥ ³³£¤¢. B§¸©±¨§¡©©¸ ©º¸©¤¨ ³®¨£¢¤ (n−2) ¢®¶¹¶¤¥³³¨¢¢£©®µ ¤¢¡¯º¡ ¥©±¯±©® n(n− 1)(n− 2) ¥¦¦¤° £¢®¡¢®¥ ³³£¤¢. �º¤¾³³ ³¸¡¢®»-®³³®¢¾¢¨ n(n− 1)(n − 2) . . . 2 · 1 ¥¦¦¤° �®¡©©¥©º £¢®¡¢¹¢® ³³£¤¢.
1 · 2 · 3 . . . (n − 2)(n− 1)n ³¸»±¢¸¯º¡ n! (¢¤ C©ÿ¥¦¸¯©®) ¡¢» ¥¢¹¨¢¡®¢¤¢.

n! = 1 · 2 · 3 · 4 . . . (n− 1)n�º¹¨ 1, 2, . . . , n ¥¦¦¤§§¨°¤ �®¡©©¥©º £¢®¡¢¹®¯º¤ ¥¦¦ n!-¥¢º ¥¢¤¬³³ ©º¤©.ÀÁÂÁÃ (α1, α2, . . . , αn)
òÁÎÓÁÄÁÎÐ i < j, αj < αi

ËÅÖÃÅÎ ÕÕÂÕÕÂ ÍÁÎËÁÎ ÇÍÆÒÒ ËÅÓÅ ÆÒÒÊÉÍÒÒ óÌÌÊ ÆÅÎÐ ÒÂ�Çü ËÅÖÃÅÎ αi, αj
ÆÒÒÊÔÔÐÉÓ ÇÊÃÏÂòÌÌòÓÁü ËÅÖÊÅ ÓÁÊÁ.ØÙÚÛÛ

1.10. (13254) £¢®¡¢¹¢®¨ 3
© 2, 5

© 4 ¤µ ¯¤±¶¸£ ³³£¡¢» ©º¤©.·¤¢ £¢®¡¢¹®¯º¤ ¤¯º¥ ¯¤±¶¸£¯º¤ ¥¦¦ ¾¦Ý¸¥¦º ¥¢¤¬³³ ©º¤©.
(α1, α2, . . . , αn) £¢®¡¢¹®¯º¤ ¯¤±¶¸£¯º¤ ¥¦¦¡R(α1, α2, . . . , αn) ¡¢» ¥¢¹¨¢¡®¢¶.
Ri-
¢¢¸ (α1, α2 . . . αn) £¢®¡¢¹®¯º¤ αi ¥¦¦¤° «¹¤« ¦¸£¦¤ αi-

¢¢£ ¯¾ ¥¦¦¤§§¨°¤¥¦¦¡ ¥¢¹¨¢¡®¢¶. 0¢¡±¢®
R(α1, α2, . . . , αn) = R1 +R2 + · · · +Rn

©º¤©. ×¯ª¢¢®¢®: (3124) ¡¢£¢¤ £¢®¡¢¹¢®¨ R1 = 0, R2 = 1, R3 = 1, R4 = 0©º¤©. �º¹¨ R(3124) = 0 + 1 + 1 + 0 = 2.

R(1234 . . . n) = R1 +R2 + . . . +Rn = 0 + 0 + . . .+ 0
︸ ︷︷ ︸

n

= 0

R(α1, α2 . . . αn) ÊÑ ÆÁÓ� (
òÒÊÐÓÒÖ) ÆÒÒ ËÅÖÃÅÎ (α1, α2, . . . , αn)-Ó ÆÁÓ�

(
òÒÊÐÓÒÖ) òÁÎÓÁÄÁÎ ÓÁÊÁ.ÀÁÂÁÃ òÁÎÓÁÄÁÎ αi, αj

ÆÒÒÊÔÔÐ ËÅÖÂÅÅ òÁÎÓÁü, ËÔòÅÐ ÆÒÒÊÔÔÐ ÊÑ ÕÕÂÇÖÊÍÕÕËÅÖÂÅÊÐ ËÅÖÃÅÎ αi, αj
ÆÒÒÊÔÔÐÉÓ ÆÂÅÊòDÒóÇÈ ÌÌòÓÁü ËÅÖÊÅ ÓÁÊÁ.×¯ª¢¢®¢®: (123546), (13245), (62341)-£¢®¡¢¹®³³¨ ¤µ 4

© 5, 3
© 2, 6

©
1 ¥¦¦¤° ¥¸©¤£E¦´¯¬©©¸ ³³£¡¢¡¨¢» ©º¤©.FôöFG

1.1. HÓòÕÊ òÁÎÓÁÄÁÎÐ ÊÁÓ ÆÂÅÊòDÒóÇÈ ÍÇÖÃÁÎ òÁÎÓÁÄÎÇÖÊ ÆÁÓ�òÒÊÐÓÒÖ ÕÕÂIÎÕÓÐÕÊÕ.1ÅÆÅÎÓÅÅ. (α1, α2 . . . , αn) £¢®¡¢¹¢®¨ ¥¸©¤£E¦´¯¬ ³³£¡¢¾ αi, αj ¥¦¦¤§§¨¾¦Ý¸ �¤´ ©º¸®©¾ ¥¦¾¯¦®¨¦® ©º¤©. ß³¤¨:
1. αi, αj ¥¦¦¤§§¨ (α1, α2, . . . , αn) £¢®¡¢¹¢®¨ ´¢¸¢¡¬¢¤ o¸£o¤ ©º¾ ««¸««¸¾¢®¢® £¢®¡¢¹¢® ¤µ (α1, α2, . . . , αi, αj , . . . αn) ¾¢®¢¸¥¢º ©º¾ ¥¦¾¯¦®¨¦®. αi,
αj ¥¦¦¤§§¨°¤ ©º¸°¡ £¦®µ» (α1, α2, . . . , αj , αi, . . . αn) £¢®¡¢¹¢® ³³£¡¢¶.
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Ü¢¸¢± (α1, α2, . . . , αi, αj , . . . , αn)-¨ αi, αj
¤µ ¯¤±¶¸£ ³³£¡¢¢¡³º ¦®

(α1, α2, . . . , αj , αi, . . . , αn)-¨ ¯¤±¶¸£ ³³£¡¢¤¢. Ü¢¸¢± (α1, α2, . . . , αi, αj , . . . , αn)-¨ αi, αj
¤µ ¯¤±¶¸£ ³³££¢¤ ¦® (α1, α2, . . . , αj , αi, . . . , αn)-¨ ¯¤±¶¸£ ³³£¡¢¾¡³º.�º¹¨ ¢¤¢ ¾¦Ý¸ £¢®¡¢¹®¯º¤ ¥¢¡ª £¦¤¨¡¦º ¤µ ¤¢¡ ¤¢¡»¢¢¸ �®¡©¡¨©» ¥¶¦¸¶¹©¥®©¡¨©¤©.

2. (α1, α2, . . . , αn) £¢®¡¢¹¢®¨ αi, αj ¥¦¦¤§§¨°¤ ¾¦¦¸¦¤¨ sª¯¸¾¢¡ ¥¦¦ ©º¨©¡¡¢±¢® §§® £¢®¡¢¹¢®
(α1, α2, . . . , αi, b1, b2, . . . , bs, αj , . . . , αn)

¾¢®¢¸¥¢º ©º¤©. ·¤¢ £¢®¡¢¹¢®¨ αi, αj-
¯º¤ ©º¸°¡ £¢®¡¢»

(α1, α2, . . . , αj , b1, b2, . . . , bs, αi, . . . , αn)

£¢®¡¢¹¢® ³³£¡¢¾¢¨ αi
¤µ b1-¥¢º, αi

¤µ b2-¥©º ¡¢¾ ¹¢¥²¯®¢¤ αi
¤µ bs-¥©º, αi¤µ αj-¥¢º ©º¸ £¢®¡¢¾ ´©¹©©¸ s+ 1 §¨©© ©º¸ £¢®¡¢»

(α1, α2, . . . , αi−1, b1, b2, . . . , bs, αj , αi, . . . , αn)

¡¢£¢¤ £¢®¡¢¹¢® ³³£¡¢¤¢. Ü©¸¯¤ αj
¤µ bs-¥©º, bs−1-¥¢º ¡¢¾ ¹¢¥²¯®¢¤ b1-¥¢º©º¸©© £¢®¡¢» s ¥¸©¤£E¦´¯¬ ¾¯º¤¢. �¤¡¢» 2s + 1 §¨©© ¥¸©¤£E¦´¯¬ ¾¯º»

(α1, α2, . . . , αj , b1, b2, . . . , bs, αi, . . . , αn) £¢®¡¢¹¢® ³³£¡¢¤¢. ·¤¨¢¢£
(α1, α2, . . . , αi, b1, b2, . . . , bs, αj , . . . , αn)
(α1, α2, . . . , αj , b1, b2, . . . , bs, αi, . . . , αn)

£¢®¡¢¹®³³¨ ¥¢¡ª £¦¤¨¡¦º ²©¤©¸©©¸©© ««¸ ¦®¦¾ ¤µ ¾©¸©¡¨©» ©º¤©. N

1.8. ������&� �4�4�	4
�4�J

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann








ÿ±©¨¸©¥ ¹©¥¸¯¬ «¡²¢¢. ·¤¢ ¹©¥¸¯¬°¤ ¹«¸, ©¡©¤© ³¸¢¢£ ¤¢¡ ¤¢¡ ¢®¶¹¶¤¥©¡§§®£©¤ a1α1
a2α2

. . . anαn
(αi 6= αj, i, j = 1, n) ³¸»±¢¸³³¨¯º¡ ©±² ³´µ¶.·¤¨ ¾�®©¸°¡ ¦¨¦» ¢®¶¹¶¤¥³³¨¯º¤ ¹«¸¯º¤ ¨§¡©©¸°¡ ´©©¾ ¤¢¡¨³¡¢¢¸ ¯¤à¨¶ÿ£¯º¤ «£«¾ ¨©¸©©®®©©¸ ©º¸®§§®©±. �¤¡¢¾¢¢¸ ©¡©¤°¤ ¨§¡©©¸°¡ ´©©¡²¾¦Ý¸¨§¡©©¸ ¯¤¨¶ÿ£ α1, α2, . . . , αn

¤µ 1, 2, 3, . . . , n ¥¦¦¤§§¨°¤ ¤¢¡ £¢®¡¢¹¢®©º¤©. �º¹ ³¥¢¬¥¢º ³¸»±¢¸³³¨¯º¤ ¥¦¦ ¤µ 1, 2, . . . , n ¥¦¦¤§§¨©©£ ´¦¾¯¦¾³¾ £¢®¡¢¹®¯º¤ ¥¦¦ n!-¥©º ¥¢¤¬³³ ©º¾ ¤µ ¥¦¨¦¸¾¦º ©º¤©. n! ¥¦¦¤°
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a1α1

a2α2
. . . anαn

³¸»±¢¸ ³¸¯º¡ (−1)R(α1 ,α2,...,αn)-¢¢¸ ³¸»³³®µ¶. 0¢¡±¢® n!¥¦¦¤°
(−1)R(α1,α2,...,αn)a1α1

a2α2
. . . anαn³¸»±¢¸³³¨¯º¡ ¡©¸¡©¤©.ôõôö÷ôøùôùú

. n! ÆÒÒÊÉ (−1)R(α1 ,α2,...,αn)a1α1
a2α2

. . . anαn

ÌÂüÃÁÂÌÌÐÇÖÊÊÇÖÎËÁÂÇÖÓ n ÁÂÁÄËÇÖÊ þÃÅÐÂÅÆ ÄÅÆÂÇÈ A-ÇÖÊ ÆÒÐÒÂÍÒÖÎÒÓI ÓÁÊÁ.
A ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡²¯º¡

detA = ∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣

¡¢» ¥¢¹¨¢¡®¢¨¢¡. ¼©¸¯¹¨©© |A| ¡¢» ¥¢¹¨¢¡®¢¨¢¡.0¦¨¦¸¾¦º®¦®¥¦¦¸
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣

=
∑

(−1)R(α1 ,α2,...,αn)a1α1
a2α2

. . . anαn

×¯ª¢¢®¢®: a12a24a31a43
¤µ 4-¸ ¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡²¯º¤

(−1)R(2413) = (−1)3 ¥¢¹¨¢¡¥¢º ¡¯ª³³¤ ¾©¸¯¤ a13a24a33a42-
¯º¤ ¾¦Ý¸¨§¡©©¸¯¤¨¶ÿ£ (3432) ¤µ 3-¸ ©¡©¤©©£ ¾¦Ý¸ ¢®¶¹¶¤¥ ¦¸£¤°¡ ´©©» ©º¤©. �º¹¨

¥¦¨¦¸¾¦º®¦¡²¯º¤ ¡¯ª³³¤ ¯ª.

a1α1
, a2α2

, . . . , anαn

ÌÂüÃÁÂÇÖÓ ÆÒÐÒÂÍÒÖÎÒÓIÇÖÊ ÓÇ�ÌÌÊ, aiαi
-Ó ÆÒÐÒÂÍÒÖ-ÎÒÓIÇÖÊ ÁÎÏÄÏÊÆ ÓÁü ÊÁÂÎÁÊÁ.

¼©¸¯¹ ¥§¾©º¤ ¥¦¾¯¦®¨®°¡ ©±² ³´µ¶.
1. Þ¢¡¨³¡¢¢¸ ¢¸¢¹¯º¤ A1 = [a11]

¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡²
detA1 = det(a11) = a11

©º¤©.
2. A2 =

[
a11 a12

a21 a22

] ¾¦Ý¸¨§¡©©¸ ¢¸¢¹¯º¤ ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ¤µ
(−1)R(α1 ,α2)a1α1

a2α2
-¾¢®¢¸¯º¤ 2! = 2 ¥¦¦¤° ³¸»±¢¸¯º¤ ¤¯º®¢¸ ©º¤©.�º¹¨ detA2 =

∣
∣
∣
∣

a11 a12

a21 a22

∣
∣
∣
∣
= a11a22 − a12a21

3. detA3 =

∣
∣
∣
∣
∣
∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣
∣
∣
∣
∣
∣

= a11a22a33 + a12a23a31 + a13a21a32−

−a13a22a31 − a12a21a33 − a11a23a32
¡¢£¢¤ 3! = 6 ¡¯ª³³¤¯º ¤¯º®¢¸ ©º¤©.

a11a23a32-
¡¯ª³³¤¯º ¾¦Ý¸¨§¡©©¸ ¯¤¨¶ÿ£ (132)-¯º¤ ¯¤±¶¸£ ¤¢¡¥¢º ©º¡©© ¥§®
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¾©£©¾ ¥¢¹¨¢¡¥¢º ©º¤© ¡¢¾ ¹¢¥²¯®¢¤ ¡¯ª³³¨¯º¤ ¥¢¹¨¡¯º¡ ¥¦¡¥¦¦¤¦.
a1α1

a2α2
a3α3

-¡¯ª³³¤ ³¸ ¤µ ¡§¸±©¤ ¢®¶¹¶¤¥¯º¤ ³¸»±¢¸ ©º¤©.Þ¢¹¢¡¨¢¾³³¤ ³¸¯º¡ ¨©¸©©¾ £¾¶¹¢¢¸ ¦®» ¦®¤¦.
∣
∣
∣
∣
∣
∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

o o o

o o o

o o o

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

o o o

o o o

o o o

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

o o o

o o o

o o o

∣
∣
∣
∣
∣
∣

−

−

∣
∣
∣
∣
∣
∣

o o o

o o o

o o o

∣
∣
∣
∣
∣
∣

−

∣
∣
∣
∣
∣
∣

o o o

o o o

o o o

∣
∣
∣
∣
∣
∣

−

∣
∣
∣
∣
∣
∣

o o o

o o o

o o o

∣
∣
∣
∣
∣
∣

B¯ª³³¨ ¤µ ´§¸©©£©©¸ ¾¦®¦¡¨£¦¤ ¢®¶¹¶¤¥³³¨¯º¤ ³¸»±¢¸ ©º¤©.

1.9. L4�4�	4
�4�J�
� J�������
A ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ¨©¸©©¾ ²©¤©¸¥©º. !"!ö

1. �¡£«¤ A ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ¤µ ¥³³¤¯º ¾«¸±«£«¤ ¹©¥¸¯à¬°¤ ¥¦¨¦¸¾¦º®¦¡²¥¦º ¥¢¤¬³³.
1ÅÆÅÎÓÅÅ. A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann








ÿ±©¨¸©¥ ¹©¥¸¯¬ «¡²¢¢.

detA =
∑

(−1)R(α1,α2,...,αn)a1α1
a2α2

. . . anαn

detAT =
∑

(−1)R(α1 ,α2,...,αn)aα11aα22 . . . aαnn

·¤¨¢¢£ detA = detAT . N !"!ö
2. Ü¢¸¢± ¥¦¨¦¸¾¦º®¦¡²¯º¤ ©®µ ¤¢¡ ¹«¸ (

©¡©¤©)-¯º¤ ³¾ ¢®¶¹¶¤à¥³³¨ ¥¢¡¥¢º ¥¢¤¬³³ ¦® ¥¦¨¦¸¾¦º®¦¡² ¥¢¡¥¢º ¥¢¤¬³³ (detA = |A| = 0).1ÅÆÅÎÓÅÅ. 0¦¨¦¸¾¦º®¦¡²¯º¤ ¡¯ª³³¤ ³¸¥ ¥¢¸ ¥¢¡¢¢£ ¥¦¡¥¦¾ ¹«¸ (©¡©¤©)-««£ ¤¢¡ ¢®¶¹¶¤¥ ¦¸¤¦ ¡¢¨¡¢¢£ ¹«¸¨«¤ ¡©¸¤©. N !"!ö
3. Ü¢¸¢± ¥¦¨¦¸¾¦º®¦¡²¯º¤ ©®µ ¤¢¡ ¹«¸ (

©¡©¤©)-¯º¤ ³¾ ¢®¶¹¶¤à¥³³¨ ¶¸«¤¾¯º ³¸»¯¡¨¢¾³³¤¥¢º ¦® ¥¢¸ ³¸»¯¡¨¢¾³³¤¯º¡ ¥¦¨¦¸¾¦º®¦¡²¯º¤¥¢¹¨¡¯º¤ «¹¤« ¡©¸¡©» ¦®¤¦.×¯ª¢¢®¢®: |A| ¥¦¨¦¸¾¦º®¦¡²¯º¤ i-¸ ¹«¸¯º¤ ¢®¶¹¶¤¥³³¨ λ ¡¢£¢¤ ¶¸«¤¾¯º
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³¸»¯¡¨¢¾³³¤¥¢º ¦®

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . . . . . . . .

λai1 λai2 . . . λain

. . . . . . . . . . . .

an1 an2 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= λ ·

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . . . . . . . .

ai1 ai2 . . . ain

. . . . . . . . . . . .

an1 an2 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

©º¤©. !"!ö
4. Ü¢¸¢± ¥¦¨¦¸¾¦º®¦¡²¯º¤ ©®µ ¤¢¡ ¹«¸ (

©¡©¤©)-¯º¤ ³¾ ¢®¶¹¶¤¥¾¦Ý¸ ¤¢¹¢¡¨¢¾³³¤¯º ¤¯º®¢¸ ©º±©® §§® ¥¦¨¦¸¾¦º®¦¡² ¤µ ¥¢¸ ¤¯º®¢¸¹«¸ ¤µ ¤¢¡¨³¡¢¢¸ © ¾¦Ý¸¨§¡©©¸ ¤¢¹¢¡¨¢¾³³¤¢¢£ ¥¦¡¥£¦¤ §£©¨ ¢®¶¹¶¤¥ ¤µ¾¢±¢¢¸¢¢ ©º¾ ¾¦Ý¸ ¥¦¨¦¸¾¦º®¦¡²¯º¤ ¤¯º®¢¸¥¢º ¥¢¤¬³³.0§¾©º®©®:
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a′1j + a′′1j . . . a1n

a21 a22 . . . a′2j + a′′2j . . . a2n

. . . . . . . . . . . . . . . . . .

an1 an2 . . . a′nj + a′′nj . . . ann

∣
∣
∣
∣
∣
∣
∣
∣

=

=

∣
∣
∣
∣
∣
∣
∣
∣

a11 . . . a′1j a1j+1 . . . a1n

a21 . . . a′2j a2j+1 . . . a2n

. . . . . . . . . . . . . . .

an1 . . . a′nj anj+1 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣
∣
∣

a11 . . . a′′1j . . . a1n

a21 . . . a′′2j . . . a2n

. . . . . . . . . . . . . . .

an1 . . . a′′nj . . . ann

∣
∣
∣
∣
∣
∣
∣
∣

= |A′| + |A′′|©º¤©.1ÅÆÅÎÓÅÅ. ·¤¢ ²©¤©¸°¤ ©¥©®¡©© ¤µ
|A| =

∑

(−1)R(α1 ,α2,...,αn)a1α1
a2α2

. . . (a′ij + a′′ij) . . . anαn
=

=
∑

(−1)R(α1 ,α2,...,αn)a1α1
a2α2

. . . a′ij . . . anαn
+

+
∑

(−1)R(α1 ,α2,...,αn)a1α1
a2α2

. . . a′′ij . . . anαn
= |A′| + |A′′|

¡¢» ¥¦¨¦¸¾¦º®¦®¥¦¦£ ¹«¸¨«¤ ¡©¸¤©. N !"!ö
5. Ü¢¸¢± A ¹©¥¸¯¬°¤ ¾¦Ý¸ ¹«¸ (

©¡©¤©)-¯º¤ ©º¸°¡ £¦®¯±¦®¥¦¨¦¸¾¦º®¦¡²¯º¤ ¥¢¹¨¢¡ ¢£¸¢¡¢¢¸ ««¸²®«¡¨«¤«.
detB = − detA

1ÅÆÅÎÓÅÅ. ·¤¢ ²©¤©¸°¤ ©¥©®¡©© ¤µ 0¶¦¸¶¹ 1.1-¢¢£ ¹«¸¨«¤«.
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¿©¥¸¯¬ B ¤µ A-¡¯º¤ i-p ¹«¸¯º¡ i+ 1-¸ ¹«¸¥¢º ©º¸°¡ ¤µ £¦®¯¾¦¨ ³³££¢¤¡¢¶. 0¢¡±¢®
detA =

∑

(−1)R(α1 ,α2,...,αi,αi+1,...,αn)a1α1
a2α2

. . . aiαi
ai+1αi+1

. . . anαn

detB =
∑

(−1)R(α1,α2,...,αi+1,αi,...,αn)a1α1
a2α2

. . . ai+1αi+1
aiαi

. . . anαn

R(α1, α2 . . . αi, αi+1, . . . , αn), R(α1, α2 . . . αi+1, αi, . . . , αn)

(¤¢¡ ¥¸©¤£E¦´¯¬°¤ ¨©¸©© ¯¤±¶¸£ ««¸²®«¡¨«¤«) ¥¦¦¤§§¨ ¥¢¡ª £¦¤¨¡¦º¡¦¦-¸¦¦ �®¡©©¥©º. �º¹¢¢£ detB = − detA
©º¤©.

Ü¢¸¢± i, j-¸ ¹«¸³³¨¯º¤ ¾¦¦¸¦¤¨ m ¥¦¦¤° ¹«¸ ©¡§§®£©¤ A ¹©¥¸¯¬°¤
i-p ¹«¸¯º¡ j-p ¹«¸««¸ (i < j) £¦®¯¾¦¨ ¡©¸£©¤ ¹©¥¸¯¬°¡ B ¡¢¶. A ¹©¥¸¯à¬°¤ i-p ¹«¸¯º¡ j-p ¹«¸«¤¨, j-p ¹«¸¯º¡ i-p ¹«¸«¤¨ ©±²¸©¾©¨ (α1, α2, . . . , αn)£¢®¡¢¹¢®¨ 2m+ 1 ¥¸©¤£E¦´¯¬ ¾¯º¤¢. 0¢¡±¢®

R(α1, α2, . . . , αi, b1, b2, . . . , bm, αj , . . . , αn),

R(α1, α2, . . . , αj , b1, b2, . . . , bm, αi, . . . , αn)¯¤±¶¸£³³¨¯º¤ ¥¦¦ ¤µ ¥¢¡ª £¦¤¨¡¦º¡¦¦¸¦¦ �®¡©©¥©º. �º¹¢¢£
detB = − detA

¦®¤¦. N !"!ö
6. Ü¢¸¢± A ¹©¥¸¯¬ ¤µ ¾¦Ý¸ ¯»¯® ¹«¸ (

©¡©¤©)-¥¢º ¦® detA = 0©º¤©.1ÅÆÅÎÓÅÅ. A ¹©¥¸¯¬©¨ ©º¡©© ¾¦Ý¸ ¯»¯® ¹«¸ (©¡©¤©)-¯º¤ ©º¸°¡ £¦®¯¾¦¨
A ¹©¥¸¯¬ ««¸«« ¡©¸©¾ © 5-¸ ²©¤©¸©©¸ detA = − detA

¦®¤¦. ·¤¨¢¢£
detA = 0

©º¤©. N !"!ö
7. Ü¢¸¢± A ¹©¥¸¯¬ ¤µ ¾¦Ý¸ E¸¦E¦¸¬¯¦¤©®µ ¹«¸ (

©¡©¤©) ©¡§§®£©¤¦® detA = 0
©º¤©.1ÅÆÅÎÓÅÅ. A ¹©¥¸¯¬°¤ i, j-p ¹«¸³³¨ E¸¦E¦¸¬¯¦¤©®µ ¦® E¸¦E¦¸¬¯¦¤©-®¯º¤ ÿ¦¢CC¯¬¯¶¤¥ λ-¡ ¥¦¨¦¸¾¦º®¦¡²¯º¤ «¹¤« ¡©¸¡©¾©¨ i, j-¸ ¹«¸³³¨ ¯»¯®¦®¦¾ © 6-¸ ²©¤©¸©©¸ ¥¦¨¦¸¾¦º®¦¡² ¥¢¡¥¢º ¥¢¤¬³³ ¦®¤¦. N !"!ö

8.
0¦¨¦¸¾¦º®¦¡²¯º¤ ©®µ ¤¢¡ ¹«¸ (

©¡©¤©) ¨¢¢¸ ««¸ ¹«¸ (
©¡©¤©)-¯º¡ ¥¦¦¡¦¦¸ ³¸»³³®» ¤¢¹¢¾¢¨ ¥¦¨¦¸¾¦º®¦¡² ««¸²®«¡¨«¾¡³º.1ÅÆÅÎÓÅÅ. ·¤¢ ²©¤©¸°¡ ©¥®©¾¨©© ²©¤©¸ 4

© 6-¡ ¾¢¸¢¡®¢¤¢.
1.10. ���4� N� ���ON��
� � 
�����
ôõôö÷ôøùôùú

. m × n
ÁÂÁÄËÇÖÊ A ÄÅÆÂÇÈÉÊ ÐÔÂÉÊ s ÄÕÂ, s ËÅÓÅÊÉÓ

(1 ≤ s ≤ min(m,n))
òÒÊÓÒÊ ÅÃI, ÁÐÓÁÁÂ òÒÊÓÒòÒÊ ÄÕÂ, ËÅÓÅÊÉÊ ÒÓÆÎÒÎ
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ÐÁÁÂ ÒÂ�ÇÍ ÁÎÏÄÏÊÆÌÌÐÁÁò s ÁÂÁÄËÇÖÊ ÄÅÆÂÇÈ óÒÍÇÒû. <ÊÁ s ÁÂÁÄËÇÖÊÄÅÆÂÇÈÉÊ ÆÒÐÒÂÍÒÖÎÒÓIÇÖÓ A ÄÅÆÂÇÈÉÊ s ÁÂÁÄËÇÖÊ ÄÇÊÒÂ ÓÁÊÁ.ôõôö÷ôøùôùú

. n
ÁÂÁÄËÇÖÊ þÃÅÐÂÅÆ A ÄÅÆÂÇÈÉÊ s ÁÂÁÄËÇÖÊ ÄÇÊÒÂÉÓ

M ÓÁü ÆÁÄÐÁÓÎÁÏ. M
ÄÇÊÒÂÆ ÒÂòÒÊ s ÄÕÂ, s ËÅÓÅÊÉÊ ÁÎÏÄÏÊÆÌÌÐÁÁòËÔòÅÐ ÁÎÏÄÏÊÆÌÌÐÁÁò ËÌÆòÁÊM ′ ÄÇÊÒÂÉÓ M ÄÇÊÒÂÉÊ ÓÌÖÈÁÁÎÆ ÓÁÊÁ.ØÙÚÛÛ

1.11.

A =







a11 a12 a13 a14 a15

a21 a22 a23 a24 a25

. . . . . . . . . . . . . . .

a51 a52 a53 a54 a55







¹©¥¸¯¬°¤ ¾¦Ý¸¨§¡©©¸ ¢¸¢¹¯º¤ ¤¢¡ ¹¯¤¦¸, ¥³³¤¯º ¡³º¬¢¢®¥¯º¡ ¦®.1ÒÐÒÎÆ. A ¹©¥¸¯¬°¤ 2, 3-¸ ¹«¸; 3, 5-¸ ©¡©¤°¡ £¦¤¡¦±¦®
M =

∣
∣
∣
∣

a23 a25

a33 a35

∣
∣
∣
∣

¹¯¤¦¸ ³³£¤¢. ß³¤¯º ¡³º¬¢¢®¥ ¦®¦¾ ¹¯¤¦¸ ¤µ
M ′ =

∣
∣
∣
∣
∣
∣

a11 a12 a14

a41 a42 a44

a51 a52 a54

∣
∣
∣
∣
∣
∣©º¤©.P±©¨¸©¥ ¹©¥¸¯¬ A-

¯º¤ ¾©¹¡¯º¤ ¯¾ ¢¸¢¹¯º¤ ¹¯¤¦¸ ¤µ ¥³³¤¯º ¥¦¨¦¸¾¦º-®¦¡² ©º¤©.ôõôö÷ôøùôùú
. M
ÄÇÊÒÂÉÊ ÓÌÖÈÁÁÍ M ′ ÄÇÊÒÂÉÓ (−1)m ÆÁÄÐÁÓÆÁÖÓÁÁÂÅÃòÊÉÓM ÄÇÊÒÂÉÊ ÅÎÓÏËÂÇÖÊ ÓÌÖÈÁÁÎÆ ÓÁÊÁ. <ÊÐm ÊÑM ÄÇÊÒÂÆ ÒÂòÒÊÄÕÂ, ËÅÓÅÊÉÊ ÐÔÓÅÅÂÔÔÐÉÊ ÊÇÖÎËÁÂ ËÅÖÊÅ.ØÙÚÛÛ

1.12. �¹¤«¾ »¯ª¢¢¤¨ ©±² ³´£¢¤M ¹¯¤¦¸°¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®-¥¯º¡ ¦®.1ÒÐÒÎÆ. M ¹¯¤¦¸°¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®¥¯º¡ M∗ ¡¢» ¥¢¹¨¢¡®¢¶. 0¢¡±¢®
m = 2 + 3 + 3 + 5 = 13.

M∗ = (−1)13

∣
∣
∣
∣
∣
∣

a11 a12 a14

a41 a42 a44

a51 a52 a54

∣
∣
∣
∣
∣
∣

= −

∣
∣
∣
∣
∣
∣

a11 a12 a14

a41 a42 a44

a51 a52 a54

∣
∣
∣
∣
∣
∣

ôõôö÷ôøùôùú
. n
ÁÂÁÄËÇÖÊA ÄÅÆÂÇÈÉÊ aij

ÁÎÏÄÏÊÆ ËÌÂ ÊÁÓÐÌÓÁÁÂ ÁÂÁÄ�ËÇÖÊ ÄÇÊÒÂ ËÒÎÊÒ. QÌÊÇÖ ÓÌÖÈÁÁÍ ÄÇÊÒÂ ÊÑ n− 1
ÁÂÁÄËÇÖÊ ÆÒÐÒÂÍÒÖÎÒÓIËÅÖÊÅ. <ÊÁ n − 1

ÁÂÁÄËÇÖÊ ÓÌÖÈÁÁÍ ÄÇÊÒÂÉÓ aij
ÁÎÏÄÏÊÆÇÖÊ ÄÇÊÒÂ ÓÁÊÁ.ß³¤¯º¡ Mij

¡¢» ¥¢¹¨¢¡®¢¶. aij
¢®¶¹¶¤¥¯º¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®¥¯º¡ Aij¡¢» ¥¢¹¨¢¡®¢¶. R®¡¶¸¯º¤ ¡³º¬¢¢®¥¯º¤ ¥¦¨¦¸¾¦º®¦®¥¦¦£

Aij = (−1)i+jMij
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©º¾ ¤µ ¹«¸¨«¤ ¡©¸¤©.ØÙÚÛÛ
1.13.

A =





2 −3 1
4 0 −5
7 −2 3





¹©¥¸¯¬°¤ −3 ¢®¶¹¶¤¥¯º¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®¥¯º¡ ¦®¦®
A12 = (−1)1+2

∣
∣
∣
∣

4 −5
7 3

∣
∣
∣
∣
= −(12 + 35) = −47

©º¤©.
1.11. L4�4�	4
�4�J�
� 8� N����&� ��OO��  ���� U����	�V
FôöFG

1.2. A ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ¤µ ¥³³¤¯º ©®µ ¤¢¡ ¹«¸ (
©¡©¤©)-¯º¤ ¢®¶¹¶¤¥³³¨¯º¡ ¥¢¨¡¢¢¸¯º¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®¥¢¢¸ ³¸»³³®» ¤¢¹£¢¤à¥¢º ¥¢¤¬³³ ©º¤©.1ÅÆÅÎÓÅÅ. A ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡²¯º¡

detA =

∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣

= ai1Ai1 + ai2Ai2 + . . .+ ainAin (1)

¡¢» i (1 ≤ i ≤ n)-¸ ¹«¸««¸ ´©¨©®» ¦®¦¾°¡ ©¥®©¤©.
Aij
¤µ n−1 ¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡² §²¸©©£ aijAij

¤µ (n−1)! ¤¢¹¢¡¨¢¾³³¤¢¢£¥¦¡¥¦¤¦. �º¹¨ (1) ¤µ n(n− 1)! = n! ¤¢¹¢¡¨¢¾³³¤¯º¡ ©¡§§®¤©.
aijAij-

¨ ¦¸£¦¤ ³¾ ¤¢¹¢¡¨¢¾³³¤³³¨ detA-
¯º¤ ¡¯ª³³¤ ¦®¦¾°¡ ©¥©®3�.0¦¨¦¸¾¦º®¦¡²¯º¤ ¥¦¨¦¸¾¦º®¦®¥¦¦¸

A11 =
∑

(−1)R(α2 ,α3,...,αn)a2α2
a3α3

, . . . , anαn©º¾ ©
a11A11 =

∑

(−1)R(α2 ,...,αn)a11a2α2
a3α3

. . . anαn¦®¤¦. Ü©¸¯¤ R(1, α2, . . . , αn) = R(α2, α3, . . . , αn)

a11A11 =
∑

(−1)R(1,α2,...,αn)a11a2α2
a3α3

. . . anαn

¤µ detA-
¯º¤ ¡¯ª³³¨ ¦®¤¦.
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Ü¢¸¢± i, j ¤µ 1 ≤ i ≤ n, 1 ≤ j ≤ n

©º¾ ¨§¸°¤ ¥¦¦ ¦® aij
¢®¶¹¶¤¥¯º¡

1-¸ ¹«¸ 1-¸ ©¡©¤©¨ ¯¸¥¢® ¹«¸ ©¡©¤°¡ £¦®µ» A ¹©¥¸¯¬°¡ ¾§±¯¸¡©¤ A¹©¥¸¯¬ ¡©¸¡©±©®
detA = (−1)(i−1)+(j−1) detA = (−1)i+j detA

¦®¦¾ ©
aijAij = aij(−1)i+jMij = (−1)i+ja11M11 = (−1)i+ja11A11

a11A11
¤µ ¨¢¢¸ ©¥®©£¤©©¸ detA-

¯º¤ ¡¯ª³³¨ ¦®¦¾ ¤µ ¾©¸©¡¨©» ©º¤©. NØÙÚÛÛ
1.14.

∆ =

∣
∣
∣
∣
∣
∣

3 −5 2
1 8 4
5 3 1

∣
∣
∣
∣
∣
∣

¥¦¨¦¸¾¦º®¦¡²¯º¡ ¾¦Ý¸¨§¡©©¸ ©¡©¤©©¸ ´©¨©®» ¦¨.1ÒÐÒÎÆ. ∆ = (−5)(−1)1+2

∣
∣
∣
∣

1 4
5 1

∣
∣
∣
∣
+8(−1)2+2

∣
∣
∣
∣

3 2
5 1

∣
∣
∣
∣
+3(−1)2+3

∣
∣
∣
∣

3 2
1 4

∣
∣
∣
∣
=

= 5 · (−19) + 8 · (−7) − 3 · 10 = −181

0¶¦¸¶¹ 1.2 ¤µ W©E®©£°¤ ¥¶¦¸¶¹ ¡¢» ¤¢¸®¢¡¨¢¾ ¨©¸©©²¯º¤ ¥¶¦¸¶¹°¤ ¥§-¾©º¤ ¥¦¾¯¦®¨¦® ½¹. 2¨¦¦ W©E®©£°¤ ¥¶¦¸¶¹°¡ ©¥©®¡©©¡³º¡¢¢¸ ©±² ³´µ¶.FôöFG
1.3. n ¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡² ¤µ ¨§¸°¤ ©¸¡©©¸ £¦¤¡¦¡¨£¦¤ k

(k < n) ¥¦¦¤° ¹«¸ (
©¡©¤©)-¯º¤ ¢®¶¹¶¤¥³³¨¢¢¸ ´¦¾¯¦£¦¤ ³¾ ¦®¦¹»¯¥¹¯¤¦¸§§¨°¡ ¥¢¨¡¢¢¸¯º¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®¥¢¢¸ ³¸»³³®£¢¤ ³¸»±¢¸¯º¤¤¯º®¢¸¥¢º ¥¢¤¬³³ ©º¤©.FôöFG

1.4.
�§¸°¤ d1, d2, . . . , dn ¥¦¦¤§§¨°¡ n ¢¸¢¹¯º¤ ÿ±©¨¸©¥ ¹©¥¸¯à¬°¤ ©®µ ¤¢¡ ¹«¸ (
©¡©¤©)-¯º¤ ¢®¶¹¶¤¥³³¨¯º¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®¥¢¢¸ ³¸à»³³®» ¤¢¹£¢¤ d1Ai1 + d2Ai2 + · · · + dnAin

¤¯º®¢¸ ¤µ §§® ¹©¥¸¯¬°¤ ¥¢¸£¦¤¡¦£¦¤ ¹«¸ (
©¡©¤©)-¯º¤ ¢®¶¹¶¤¥³³¨¯º¡ d1, d2, . . . , dn-¢¢¸ £¦®¯¾¦¨ ³³£¢¾¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡²¥¦º ¥¢¤¬³³ ©º¤©.1ÅÆÅÎÓÅÅ.

A =













a11 a12 . . . a1n

. . . . . . . . . . . .

ai−11 ai−12 . . . ai−1n

ai1 ai2 . . . ain

ai+11 ai+12 . . . ai+1n

. . . . . . . . . . . .

an1 an2 . . . ann













¨§¸°¤ ÿ±©¨¸©¥ ¹©¥¸¯¬, ¨§¸°¤ d1, d2, . . . , dn ¥¦¦¤§§¨°¡ ©±² ³´µ¶.
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d1Ai1 + d2Ai2 + · · · + dnAin
¤¯º®¢¸ ¤µ

A′ =













a11 a12 . . . a1n

. . . . . . . . . . . .

ai−11 ai−12 . . . ai−1n

d1 d2 . . . dn

ai+11 ai+12 . . . ai+1n

. . . . . . . . . . . .

an1 an2 . . . ann













¹©¥¸¯¬°¡ i-¸ ¹«¸««¸ ´©¨©®£©¤ ´©¨©¸¡©© ¦¨¤¦ ¡¢¨¡¯º¡ ©¥®©¤©.
d1Ai1 + d2Ai2 + · · · + dnAin = detA′

A′ ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡²¯º¡ i-¸ ¹«¸««¸ ´©¨©®©®
detA′ = d1D1 + d2D2 + · · · + dnDn

¦®¦¾ © ¢¤¨ Di (i = 1, n) ¤µ di (i = 1, n) ¢®¶¹¶¤¥³³¨¯º¤ ©®¡¶¸¯º¤¡³º¬¢¢®¥. R®¡¶¸¯º¤ ¡³º¬¢¢®¥¯º¤ ¥¦¨¦¸¾¦º®¦®¥ Ý£¦¦¸
D1 = Ai1, D2 = Ai2, . . . , Dn = Ain

©º¾ ©
detA′ = d1Ai1 + d2Ai2 + · · · + dnAin¦®¤¦. NFôöFG

1.5. A ¹©¥¸¯¬°¤ ©®µ ¤¢¡ ¹«¸ (
©¡©¤©)-¯º¤ ¢®¶¹¶¤¥³³¨¯º¡ ««¸¹«¸ (

©¡©¤©)-¯º¤ ¾©¸¡©®´©¾ ¢®¶¹¶¤¥³³¨¯º¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®¥¢¢¸ ³¸à»³³®» ¤¢¹¢¾¢¨ ¥¢¡¥¢º ¥¢¤¬¢¤¢.1ÅÆÅÎÓÅÅ. n ¢¸¢¹¯º¤ A = (aij)
¹©¥¸¯¬ «¡£«¤ ¡¢¶.

ai1Ak1 + ai2Ak2 + · · · + ainAkn = 0 i 6= k, i = 1, n, k = 1, n

©º¾°¡ ©¥©®3�.
·¤¢ ¥¢¤¬®¯º¤ ´³³¤ ¥©® ¤µ A ¹©¥¸¯¬°¤ i-p ¹«¸¯º¤ ¢®¶¹¶¤¥³³¨¯º¡ k-p¹«¸¯º¤ ¾©¸¡©®´©¾ ¢®¶¹¶¤¥³³¨¯º¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®¥¢¢¸ ³¸»³³®» ¤¢¹à£¢¤ ©º¤©. 0¶¦¸¶¹ 1.4-

¯º¡ ©ª¯¡®©±©® ¨¢¢¸¾ ¥¢¤¬®¯º¤ ´³³¤ ¡©¸ ¥©® ¤µ A¹©¥¸¯¬°¤ k-p ¹«¸¯º¤ ¢®¶¹¶¤¥³³¨¯º¡ ai1, ai2, . . . , ain-¢¢¸ £¦®¯¾¦¨ ³³£¢¾ A′¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡²¥¦º ¥¢¤¬³³ ©º¤©. 0§¾©º®©®:
ai1Ak1 + ai2Ak2 + · · · + ainAkn = detA′
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A′ =













a11 a12 . . . a1n

. . . . . . . . . . . .

ai1 ai2 . . . ain

. . . . . . . . . . . .

ai1 ai2 . . . ain

. . . . . . . . . . . .

an1 an2 . . . ann













©º¤©. A′ ¹©¥¸¯¬°¤ i, k-¸ ¹«¸³³¨ ¯»¯®¾¢¤ ¢®¶¹¶¤¥¥¢º ©º¤©. 0¦¨¦¸-¾¦º®¦¡²¯º¤ 6-¸ ²©¤©¸©©¸
detA′ = 0

¦®¤¦. �º¹¨
ai1Ak1 + ai2Ak2 + · · · + ainAkn = 0

¦®¤¦. N

1.12. n
���N�
� �4�4�	4
�4�J�
� N4�4	 U��� ������

§ 1.12.1. X�/����)*��,�)� �Y�, +������ �*Z�Z����� [�/*��
0¦¨¦¸¾¦º®¦¡²¯º¡ ´©¨®©¾ 0¶¦¸¶¹ 1.3 ¤µ n ¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡²¯º¡ n−1¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡² ¦¨¦¾¦¨ ª¯®»³³®¨¢¡.
Ü¢¸¢± ¥¦¨¦¸¾¦º®¦¡² ¥¢¡ ¢®¶¹¶¤¥³³¨ ©¡§§®£©¤ ¦® ©®µ ¦®¦¤ ¥¢¡ ©¡§§®à£©¤ ¹«¸ ©¡©¤©©¸ ´©¨©®©® ¬««¤ ¥¦¦¤° ¥¦¨¦¸¾¦º®¦¡² ¦¨¦» ©»¯®®©¡©©¾«¤¡«±²®«¡¨«¤«.0¦¨¦¸¾¦º®¦¡²¯º¤ ²©¤©¸§§¨°¡ ©ª¯¡®©¤ ¦®¦¹»¥¦º ¹«¸ (

©¡©¤©)-¯º¤ ¢®¶à¹¶¤¥³³¨¯º¤ ¤¢¡¢¢£ §£¨°¡ ¥¢¡¥¢º ¥¢¤¬³³ ¦®¥¦® ¤µ ¾§±¯¸¡©», ¥¢¸ ¹«¸
(
©¡©¤©)-««¸ ¤µ ´©¨©®» ¦¨±¦® ¶¸¨«« n−1 ¢¸¢¹¯º¤ ¡©¤¬¾©¤ ¥¦¨¦¸¾¦º®¦¡²¦¨¦¾ ¦®¤¦.ØÙÚÛÛ

1.15.
�©¸©©¾ ¥¦¨¦¸¾¦º®¦¡²¯º¡ ¦¨.

A =

∣
∣
∣
∣
∣
∣
∣
∣

−1 2 7 5
1 3 −1 2
2 1 2 3
−5 2 −1 3

∣
∣
∣
∣
∣
∣
∣
∣

Ü¦Ý¸¨§¡©©¸ ¹«¸ ¨¢¢¸ ¤¢¡¨³¡¢¢¸ ¹«¸¯º¡, ¡§¸©±¨§¡©©¸ ¹«¸ ¨¢¢¸ ¤¢¡¨³¡¢¢¸¹«¸¯º¡ 2-¦¦¸ ³¸»³³®», ¨«¸«±¨³¡¢¢¸ ¹«¸ ¨¢¢¸ ¤¢¡¨³¡¢¢¸ ¹«¸¯º¡ −5-©©¸
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³¸»³³®» ¤¢¹¢®

|A| =

∣
∣
∣
∣
∣
∣
∣
∣

−1 2 7 5
1 3 −1 2
2 1 2 3
−5 2 −1 3

∣
∣
∣
∣
∣
∣
∣
∣

II\+I\
=========

∣
∣
∣
∣
∣
∣
∣
∣

−1 2 7 5
0 5 6 7
2 1 2 3
−5 2 −1 3

∣
∣
∣
∣
∣
∣
∣
∣

III\+2·I\
=============

=

∣
∣
∣
∣
∣
∣
∣
∣

−1 2 7 5
0 5 6 7
0 5 16 13
−5 2 −1 3

∣
∣
∣
∣
∣
∣
∣
∣

IV \+(−5)I\
================

∣
∣
∣
∣
∣
∣
∣
∣

−1 2 7 5
0 5 6 7
0 5 16 13
0 −8 −36 −22

∣
∣
∣
∣
∣
∣
∣
∣

=

= (−1)(−1)1+1

∣
∣
∣
∣
∣
∣

5 6 7
5 16 13
−8 −36 −22

∣
∣
∣
∣
∣
∣

= −252

§ 1.12.2. X�/����)*��,�)� �.�]�*��� ��*+��� ^�*���*� +�/��

∆1 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 a13 . . . a1n

0 a22 a23 . . . a2n

0 0 a33 . . . a3n

. . . . . . . . .
. . . . . .

0 0 0 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

, ∆2 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 0 0 . . . 0
a21 a22 0 . . . 0
a31 a32 a33 . . . 0

. . . . . .
. . . . . .

an1 an2 an3 . . . 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

ÍÁÎËÁÂÇÖÊ ÆÒÐÒÂÍÒÖÎÒÓIÇÖÓ ÓÔÂÃÅÎüÇÊ ÍÁÎËÁÂÇÖÊ ÆÒÐÒÂÍÒÖÎÒÓI ÓÁÊÁ._ÔÂÃÅÎüÇÊ ÆÒÐÒÂÍÒÖÎÒÓI ÊÑ óÕÃÍÕÊ ÓÒÎ ÐÇÅÓoÊaÎÇÖÊ ÁÎÏÄÏÊÆÌÌÐÇÖÊ ÌÂü-ÃÁÂÆÁÖ ÆÁÊÈÌÌ.1ÅÆÅÎÓÅÅ. ·¤¢ ¤µ ¨©¸©©¾ ´©¨©¸¡©©¤©©£ ¾©¸©¡¨©¤©.
∆1-
¯º¡ ¤¢¡¨³¡¢¢¸ ©¡©¤©©¸ ´©¨©®©®

∆1 = a11

∣
∣
∣
∣
∣
∣
∣
∣
∣

a22 a23 . . . a2n

0 a33 . . . a3n

. . . . . .
. . . . . .

0 0 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣

¦®¦¾ © ¬©©ª¯¨ ¡©¸©¾ ¥¦¨¦¸¾¦º®¦¡² ³¸¯º¡ 1-¸ ©¡©¤©©¸ ¤µ ´©¨©®©®

∆1 = a11

∣
∣
∣
∣
∣
∣
∣
∣
∣

a22 a23 . . . a2n

0 a33 . . . a3n

. . . . . .
. . . . . .

0 0 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣

= a11a22

∣
∣
∣
∣
∣
∣
∣
∣
∣

a33 a34 . . . a3n

0 a44 . . . a4n

. . . . . .
. . . . . .

0 0 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣

=
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. . . = a11a22a33 . . . an−2n−2

∣
∣
∣
∣

an−1n−1 an−1n

0 ann

∣
∣
∣
∣
= a11a22a33 . . . ann

¡¢» ©¥®©¡¨©¤©. N

¼©¸¯¹¨©© ¥¦¨¦¸¾¦º®¦¡²¯º¡ ¡§¸±©®»¯¤ ¾¢®¢¸¥ ª¯®»³³®» ¦¨¦¾ ¤µ ¥¦¾¯-¸¦¹»¥¦º ©º¨©¡.
ØÙÚÛÛ

1.16. ∆ =

∣
∣
∣
∣
∣
∣
∣
∣

1 2 −1 5
1 5 6 3
−1 −2 3 5
2 4 −2 8

∣
∣
∣
∣
∣
∣
∣
∣

¥¦¨¦¸¾¦º®¦¡²¯º¡ ¡§¸±©®»¯¤ ¾¢®à
¢¸¥ ª¯®»³³®» ¦¨.1ÒÐÒÎÆ.

∆ =

∣
∣
∣
∣
∣
∣
∣
∣

1 2 −1 5
1 5 6 3
−1 −2 3 5
2 4 −2 8

∣
∣
∣
∣
∣
∣
∣
∣

II\−I\
==========

∣
∣
∣
∣
∣
∣
∣
∣

1 2 −1 5
0 3 7 −2
−1 −2 3 5
2 4 −2 8

∣
∣
∣
∣
∣
∣
∣
∣

III\+I\
============

=

∣
∣
∣
∣
∣
∣
∣
∣

1 2 −1 5
0 3 7 −2
0 0 2 10
2 4 −2 8

∣
∣
∣
∣
∣
∣
∣
∣

IV \−2I\
============

∣
∣
∣
∣
∣
∣
∣
∣

1 2 −1 5
0 3 7 −2
0 0 2 10
0 0 0 −2

∣
∣
∣
∣
∣
∣
∣
∣

= 1 · 3 · 2 · (−2) = −12

§ 1.12.3. X�/����)*��,�)� `�a*�b�� �Z��Z� �^��*�� +�/��
W©E®©£°¤ ¥¶¦¸¶¹ ¤µ n > 2 ¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡²¯º¡ ©¡© ¢¸¢¹¯º¤¥¦¨¦¸¾¦º®¦¡²¯¨ ª¯®»³³®» ¦¨¦¾ ¦®¦¹»¯º¡ «¡¤«. 0¦¨¦¸¾¦º®¦¡²¯¨ ¥¢¡¥¢º¥¢¤¬³³ ¹¯¤¦¸§§¨ ©º¡©© ¥¦¾¯¦®¨¦®¨ W©E®©£°¤ ¥¶¦¸¶¹°¡ ¾¢¸¢¡®¢» ¥¦¨¦¸à¾¦º®¦¡²¯º¡ ¦¨¦¾¦¨ ¥¦¾¯¸¦¹»¥¦º. ·¤¢ ¥¦¾¯¦®¨¦®¨ ¥¦¨¦¸¾¦º®¦¡²¯¨ ©ºà¡©© ¾©¹¡¯º¤ ¯¾ ¢¸¢¹¯º¤ ¥¢¡¥¢º ¥¢¤¬³³ ¹¯¤¦¸§§¨°¡ �®¡©¾ ¾¢¸¢¡¥¢º ¦®¤¦.ØÙÚÛÛ

1.17.
�©¸©©¾ ¥¦¨¦¸¾¦º®¦¡²¯º¡ W©E®©£°¤ ¥¶¦¸¶¹ ©ª¯¡®©¤ ¦¨.

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 3 0 0 0
4 7 0 0 0
−8 2 1 0 0
−25 −17 0 1 0
17 8 0 0 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1ÒÐÒÎÆ.

∆ =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 3 0 0 0
4 7 0 0 0

−8 2 1 0 0
−25 −17 0 1 0
17 8 0 0 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= (−1)1+2+1+2

∣
∣
∣
∣

2 3
4 7

∣
∣
∣
∣
·

∣
∣
∣
∣
∣
∣

1 0 0
0 1 0
0 0 1

∣
∣
∣
∣
∣
∣

= 2
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§ 1.12.4. X.*�..� �*Z�Z���)� ����
·¤¢ ©¸¡°¤ ¹«¤ ²©¤©¸ ¤µ n ¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡²¯º¡ ¢®¶¹¶¤¥³³¨ ¤µ ¾¦Ý¸à¨§¡©©¸ ¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡² ©º¾ n−1 ¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡²¦¦¸ ¯®¢¸-¾¯º®¢¾ ¥¦¹3Ý¦¡ ¨©¸©©®©¤ ¾¢¸¢¡®¢¾¢¨ ¦¸ª¯¤¦. Ü¢¸¢± «¡£«¤ ¥¦¨¦¸¾¦º®¦¡-²¯º¤ ´³³¤ ¨¢¢¨ §®©¤¡¯º¤ ¢®¶¹¶¤¥ a11 ¥¢¡¢¢£ �®¡©©¥©º ¦® ¥¦¨¦¸¾¦º®¦¡²¯º¡¥§®¡§§¸ ¢®¶¹¶¤¥ ©ª¯¡®©¤ ¦¨¦¾ ©¸¡© ¤µ ¨©¸©©¾ ©º¨©®¥©º ©º¤©.

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1n

a21 a22 . . . a2n

a31 a32 . . . a3n

. . . . . .
. . . . . .

an1 an2 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=
1

an−2
11

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣

a11 a12

a21 a22

∣
∣
∣
∣

. . .

∣
∣
∣
∣

a11 a1n

a21 a2n

∣
∣
∣
∣

∣
∣
∣
∣

a11 a12

a31 a32

∣
∣
∣
∣

. . .

∣
∣
∣
∣

a11 a1n

a31 a3n

∣
∣
∣
∣

. . . . . . . . .
∣
∣
∣
∣

a11 a12

an1 an2

∣
∣
∣
∣
. . .

∣
∣
∣
∣

a11 a1n

an1 ann

∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11
¢®¶¹¶¤¥¯º¡ ¥§®¡§§¸ ¢®¶¹¶¤¥ ¡¢¤¢. 0§®¡§§¸ ¢®¶¹¶¤¥¢¢¸ ¥¦¨¦¸¾¦º®¦¡-²¯º¤ ¨§¸°¤ ¥¢¡¢¢£ �®¡©©¥©º ¢®¶¹¶¤¥¯º¡ ©±² ¦®¤¦.

n = 3 ³¶¨ ¥§®¡§§¸ ¢®¶¹¶¤¥ ¾¢¸¢¡®¢» ¦¨¦¾ ¥¦¹3Ý¦ ¤µ

∆ =

∣
∣
∣
∣
∣
∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣
∣
∣
∣
∣
∣

=
1

a3−2
11

∣
∣
∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣

a11 a12

a21 a22

∣
∣
∣
∣

∣
∣
∣
∣

a11 a13

a21 a23

∣
∣
∣
∣

∣
∣
∣
∣

a11 a12

a31 a32

∣
∣
∣
∣

∣
∣
∣
∣

a11 a13

a31 a33

∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣
∣

©º¤©. ß³¤¯º¡ ©¥©®3�. Ü¦Ý¸ ¡§¸©±¨§¡©©¸ ¹«¸¯º¤ ¢®¶¹¶¤¥³³¨¯º¡ a11-
¢¢¸³¸»³³®¢®

∆ =

∣
∣
∣
∣
∣
∣

a11 a12 a13

a21 a22 a23

a31 a32 a33

∣
∣
∣
∣
∣
∣

=
1

a2
11

∣
∣
∣
∣
∣
∣

a11 a12 a13

a11a21 a11a22 a11a23

a11a31 a11a32 a11a33

∣
∣
∣
∣
∣
∣

¦®¤¦.A³³®²¯º¤ ¥¦¨¦¸¾¦º®¦¡²¯º¤ ¤¢¡¨³¡¢¢¸ ¹«¸¯º¡ a21-
¢¢¸ ³¸»³³®» ¾¦Ý¸¨§¡©©¸¹«¸««£, ¤¢¡¨³¡¢¢¸ ¹«¸¯º¡ a31-

¢¢¸ ³¸»³³®» ¡§¸©±¨§¡©©¸ ¹«¸««£ ¥§£ ¥§£¾©£±©®
∆ =

1

a2
11

∣
∣
∣
∣
∣
∣

a11 a12 a13

0 a11a22 − a12a21 a11a23 − a13a21

0 a11a32 − a12a31 a11a33 − a13a31

∣
∣
∣
∣
∣
∣¦®¤¦.

a11a22 − a12a21 =

∣
∣
∣
∣

a11 a12

a21 a22

∣
∣
∣
∣
, a11a23 − a13a21 =

∣
∣
∣
∣

a11 a13

a21 a23

∣
∣
∣
∣
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a11a32 − a12a31 =

∣
∣
∣
∣

a11 a12

a31 a32

∣
∣
∣
∣
, a11a33 − a13a31 =

∣
∣
∣
∣

a11 a13

a31 a33

∣
∣
∣
∣

¢¨¡¢¢¸¯º¡ ¥¦¨¦¸¾¦º®¦¡²¯¨ ¦¸®§§®» ¤¢¡¨³¡¢¢¸ ©¡©¤©©¸ ´©¨©®©®

∆ =
1

a11

∣
∣
∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣

a11 a12

a21 a22

∣
∣
∣
∣

∣
∣
∣
∣

a11 a13

a21 a23

∣
∣
∣
∣

∣
∣
∣
∣

a11 a12

a31 a32

∣
∣
∣
∣

∣
∣
∣
∣

a11 a13

a31 a33

∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣
∣

¦®» ¡§¸©±¨§¡©©¸ ¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡²¯º¡ ¥§®¡§§¸ ¢®¶¹¶¤¥ ©ª¯¡®©¤¦¨¦¾ ¥¦¹3Ý¦ ©¥®©¡¨©±. NØÙÚÛÛ
1.18.

0¦¨¦¸¾¦º®¦¡²¯º¡ ¥§®¡§§¸ ¢®¶¹¶¤¥¯º¤ ©¸¡© ¾¢¸¢¡®¢¤ ¦¨.

∆ =

∣
∣
∣
∣
∣
∣
∣
∣

−1 2 7 5
1 3 −1 2
2 1 2 3

−5 2 −1 3

∣
∣
∣
∣
∣
∣
∣
∣

1ÒÐÒÎÆ. 0§®¡§§¸ ¢®¶¹¶¤¥¢¢¸ −1-
¯º¡ ©±©®

∆ =
1

(−1)2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣

−1 2
1 3

∣
∣
∣
∣

∣
∣
∣
∣

−1 7
1 −1

∣
∣
∣
∣

∣
∣
∣
∣

−1 5
1 2

∣
∣
∣
∣

∣
∣
∣
∣

−1 2
2 1

∣
∣
∣
∣

∣
∣
∣
∣

−1 7
2 2

∣
∣
∣
∣

∣
∣
∣
∣

−1 5
2 3

∣
∣
∣
∣

∣
∣
∣
∣

−1 2
−5 2

∣
∣
∣
∣

∣
∣
∣
∣

−1 7
−5 −1

∣
∣
∣
∣

∣
∣
∣
∣

−1 5
−5 3

∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

−5 −6 −7
−5 −16 −13

8 36 22

∣
∣
∣
∣
∣
∣

£³³®²¯º¤ ¥¦¨¦¸¾¦º®¦¡²¯¨ ©£ ¨©¾¯¤ ¥§®¡§§¸ ¢®¶¹¶¤¥¯º¤ ©¸¡© ¾¢¸¢¡®¢±¢®
(¥§®¡§§¸ ¢®¶¹¶¤¥ ¤µ −5)

=

∣
∣
∣
∣
∣
∣

−5 −6 −7
−5 −16 −13

8 36 22

∣
∣
∣
∣
∣
∣

=
1

(−5)3−2

∣
∣
∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣

−5 −6
−5 −16

∣
∣
∣
∣

∣
∣
∣
∣

−5 −7
−5 −13

∣
∣
∣
∣

∣
∣
∣
∣

−5 −6
8 36

∣
∣
∣
∣

∣
∣
∣
∣

−5 −7
8 22

∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣
∣

=

= −1

5

∣
∣
∣
∣

50 30
−132 −54

∣
∣
∣
∣
= −252

¦®¤¦.



1.13. çèéêëì##î$� ãê%7åêëð� éíîíêïíðäíæñ 29

1.13. ���������&�  �'9���
� �4�4�	4
�4�J
FôöFG

1.6.
�»¯® ¢¸¢¹¯º¤ ¾¦Ý¸ ÿ±©¨¸©¥ ¹©¥¸¯¬°¤ ³¸»±¢¸¯º¤ ¥¦¨¦¸¾¦º-®¦¡² ¤µ ³¸»¯¡¨¢¾³³¤ ¹©¥¸¯¬§§¨°¤ ¥¦¨¦¸¾¦º®¦¡²¯º¤ ³¸»±¢¸¥¢º ¥¢¤¬³³.1ÅÆÅÎÓÅÅ. 0¶¦¸¶¹°¡ 2-¸ ¢¸¢¹¯º¤ ÿ±©¨¸©¥ ¹©¥¸¯¬°¤ ¾§±µ¨ ©¥©®3�.

A =

[
a11 a12

a21 a22

]

, B =

[
b11 b12
b21 b22

]

¹©¥¸¯¬§§¨°¤ ³¸»±¢¸
AB =

[
a11b11 + a12b21 a11b12 + a22b22
a21b11 + a22b21 a21b12 + a22b22

]

©º¤©.
detAB = detA · detB¡¢¨¡¯º¡ ©¥®©¤©. ß³¤¯º ¥§®¨ ¥§£®©¾

C =







a11 a12 0 0
a21 a22 0 0
−1 0 b11 b12
0 −1 b21 b22







¹©¥¸¯¬°¡ £¦¤¡¦¤ ©±3�. C ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡²¯º¡ ¦¨¦¾¨¦¦ W©E®©£°¤¥¶¦¸¶¹ ¾¢¸¢¡®¢» ¢¾¤¯º ¾¦Ý¸ ¹«¸««¸ ¤µ ´©¨©®3�.
detC = (−1)1+2+1+2

∣
∣
∣
∣

a11 a12

a21 a22

∣
∣
∣
∣

∣
∣
∣
∣

b11 b12
b21 b22

∣
∣
∣
∣

detC = detA · detB

detC-¡ ««¸ ©¸¡©©¸ ¦¨3Ý.
C ¹©¥¸¯¬°¤ ¤¢¡¨³¡¢¢¸ ©¡©¤°¡ b11-¢¢¸, ¾¦Ý¸¨§¡©©¸ ©¡©¤°¡ b21-¢¢¸ ³¸à»³³®» ¡§¸©±¨§¡©©¸ ©¡©¤© ¨¢¢¸; ¤¢¡¨³¡¢¢¸ ©¡©¤°¡ b12-¦¦¸, ¾¦Ý¸¨§¡©©¸©¡©¤°¡ b22-¦¦¸ ³¸»³³®» ¨«¸«±¨³¡¢¢¸ ©¡©¤© ¨¢¢¸ ¥§£ ¥§£ ¤¢¹¢®

detC =

∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 b11a11 + a12b21 a11b12 + a12b22
a12 a22 b11a21 + a22b21 a21b12 + a22b22
−1 0 0 0
0 −1 0 0

∣
∣
∣
∣
∣
∣
∣
∣

¦®¦¾ © £³³®²¯º¤ ¾¦Ý¸ ¹«¸¯º¡ £¦¤¡¦¤ ©±²W©E®©£°¤ ¥¶¦¸¶¹°¡ ¾¢¸¢¡®¢±¢®
detC = (−1)3+4+1+2

∣
∣
∣
∣

−1 0
0 −1

∣
∣
∣
∣
·
∣
∣
∣
∣

b11a11 + a12b21 a11b12 + a12b22
b11a21 + a22b21 a21b12 + a22b22

∣
∣
∣
∣
=
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=

∣
∣
∣
∣

b11a11 + a12b21 a11b12 + a12b22
b11a21 + a22b21 a21b12 + a22b22

∣
∣
∣
∣
= det(AB)

detC-¡ ¯º¤¾³³ ¾¦Ý¸ ©¸¡©©¸ ¦¨¦¾¦¨
det(AB) = detA · detB

¡©¸² ©º¤©. N�§¸°¤ ¢¸¢¹¯º¤ n > 2 ¹©¥¸¯¬°¤ ¾§±µ¨ ¢¤¢ ¥¶¦¸¶¹°¤ ©¥©®¡©©¡ n = 2³¶¯º¤¾¥¢º ©¨¯®¾©¤©©¸ ¡³º¬¢¥¡¢¤¢.

1.14. c�9�� �����
ôõôö÷ôøùôùú

.
ÀÁÂÁÃ A ÄÅÆÂÇÈÉÊ ÍÔÃÑÐ AB = BA = E (E ÊÁÓü ÄÅÆ-ÂÇÈ) ËÅÖÍ B ÄÅÆÂÇÈ ÒÎÐÒü ËÅÖÃÅÎ B ÄÅÆÂÇÈÉÓ A ÄÅÆÂÇÈÉÊ ÔÂÃÔÔ ÄÅÆ-ÂÇÈ ÓÁÊÁ.0¦¨¦¸¾¦º®¦®¥¦¦£ A, B ¤µ ¯»¯® ¢¸¢¹¯º¤ ÿ±©¨¸©¥ ¹©¥¸¯¬ ¦®¦¾ ¤µ ¾©¸©¡à¨©» ©º¤©.ôõôö÷ôøùôùú

. dÃÅÐÂÅÆ ÄÅÆÂÇÈ A-ÓÇÖÊ ÆÒÐÒÂÍÒÖÎÒÓI ÊÑ ÆÁÓÁÁò 5Î�ÓÅÅÆÅÖ ËÅÖÃÅÎ A ÄÅÆÂÇÈÉÓ ÌÎ ËÕÍÕÍ ÄÅÆÂÇÈ ÓÁÊÁ. ÀÁÂÁÃ detA = 0 ËÒÎËÕÍÕÍ ÄÅÆÂÇÈ ÓÁÊÁ.

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann








ÄÅÆÂÇÈÉÊ ÁÎÏÄÏÊÆÌÌÐÇÖÊ ÅÎÓÏËÂÇÖÊ ÓÌÖÈÁÁÎÆ Aij-
ÁÁò ËÌÆÁÍ

C =








A11 A21 . . . An1

A12 A22 . . . An2

. . . . . .
. . . . . .

A1n A2n . . . Ann








ÄÅÆÂÇÈÉÓ A-ÆÅÖ Ô5ÎÐòÅÊ ÄÅÆÂÇÈ ÓÁÊÁ.�FGG
1.1. Ü¢¸¢± A ¤µ n ¢¸¢¹¯º¤ ³® «¾«¾ ÿ±©¨¸©¥ ¹©¥¸¯¬, C ¤µ A¹©¥¸¯¬¥©º §�®¨£©¤ ¹©¥¸¯¬ ¦®

AC = CA = E detA, E − ¤¢¡» ¹©¥¸¯¬
©º¤©.
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1ÅÆÅÎÓÅÅ.

D = AC =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann







·








A11 A21 . . . An1

A12 A22 . . . An2

. . . . . .
. . . . . .

A1n A2n . . . Ann








¡¢» ¥¢¹¨¢¡®¢±¢® D-
¯º¤ ¢®¶¹¶¤¥ dij

¤µ A ¹©¥¸¯¬°¤ i-p ¹«¸¯º¤ ¢®¶¹¶¤à¥³³¨¯º¡C ¹©¥¸¯¬°¤ j-p ©¡©¤°¤ ¾©¸¡©®´©¾ ¢®¶¹¶¤¥³³¨¢¢¸ ³¸»³³®» ¤¢¹à£¢¤ ¤¯º®¢¸ ©º¤©. D-
¯º¤ ¡¦® ¨¯©¡¦¤©®¯º¤ ¢®¶¹¶¤¥ dii

¤µ A ¹©¥¸¯¬°¤
i-p ¹«¸¯º¤ ¢®¶¹¶¤¥³³¨¯º¡ ¥¢¨¡¢¢¸¯º¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®¥¢¢¸ ³¸»³³®»¤¢¹£¢¤¥¢º ¥¢¤¬³³ ©º¤©. aij

¤µ i 6= j ³¶¨ A-
¯º¤ i-p ¹«¸¯º¤ ¢®¶¹¶¤¥³³¨¯º¡

j-p ¹«¸¯º¤ ¢®¶¹¶¤¥³³¨¯º¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®¥¢¢¸ ³¸»³³®» ¤¢¹£¢¤¥¢º¥¢¤¬³³ ©º¤©. �º¹¨ 0¶¦¸¶¹ 1.2-°¡ ¾¢¸¢¡®¢±¢®

D=








a11A11+ · · ·+a1nA1n 0 . . . 0
0 a21A21+ · · ·+a2nA2n . . . 0

. . . . . .
. . . . . .

0 0 . . . an1An1+ · · ·+annAnn








=

∣
∣
∣
∣
∣
∣
∣
∣
∣

detA . . . 0
0 . . . 0

. . .
. . . . . .

0 . . . detA

∣
∣
∣
∣
∣
∣
∣
∣
∣

= detA ·








1 0 . . . 0
0 1 . . . 0

. . . . . .
. . . . . .

0 0 . . . 1








= detA ·E

³³¤¥¢º ©¨¯®©©¸ CA = E · detA
©º¾°¡ ©¥®©¤©. �º¤¾³³ AC = CA =

E detA
¦®¦±. NFôöFG
1.7. A ¹©¥¸¯¬ ³® «¾«¾ ´«±¾«¤ ¥¢¸ ³¶¨ ® A ¹©¥¸¯¬°¤ §¸±§§ B¹©¥¸¯¬ ¦®¨¦¤¦.1ÅÆÅÎÓÅÅ. ⇐) A ¹©¥¸¯¬¯¨ §¸±§§ B ¹©¥¸¯¬ ¦¸ª¨¦¡ ¡¢¨¡¢¢£ detA 6= 0««¸««¸ ¾¢®¢® A ¹©¥¸¯¬ ³® «¾«¾ ¹©¥¸¯¬ ¡¢¨¡¯º¡ ¾©¸§§®3�.
AB = E ⇒ det(AB) = detE ⇒ detA · detB = detE = 1

·¤¨¢¢£ detA 6= 0. ·¤¢ ¤µ A ¹©¥¸¯¬ ³® «¾«¾ ¡¢¨¡¯º¡ ´©©¤©.
⇒) detA 6= 0

¦® A ¹©¥¸¯¬©¨ §¸±§§ ¹©¥¸¯¬ ¦¸ª¯¤ ©º¤© ¡¢¨¡¯º¡ ¾©¸§§-®3�. C ¹©¥¸¯¬°¡ §�®¨£©¤ ¹©¥¸¯¬ ¡¢±¢® W¶¹¹ 1.1 Ý£¦¦¸
AC = CA = E · detA (∗)

1
det A

· C ¤µ A-
¯º¤ §¸±§§ ¹©¥¸¯¬ ¡¢¨¡¯º¡ ©¥©®3�.
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(∗) ¯®¢¸¾¯º®®¢¢£

1

detA
·AC =

1

detA
· CA = E ⇒ A

( 1

detA
C

)

=
( 1

detA
C

)

A = E

¦®¤¦. ·¤¨¢¢£ 1
det A

C ¤µ A ¹©¥¸¯¬°¤ §¸±§§ ¹©¥¸¯¬ ¦®¦¾ ¤µ ¾©¸©¡¨©»©º¤©. N

A ¹©¥¸¯¬°¤ §¸±§§ ¹©¥¸¯¬°¡ A−1 ¡¢» ¥¢¹¨¢¡®¢» ©º�. �¢¢¸ ©¥©®£©¤¥¶¦¸¶¹¦¦¸

A−1 =
1

detA








A11 A21 . . . An1

A12 A22 . . . An2

. . . . . .
. . . . . .

A1n A2n . . . Ann








¦®¦¾ ¤µ ¾©¸©¡¨©» ©º¤©.FôöFG
1.8. ß® «¾«¾ ¹©¥¸¯¬©¨ ´«±¾«¤ ¡©¤¬ §¸±§§ ¹©¥¸¯¬ ¦¸ª¯¤ ©º¤©.1ÅÆÅÎÓÅÅ. ß® «¾«¾ A ¹©¥¸¯¬©¨ A−1

1 , A−1
2
¡¢£¢¤ ¾¦Ý¸ §¸±§§ ¹©¥¸¯¬ ¦¸ªà¨¦¡ ¡¢¶. A · A−1

1 = E-
¯º¤ 2 ¥©®°¡ ´³³¤ ¥©®©©£ ¤µ A−1

2 -¢¢¸ ³¸»³³®µ¶.
A−1

2 AA−1
1 = A−1

2 ·E = A−1
2 (1)

A−1
2 A = E-

¯º¤ ©¸§§¤ ¥©®©©£ ¤µ A−1
1 -¢¢¸ ³¸»³³®µ¶. 0¢¡±¢®

A−1
2 AA−1 = EA−1 = A−1 (2)

(1), (2)-
¯º¡ ©±² ³´±¢® A−1

2 = A−1
1 . N

ß® «¾«¾ ¹©¥¸¯¬ ¨©¸©©¾ ²©¤©¸¥©º. !"!ö
1. detA−1 = 1

det A !"!ö
2. (A−1)−1 = A !"!ö
3. (Ak)−1 = (A−1)k !"!ö
4. (AB)−1 = B−1 · A−1ØÙÚÛÛ
1.19.

A =





3 5 −2
1 −3 2
6 7 −3





¹©¥¸¯¬ §¸±§§¥©º ¢£¢¾¯º¡ ¥¦¡¥¦¦» §¸±§§¥©º ¦® §¸±§§¡ ¦®.1ÒÐÒÎÆ.
detA =

∣
∣
∣
∣
∣
∣

3 5 −2
1 −3 2
6 7 −3

∣
∣
∣
∣
∣
∣

= 10 6= 0



1.14. eê7## >èéêëì 33

�º¹¨ A ¹©¥¸¯¬ §¸±§§¥©º.
A−1 =

1

10





A11 A21 A31

A12 A22 A32

A13 A23 A33





©º¤©. 2¨¦¦ ¯¨ A ¹©¥¸¯¬°¤ ¢®¶¹¶¤¥³³¨¯º¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®¥¯º¡¦®3Ý.
A11 =

∣
∣
∣
∣

−3 2
7 3

∣
∣
∣
∣
= 5, A12 = −

∣
∣
∣
∣

1 2
6 −3

∣
∣
∣
∣
= 15,

A13 =

∣
∣
∣
∣

1 −3
6 7

∣
∣
∣
∣
= 25, A21 = −

∣
∣
∣
∣

5 −2
7 −3

∣
∣
∣
∣
= 1,

A22 =

∣
∣
∣
∣

3 −2
6 −3

∣
∣
∣
∣
= 3, A23 = −

∣
∣
∣
∣

3 5
6 7

∣
∣
∣
∣
= 9

A31 =

∣
∣
∣
∣

5 −2
−3 2

∣
∣
∣
∣
= 4, A32 = −

∣
∣
∣
∣

3 −2
1 2

∣
∣
∣
∣
= −8,

A33 =

∣
∣
∣
∣

3 5
1 −3

∣
∣
∣
∣
= −14

A−1 =
1

10





−5 1 4
15 3 −8
25 9 −14



 =





−0, 5 0, 1 0, 4
1, 5 0, 3 −0, 8
2, 5 0, 9 −1, 4





ØÙÚÛÛ
1.20.

A =









1 0 −2 1 −7
−5 4 2 0 3
1 6 7 8 9
2 6 5 9 2
3 −2 1 0 1









¹©¥¸¯¬©¨ §¸±§§ ¹©¥¸¯¬ ¦¸ª¯¾ ¢£¢¾¯º¡ ¥¦¡¥¦¦.1ÒÐÒÎÆ.

|A|=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 0 −2 1 −7
−5 4 2 0 3
1 6 7 8 9
2 6 5 9 2
3 −2 1 0 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

I\+III\
===========

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 6 5 9 2
−5 4 2 0 3
1 6 7 8 9
2 6 5 9 2
3 −2 1 0 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

I\=IV \
========== 0

detA = 0
©º¾ A ¹©¥¸¯¬©¨ §¸±§§ ¹©¥¸¯¬ ¦¸ª¯¾¡³º.



34 I âãäåæ. çèéêëì, éíîíêïíðäíæñ
1.15. ������&� ����

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

am1 am2 . . . amn








m× n ¢¸¢¹¯º¤ A ¹©¥¸¯¬°¡ ©±² ³´µ¶.ôõôö÷ôøùôùú
. A
ÄÅÆÂÇÈÉÊ ÆÁÓÁÁò 5ÎÓÅÅÆÅÖ ÄÇÊÒÂÔÔÐÉÊ ÁÂÁÄËÇÖÊÍÅÄÓÇÖÊ ÇÍÇÖÓ A ÄÅÆÂÇÈÉÊ ÂÅÊÓ ÓÁÊÁ.

Ü¢¸¢± A ¹©¥¸¯¬°¤ ³¾ ¹¯¤¦¸ ¥¢¡¥¢º ¥¢¤¬³³ ¦® A ¹©¥¸¯¬°¤ ¸©¤¡¯º¡¥¢¡¥¢º ¥¢¤¬³³ ¡¢» ³´¤¢. ¿©¥¸¯¬°¤ ¸©¤¡¯º¡ rangA = r ¡¢» ¥¢¹¨¢¡®¢¤¢.
¿©¥¸¯¬°¤ ¸©¤¡¯º¤ ¥¦¨¦¸¾¦º®¦®¥¦¦£
1. 0 ≤ r ≤ min(m,n)
2. r = 0 ⇔ A = O

3. A ¤µ n ¢¸¢¹¯º¤ ÿ±©¨¸©¥ ¹©¥¸¯¬ ¦® r = n ⇔ A ³® «¾«¾ ¹©¥¸¯¬©º¤©.
ØÙÚÛÛ

1.21. A =





1 0 2 0
3 0 6 0
5 0 10 0



 ¹©¥¸¯¬°¤ ¸©¤¡¯º¡ ¦®.
1ÒÐÒÎÆ. Þ¢¡¨³¡¢¢¸ ¢¸¢¹¯º¤ ¹¯¤¦¸§§¨°¤ ¨§¤¨ ¥¢¡¢¢£ �®¡©©¥©º ¢®¶¹¶¤¥©º¡©© ¥§® r > 0. Ü©¸¯¤ ³¾ 2, 3-¸ ¢¸¢¹¯º¤ ¹¯¤¦¸§§¨ ³¡¨ ¥¢¡¥¢º ¥¢¤¬³³©º¤©. �º¹¨ rangA = 1

¦®¤¦.f©¤¡¯º¤ ²©¤©¸§§¨°¡ ¹©¥¸¯¬°¤ ¸©¤¡¯º¡ ¦®¦¾¦¨ ¾¢¸¢¡®¢¤¢.
Ü¢¸¢± k ¢¸¢¹¯º¤ ³¾ ¹¯¤¦¸§§¨ ¥¢¡¥¢º ¥¢¤¬³³ ¦® k-©©£ ¯¾ ¢¸¢¹¯º¤ ³¾¹¯¤¦¸§§¨ (¾¢¸¢± ¦¸ª¯¤ ©º±©®) ¥¢¡¥¢º ¥¢¤¬³³ ¡¢¨¢¡ ¤µ ¥¶¦¸¶¹ 1.3-©©£¹«¸¨«¤ ¡©¸¤©. �º¹¢¢£ r ¢¸¢¹¯º¤ ¹¯¤¦¸§§¨ ¨¦¥¸¦¦£ �¨©» ¤¢¡ ¤µ ¥¢¡¢¢£�®¡©©¥©º © r + 1 ¢¸¢¹¯º¤ ³¾ ¹¯¤¦¸§§¨ ¥¢¡¥¢º ¥¢¤¬³³ ¦® rangA = r¦®¤¦.
·¨¡¢¢¸¯º¡ ©ª¯¡®©¤ ¸©¤¡ ¾¢¸¾¢¤ ¦®¦¾°¡ ©±² ³´µ¶.
Ü¢¸¢± A ¹©¥¸¯¬°¤ ¤¢¡¨³¡¢¢¸ ¢¸¢¹¯º¤ ¹¯¤¦¸§§¨°¤ �¨©» ¤¢¡ ¤µ ¥¢¡¢¢£�®¡©©¥©º ¦® rangA ≥ 1 ¡¢£¢¤ ¨³¡¤¢®¥ ¾¯º» 2-¸ ¢¸¢¹¯º¤ ¹¯¤¦¸§§¨°¡¦¨¦¾¦¨ ³¡¨ ¥¢¡¥¢º ¥¢¤¬³³ ¡©¸±©® rangA = 1 ¡¢£¢¤ ¨³¡¤¢®¥ ¾¯º¤¢.
Ü¢¸¢± ¾¦Ý¸¨§¡©©¸ ¢¸¢¹¯º¤ ¹¯¤¦¸§§¨ ¨¦¥¸¦¦£ ¥¢¡¢¢£ �®¡©©¥©º ¹¯¤¦¸ �¨©»¤¢¡ ¦®¨±¦® rangA ≥ 2 ¡¢£¢¤ ¨³¡¤¢®¥ ¾¯º», ¡§¸©±¨§¡©©¸ ¢¸¢¹¯º¤ ¹¯à¤¦¸§§¨°¡ ¦¨¤¦ ¡¢¾ ¹¢¥ ³¸¡¢®»®³³®» k ¢¸¢¹¯º¤ ¹¯¤¦¸§§¨©©£ ¥¢¡¢¢£ �®à¡©©¥©º ¹¯¤¦¸ ¦®¨¦¦¨ k + 1 ¢¸¢¹¯º¤ ³¾ ¹¯¤¦¸ ¤µ ¥¢¡¥¢º ¥¢¤¬³³ ©º±©®
rangA = k ¡¢£¢¤ ¨³¡¤¢®¥ ¾¯º¤¢.
¿©¥¸¯¬°¤ ¸©¤¡ ¤µ ¨©¸©©¾ ²©¤©¸¥©º. ß³¤¨:
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 !"!ö
1. �¡£«¤ A ¹©¥¸¯¬°¤ ©®µ ¤¢¡ ¹«¸ (

©¡©¤©)-¯º¡ ¨©¸©¾©¨ ³³£¢¾ A′¹©¥¸¯¬°¤ ¸©¤¡ ¤µ A ¹©¥¸¯¬°¤ ¸©¤¡¥©º ¥¢¤¬³³ §½§ ¥³³¤¢¢£ ¤¢¡ ¤¢¡»¢¢¸©¡© ©º¤©. !"!ö
2. �¡£«¤ A ¹©¥¸¯¬©¨ ¨§¸°¤ ¢®¶¹¶¤¥³³¨¢¢£ ¥¦¡¥¦¾ ¹«¸ (

©¡©¤©)-¯º¡ ¤¢¹» ¯²¯¾¢¨ ³³£¢¾ A′ ¹©¥¸¯¬°¤ ¸©¤¡ ¤µ «¡£«¤ A ¹©¥¸¯¬°¤ ¸©¤¡¥©º¥¢¤¬³³ §½§ ¥³³¤¢¢£ ¤¢¡ ¤¢¡»¢¢¸ ¯®³³ ©º¤©. !"!ö
3. �¡£«¤ A ¹©¥¸¯¬©©£ ¥¢¡ ¹«¸ (

©¡©¤©)-¯º¡ ¾©£©¾ §½§ ¤¢¹»¯²¯¾¢¨ A ¹©¥¸¯¬°¤ ¸©¤¡ ««¸²®«¡¨«¾¡³º. !"!ö
4. A ¹©¥¸¯¬°¤ ¾«¸±«£«¤ A¥ ¹©¥¸¯¬°¤ ¸©¤¡ ¤µ A ¹©¥¸¯¬°¤¸©¤¡¥©º ¥¢¤¬³³. rangA = rangA¥.

1.16. ������&� ���� 	�9������
�©¸©©¾ ¾§±¯¸¡©®¥°¡ ¹©¥¸¯¬°¤ ¢¡¢® ¾§±¯¸¡©®¥ ¡¢¤¢. ß³¤¨:
1. ¿©¥¸¯¬°¤ ©®µ ¤¢¡ ¹«¸ (

©¡©¤©)-¯º¡ ¥¢¡¢¢£ �®¡©©¥©º ¥¦¦¡¦¦¸ ³¸»¯¾.
2. ¿©¥¸¯¬°¤ ©®µ ¤¢¡ ¹«¸ (

©¡©¤©) ¨¢¢¸ ««¸ ¹«¸ (
©¡©¤©)-¯º¡ ¥¦¦¡¦¦¸³¸»³³®» ¤¢¹¢¾.

3. ¿©¥¸¯¬°¤ ¾¦Ý¸ ¹«¸ (
©¡©¤©)-¯º¤ ©º¸°¡ £¦®¯¾.

Ü¢¸¢± A ¹©¥¸¯¬©©£ ¢¡¢® ¾§±¯¸¡©®¥ ¾¯º» B ¹©¥¸¯¬°¡ ¡©¸¡©©¨, B ¹©¥¸¯à¬©©£ ¢¡¢® ¾§±¯¸¡©®¥©©¸ C ¹©¥¸¯¬°¡ ¡©¸¡©» ©±£©¤ ¦® A ¹©¥¸¯¬©¨ ¢¡¢®¾§±¯¸¡©®¥°¡ ¨©¸©©®©¤ ¾¢¸¢¡®¢» C ¹©¥¸¯¬°¡ ³³£¡¢®¢¢ ¡¢» ³´¤¢.
Ü¢¸¢± ¢¡¢® ¾§±¯¸¡©®¥©©¸ A ¹©¥¸¯¬©©£ B ¹©¥¸¯¬°¡ ³³£¡¢£¢¤ ¦® A → B¡¢» ¯²¤¢. ß³¤¨ ¨©¸©©¾ ¥¢¹¨¢¡®¢®³³¨¯º¡ ¾¢¸¢¡®¢¤¢.
1. A

αsi−→ B ¤µ A ¹©¥¸¯¬°¤ i-p ¹«¸ (
©¡©¤©)-¯º¡ α 6= 0 ¥¦¦¡¦¦¸ ³¸»³³®»

B ¹©¥¸¯¬°¡ ³³£¡¢®¢¢ ¡¢¨¡¯º¡ ¥¢¹¨¢¡®¢¨¢¡.
2. A

si+αsj

−−−→ B ¤µ A ¹©¥¸¯¬°¤ i-p ¹«¸ (
©¡©¤©) ¨¢¢¸ j-p ¹«¸ (

©¡©¤©)-¯º¡
α 6= 0 ¥¦¦¡¦¦¸ ³¸»³³®» ¤¢¹¢¾¢¨ B ¡©¸¤© ¡¢¨¡¯º¡ ´©©¤©.
3. A

si↔sj

−−−→ B ¤µ A ¹©¥¸¯¬°¤ i-p ¹«¸ (
©¡©¤©)-¯º¡ j-p ¹«¸ (

©¡©¤©)-««¸£¦®µ» B ¹©¥¸¯¬ ³³£¡¢®¢¢ ¡¢¨¡¯º¡ ´©©¤©.�FGG
1.2. A ¹©¥¸¯¬°¤ ¾¦Ý¸ ¹«¸ (

©¡©¤©)-¯º¤ ©º¸°¡ £¦®¯¾ ¢¡¢® ¾§±¯¸-¡©®¥ 3 ¤µ ¢¡¢® ¾§±¯¸¡©®¥ 1
© 2-°¡ ¨©¸©©®©¤ ¾¢¸¢¡®¢£¢¤¥¢º ©¨¯®¾©¤.1ÅÆÅÎÓÅÅ.

A =







. . . a1i . . . a1j . . .

. . . a2i . . . a2j . . .

. . . . . . . . . . . . . . .

. . . ami . . . amj . . .







¹©¥¸¯¬ «¡²¢¢.
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A
ki+(−1)kj

−−−−−→ A1 =







. . . a1i − a1j . . . a1j . . .

. . . a2i − a2j . . . a2j . . .

. . . . . . . . . . . . . . .

. . . ami − amj . . . amj . . .







A1

kj+ki

−−−→ A2 =







. . . a1i − a1j . . . a1i . . .

. . . a2i − a2j . . . a2i . . .

. . . . . . . . . . . . . . .

. . . ami − amj . . . ami . . .







A2

ki+(−1)kj

−−−−−→ A3 =







. . . −a1j . . . a1i . . .

. . . −a2j . . . a2i . . .

. . . . . . . . . . . . . . .

. . . −amj . . . ami . . .







A3

(−1)ki

−−−→ A4 =







. . . a1j . . . a1i . . .

. . . a2j . . . a2i . . .

. . . . . . . . . . . . . . .

. . . amj . . . ami . . .







A4-
¯º¡ A ¹©¥¸¯¬©©£ (i, j ©¡©¤§§¨°¤ ©º¸°¡ £¦®µ») ¡©¸¡©®©©. �¤¡¢¾¨¢¢¢¾®¢¢¨ ¢¡¢® ¾§±¯¸¡©®¥ ¤¢¡ © ¾¦Ý¸ ¨©¸©© ¤µ ¢¡¢® ¾§±¯¸¡©®¥ ¾¦Ý¸ ¨©¸©© ¤µ¢¡¢® ¾§±¯¸¡©®¥ ¤¢¡¯º¡ ¾¢¸¢¡®¢±. NFôöFG

1.9. n ¢¸¢¹¯º¤ A ¹©¥¸¯¬°¤ ©¡©¤© ¨¢¢¸ ¾¯º¡¨¢¾ ¨§¸°¤ ¢¡¢®¾§±¯¸¡©®¥ ¤µ n ¢¸¢¹¯º¤ ¤¢¡» E ¹©¥¸¯¬°¤ ©¡©¤© ¨¢¢¸ ¹«¤ ¥¯º¹ ¢¡¢®¾§±¯¸¡©®¥°¡ ¾¯º¡¢¢¨ A ¹©¥¸¯¬°¤ ©¸§§¤ ¥©®©©£ ³¸»³³®£¢¤¥¢º ¥¢¤¬³³.1ÅÆÅÎÓÅÅ.

A =















a11 a12 . . . a1i . . . a1j . . . a1n

a21 a22 . . . a2i . . . a2j . . . a2n

. . . . . . . . . . . . . . . . . . . . . . . .

ai1 ai2 . . . aii . . . aij . . . ain

. . . . . . . . . . . . . . . . . . . . . . . .

aj1 aj2 . . . aji . . . ajj . . . ajn

. . . . . . . . . . . . . . . . . . . . . . . .

an1 an2 . . . ani . . . anj . . . ann















¹©¥¸¯¬ «¡²¢¢. ·¤¢ ¥¶¦¸¶¹°¡ ¡§¸±©¤ ¥¦¾¯¦®¨¦®¨ ©¥®©¤©.g��* �.]����*� 1. A ¹©¥¸¯¬°¤ i-p ©¡©¤°¡ α 6= 0 ¥¦¦¡¦¦¸ ³¸»³³®¢¾¢¨
A∗ ¹©¥¸¯¬ ¡©¸¨©¡ ¡¢¶. ¿«¤ n ¢¸¢¹¯º¤ ¤¢¡» ¹©¥¸¯¬°¤ i-¸ ©¡©¤°¡ α 6= 0
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¥¦¦¡¦¦¸ ³¸»¯¾¢¨ ¡©¸©¾ ¹©¥¸¯¬°¡ E∗ ¡¢¶. 0¢¡±¢®

E∗ =













1 0 0 . . . 0 . . . 0 . . . 0
0 1 0 . . . 0 . . . 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . α . . . 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 . . . 1 . . . 0
0 0 0 . . . 0 . . . 0 . . . 1













A ·E∗ =















a11 a12 . . . αa1i . . . a1j . . . a1n

a21 a22 . . . αa2i . . . a2j . . . a2n

. . . . . . . . . . . . . . . . . . . . . . . .

ai1 ai2 . . . αaii . . . aij . . . ain

. . . . . . . . . . . . . . . . . . . . . . . .

aj1 aj2 . . . αaji . . . ajj . . . ajn

. . . . . . . . . . . . . . . . . . . . . . . .

an1 an2 . . . αani . . . anj . . . ann















= A∗

g��* �.]����*� 2. A
ki+αkj

−−−−→ A∗, E
ki+αkj

−−−−→ E∗ ¡¢¶. 0¢¡±¢® A · E∗ = A∗¡¢» ©¥®©¤©.

A ·E∗ =















a11 a12 . . . a1i . . . a1j . . . a1n

a21 a22 . . . a2i . . . a2j . . . a2n

. . . . . . . . . . . . . . . . . . . . . . . .

ai1 ai2 . . . aii . . . aij . . . ain

. . . . . . . . . . . . . . . . . . . . . . . .

aj1 aj2 . . . aji . . . ajj . . . ajn

. . . . . . . . . . . . . . . . . . . . . . . .

an1 an2 . . . ani . . . anj . . . ann















×

×















1 0 . . . 0 . . . 0 . . . 0
0 1 . . . 0 . . . 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . .

0 0 . . . 1 . . . 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . .

0 0 . . . α . . . 1 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . .

0 0 . . . 0 . . . 0 . . . 1















=
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=















a11 a12 . . . a1i + αa1j . . . a1j . . . a1n

a21 a22 . . . a2i + αa2j . . . a2j . . . a2n

. . . . . . . . . . . . . . . . . . . . . . . .

ai1 ai2 . . . aii + αaij . . . aij . . . ain

. . . . . . . . . . . . . . . . . . . . . . . .

aj1 aj2 . . . aji + αajj . . . ajj . . . ajn

. . . . . . . . . . . . . . . . . . . . . . . .

an1 an2 . . . ani + αanj . . . anj . . . ann















= A∗

g��* �.]����*� 3. ¤µ W¶¹¹ 1.2 Ý£¦¦¸ ¨¢¢¸¾ ¾§±¯¸¡©®¥§§¨°¡ ¨©¸©©®©¤¾¢¸¢¡®¢» ¡©¸¤©. NFôöFG
1.10. n ¢¸¢¹¯º¤ A ¹©¥¸¯¬°¤ ¹«¸ ¨¢¢¸ ¾¯º¾ ¢¡¢® ¾§±¯¸¡©®¥¤µ A ¹©¥¸¯¬°¤ ´³³¤ ¥©®©©£ ¤µ n ¢¸¢¹¯º¤ ¤¢¡» E ¹©¥¸¯¬©¨ ¹«¤ ¥¯º¹¾§±¯¸¡©®¥ ¾¯º¾¢¨ ¡©¸£©¤ ¹©¥¸¯¬©©¸ ³¸»³³®£¢¤¥¢º ¥¢¤¬³³ ©º¤©.

·¤¢ ¥¶¦¸¶¹°¤ ©¥©®¡©© ¤µ «¹¤«¾ ¥¶¦¸¶¹¥¦º ©¨¯®©©¸ ¾¯º¡¨¢¤¢.FôöFG
1.11. ß® «¾«¾ ¹©¥¸¯¬ ³¾¢¤ ©¡©¤© (¹«¸) ¨¢¢¸ ¢¡¢® ¾§±¯¸¡©®¥°¡¾¢¸¢¡®¢£¢¤¯º ¨³¤¨ ¤¢¡» ¹©¥¸¯¬©¨ ª¯®»¨¢¡.1ÅÆÅÎÓÅÅ. 0¶¦¸¶¹°¡ ¹©¥¸¯¬°¤ ¢¸¢¹¯º¤ ¾§±µ¨ ¯¤¨§ÿ¬¢¢¸ ©¥®©¤©.

Ü¢¸¢± A = (a1)
¦® A → 1

a1
(a1) = [1] = E

¦®¤¦. �¤¡¢» 1-¸ ¢¸¢¹¯º¤¹©¥¸¯¬°¤ ¾§±µ¨ ¥¶¦¸¶¹ ©¥®©¡¨©±.
n− 1 ¢¸¢¹¯º¤ ³® «¾«¾ ¹©¥¸¯¬°¤ ¾§±µ¨ ¥¶¦¸¶¹ ©¥®©¡¨£©¤ ¡¢» ³´¢¢¨ n¢¸¢¹¯º¤ ³® «¾«¾ ¹©¥¸¯¬°¤ ¾§±µ¨ ¥¶¦¸¶¹°¡ ©¥©®3�. ß® «¾«¾

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann








¹©¥¸¯¬°¤ ¾§±µ¨ I ¹«¸¨ �¨©» ¤¢¡ ¥¢¡¢¢£ �®¡©©¥©º ¢®¶¹¶¤¥ ¦®¨¦¤¦. a11 6= 0¡¢» ³´µ¶. A ¹©¥¸¯¬°¤ I
©¡©¤°¡ 1

a11
-¢¢¸ ³¸»³³®¢®








1 a12 . . . a1n

a′21 a22 . . . a2n

. . . . . .
. . . . . .

a′n1 an2 . . . ann








¦®¤¦. ·¤¢ ¹©¥¸¯¬°¤ I
©¡©¤°¡ −a12-

¦¦¸ ³¸»³³®» II
©¡©¤© ¨¢¢¸, I©¡©¤°¡ −a13-

©©¸ ³¸»³³®» III
©¡©¤© ¨¢¢¸ ¤¢¹¢¾ ¡¢¾ ¹¢¥ ³¸¡¢®»®³³®à¢®
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1 a12 . . . a1n

a′12 a22 . . . a2n

. . . . . .
. . . . . .

a′n1 an2 . . . ann








IIh+ (−a12)Ih
IIIh+ (−a13)Ih

. . .

n h+ (−a1n)Ih
==========








1 0 . . . 0
a′12 b22 . . . b2n

. . . . . .
. . . . . .

a′n1 bn2 . . . bnn








= A

B =








b22 b23 . . . b2n

b23 b33 . . . b3n

. . . . . .
. . . . . .

bn2 bn3 . . . bnn








¤µ ³® «¾«¾ ¹©¥¸¯¬. Ü¢¸¢± B «¾«¾ ¹©¥¸¯¬ ¦® A ¹©¥¸¯¬°¡ ¾§±¯¸¡©©¨¡©¸£©¤ £³³®²¯º¤ A ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡²¯º¡ I ¹«¸««¸ ´©¨®©¾©¨ ¥¢¡¥¢º¥¢¤¬¢¤¢. ·¤¢ ¤µ A «¾«¾ ¹©¥¸¯¬ ¡¢¨¡¯º¡ ´©©¤©. �º¹¨ B ¤µ n−1 ¢¸¢¹¯º¤³® «¾«¾ ¹©¥¸¯¬ ¥§® ¯¤¨§ÿ¬¯º¤ Ý£¦¦¸ B-¡

B =








1 0 . . . 0
0 1 . . . 0

. . . . . .
. . . . . .

0 0 . . . 1








¦®¥¦® ¤µ ¾§±¯¸¡©¤©. 0¢¡±¢®

A =








1 0 0 . . . 0
a′21 1 0 . . . 0

. . . . . . . . .
. . . . . .

a′n1 0 0 . . . 1








¦®¤¦. A³³®¯º¤ ¡©¸£©¤ A ¹©¥¸¯¬°¤ II
©¡©¤°¡ −a′21, III

©¡©¤°¡ −a′31-¢¢¸¡¢¾ ¹¢¥²¯®¢¤ n-p
©¡©¤°¡ −a′n1-

¢¢¸ ³¸»³³®» I
©¡©¤© ¨¢¢¸ (¥§£ ³¸¯º¡)¤¢¹¢¾¢¨ A ¹©¥¸¯¬ ¤¢¡» ¹©¥¸¯¬©¨ ª¯®»¯¤¢.

ß³¤¥¢º ©¨¯®©©¸ ³® «¾«¾ ¹©¥¸¯¬°¡ ´«±¾«¤ ¹«¸ ¨¢¢¸ ¾¯º¾ ¢¡¢® ¾§±¯¸¡©®à¥©©¸ ¤¢¡» ¹©¥¸¯¬©¨ ª¯®»³³®» ¦®¤¦. N�iöõùijii
.
�§¸°¤ ³® «¾«¾ ¹©¥¸¯¬°¡ ¤¢¡» ¹©¥¸¯¬°¤ ´«±¾«¤ ©¡©¤©

(¹«¸) ¨¢¢¸ ¢¡¢® ¾§±¯¸¡©®¥ ¾¯º¾ ´©¹©©¸ ¡©¸¡©¤ ©±² ¦®¤¦.FôöFG
1.12. ¿©¥¸¯¬°¤ ¢¡¢® ¾§±¯¸¡©®¥©©¸ ¹©¥¸¯¬°¤ ¸©¤¡ ««¸²®«¡¨«¾-¡³º.1ÅÆÅÎÓÅÅ. m × n ¢¸¢¹¯º¤ A ¹©¥¸¯¬°¤ ¸©¤¡ ¢¡¢® ¾§±¯¸¡©®¥ 1

© 2-¨««¸²®«¡¨«¾¡³º ¡¢¨¡¯º¡ ® ©¥®©¾©¨ ¾³¸¢®¬¢¢¥¢º.
A ¹©¥¸¯¬°¤ i-¸ ©¡©¤© (¹«¸)-°¡ λ ¥¦¦¡¦¦¸ ³¸»³³®» B ¹©¥¸¯¬ ¡©¸¡©�.

A
λsi→ B =





a11 a12 . . . λa1i . . . a1n

. . . . . . . . . . . . . . . . . .

am1 am2 . . . λami . . . amn
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rangA = rangB ¡¢» ©¥©®3�.
B ¹©¥¸¯¬°¤ i-p ©¡©¤°¤ ¢®¶¹¶¤¥³³¨¯º¡ ©¡§§®©©¡³º ¹¯¤¦¸§§¨ ¤µ A ¹©¥-¸¯¬°¤ i-p ©¡©¤°¤ ¢®¶¹¶¤¥³³¨¯º¡ ©¡§§®©©¡³º ¹¯¤¦¸§§¨¥©º ¾©¸¡©®´©¤¨©±¾¬©¤©. B-

¯º¤ i-¸ ©¡©¤°¤ ¢®¶¹¶¤¥³³¨¯º¡ ©¡§§®£©¤ ¹¯¤¦¸ ¤µ A ¹©à¥¸¯¬°¤ i-¸ ©¡©¤°¤ ¢®¶¹¶¤¥³³¨¯º¡ λ 6= 0 ¥¦¦¡¦¦¸ ³¸»³³®£¢¤ ¹¯¤¦¸¥¦º¨©±¾¬©¤©. �º¹¨ A, B ¹©¥¸¯¬§§¨°¤ ¾©¸¡©®´©¾ ¹¯¤¦¸§§¨°¤ ¥¢¡¥¢º ¥¢¤¬¢¾¢£¢¾ ¤µ ©¨¯®¾©¤ ©º¤©. �º¹¢¢£ rangA = rangB
¦®¤¦.

·¡¢® ¾§±¯¸¡©®¥ 2-°¡ ¾¢¸¢¡®¢¤ A ¹©¥¸¯¬°¤ i-p ©¡©¤© ¨¢¢¸ j-p ©¡©¤°¡ λ¥¦¦¡¦¦¸ ³¸»³³®» ¤¢¹¢¢¨ C ¹©¥¸¯¬°¡ ¡©¸¡©£©¤ ¡¢¶.

A
si+λsj

−−−→ C =







a11 a12 . . . a1i + λa1j . . . a1j . . . a1n

a21 a22 . . . a2i + λa2j . . . a2j . . . a2n

. . . . . . . . . . . . . . . . . . . . . . . .

am1 am2 . . . ami + λamj . . . amj . . . amn







rangA = r ¡¢¶. rangC = r ¡¢» ©¥©®3�. �©¸©©¾ ¾¦Ý¸ ¥¦¾¯¦®¨¦® ©º¤©.
1. A ¹©¥¸¯¬°¤ i-p ©¡©¤°¤ ¢®¶¹¶¤¥³³¨¯º¡ ©¡§§®©©¡³º r ¢¸¢¹¯º¤ ¹¯à¤¦¸§§¨ ¨¦¥¦¸ ¥¢¡¢¢£ �®¡©©¥©º M ¹¯¤¦¸ ¦®¨¦¾ ¥¦¾¯¦®¨¦®. C ¹©¥¸¯¬ ¤µ
A-¡©©£ ´«±¾«¤ i-p ©¡©¤©©¸©© �®¡©¡¨©¾ ¥§® M ¹¯¤¦¸ ¤µ C ¹©¥¸¯¬°¤ r¢¸¢¹¯º¤ ¥¢¡¢¢£ �®¡©©¥©º ¹¯¤¦¸ ¦®¤¦.
2. A ¹©¥¸¯¬°¤ i-p ©¡©¤°¤ ¢®¶¹¶¤¥³³¨¯º¡ ©¡§§®©©¡³º r ¢¸¢¹¯º¤ ³¾ ¹¯à¤¦¸§§¨ ¥¢¡¥¢º ¥¢¤¬³³ ©º¾ ¥¦¾¯¦®¨¦®. 0¢¡±¢® i-p ©¡©¤°¤ ¢®¶¹¶¤¥³³¨¯º¡©¡§§®£©¤ r ¢¸¢¹¯º¤ ¹¯¤¦¸§§¨ ¨¦¥¦¸ ¥¢¡¢¢£ �®¡©©¥©ºM ¹¯¤¦¸ ©º¤©. M ′¤µ M ¹¯¤¦¸ A ¹©¥¸¯¬©¨ �©» ©º¸®©£©¤¥©º ©¨¯®©©¸ C ¹©¥¸¯¬©¨ ©º¸à®©¾ ¹¯¤¦¸ ¡¢¶. C ¹©¥¸¯¬°¤ i-p ©¡©¤°¤ ¢®¶¹¶¤¥³³¨ ¤µ ¾¦Ý¸ ¢®¶¹¶¤¥¯º¤¤¯º®¢¸ §²¸©©£ M ′ = M1 +M2

¦®¤¦.
Ü¢¸¢± j-p ©¡©¤°¤ ¢®¶¹¶¤¥³³¨¯º¡ M ¹¯¤¦¸ ©¡§§®¨©¡ ¦® M2

¹¯¤¦¸ ¤µ¾¦Ý¸ E¸¦E¦¸¬¯¦¤©®µ ©¡©¤©¥©º ¦®¦¾ © M2 = 0. C-
¯º¤ j-p ©¡©¤°¤ ¢®¶à¹¶¤¥³³¨ M ′-¨ ¦¸¨¦¡¡³º ¦® ¹¯¤¦¸ M2

¤µ A ¹©¥¸¯¬°¤ i-p ©¡©¤°¤ ¢®¶à¹¶¤¥¯º¡ ©¡§§®©©¡³º ¹¯¤¦¸°¡ λ ¥¦¦¡¦¦¸ ³¸»³³®£¢¤ ³¸»±¢¸ ©º¤©. �º¹¨
M2 = 0

© �¹©¸ ² ¥¦¾¯¦®¨¦®¨ M = M ′ ¦®» ©º¤©. �º¹¨ C ¹©¥¸¯¬¤µ r ¢¸¢¹¯º¤ ¥¢¡¢¢£ �®¡©©¥©º ¹¯¤¦¸ ©¡§§®¤©. C ¹©¥¸¯¬°¤ r + 1 ¢¸¢¹à¯º¤ ³¾ ¹¯¤¦¸ ¥¢¡¥¢º ¥¢¤¬³³ ¡¢¨¡¯º¡ ³³¤¥¢º ©¨¯®©©¸ ©¥®©¤©. �º¹¨
rangA = rangB. N

·¤¢ ¥¶¦¸¶¹ ¤µ ¹©¥¸¯¬°¤ ¸©¤¡ ¦®¦¾ ¦®¦¹» ¦®¡¦¤¦. ·¡¢® ¾§±¯¸¡©®¥§§¨°¡
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¾¢¸¢¡®¢¤ ¥¢¡¢¢£ �®¡©©¥©º A ¹©¥¸¯¬°¡

B =

















b11 b12 b13 . . . b1r . . . b1n

0 b22 b23 . . . b2r . . . b2n

0 0 b33 . . . b3r . . . b3n

. . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . brr . . . brn

. . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 . . . 0
. . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 . . . 0

















b11, b22, . . . , brr
³¡¨ ¥¢¡¢¢£ �®¡©©¥©º ¾¢®¢¸¥ ¦¸§§®» ¦®¤¦. B ¹©¥¸¯¬°¤³¾ ¥¢¡ ¢®¶¹¶¤¥¢¢£ ¥¦¡¥¦¾ ¹«¸³³¨¯º¡ ¦¸¾¯±¦® r ¹«¸¥¢º B ¹©¥¸¯¬ ³³£¤¢.ß³¤¯º ¸©¤¡ ¤µ r-¥¢º ¥¢¤¬³³ ©º¤©. A ¹©¥¸¯¬©©£ ¢¡¢® ¾§±¯¸¡©®¥ ¾¢¸¢¡®¢»

B-¡ ¡©¸¡©£©¤ ¥§® rangA = r
¦®¤¦.ØÙÚÛÛ

1.22.

A =





1 2 3 5
3 −1 4 −2
5 3 10 8





¹©¥¸¯¬°¤ ¸©¤¡¯º¡ ¦®.1ÒÐÒÎÆ.
A

s2 + (−3)s1

s3 + (−5)s1

−−−−−−−→





1 2 3 5
0 −7 −5 −17
0 −7 −5 −17




s3+(−1)s2

−−−−−−→





1 2 3 5
0 −7 −5 −17
0 0 0 0





·¤¨¢¢£ rangA = 2.0¢¡ ¯ª A ¹©¥¸¯¬ ³¾¤¯º¡ ¢¡¢® ¾§±¯¸¡©®¥ ¾¢¸¢¡®¢¤












1 0 0 . . . 0 0 . . . 0
0 1 0 . . . 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 1 0 . . . 0
0 0 0 . . . 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 0 . . . 0













¾¢®¢¸¥ ¦¸§§®¨¡¯º¡ ¨¢¢¸ ©¥©®£©¤. �º¹ ¾¢®¢¸¯º¤ ¹©¥¸¯¬°¡ ¥¸©E¶¬ ¾¢®à¢¸¥¢º ¹©¥¸¯¬ ¡¢¤¢. �º¹ ¹©¥¸¯¬°¤ ¸©¤¡ ¤µ ¢¤¢ ¹©¥¸¯¬©¨ ©º¡©© ¤¢¡ ¡¢£¢¤¬¯C¸¯º¤ ¥¦¦¥¦º ¥¢¤¬³³ ©º¤©.FôöFG
1.13. Ü¢¸¢± A ¹©¥¸¯¬°¡ ´³³¤ §½§ ©¸§§¤ ¥©®©©£ ¤µ ³® «¾«¾¹©¥¸¯¬ B-¢¢¸ ³¸»³³®¢¾¢¨ ¡©¸©¾ AB, BA ¹©¥¸¯¬°¤ ¸©¤¡ ¤µ A ¹©¥¸¯¬°¤¸©¤¡¥©º ¥¢¤¬³³. �«¸««¸ ¾¢®¢® detB 6= 0

¦® rangAB = rangA.
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1ÅÆÅÎÓÅÅ. ß® «¾«¾ B ¹©¥¸¯¬°¡ ¢¡¢® ¾§±¯¸¡©®¥©©¸ E ¤¢¡» ¹©¥¸¯¬©©£¡©¸¡©» ¦®¨¦¡ ¥§® A ¹©¥¸¯¬°¡ ´³³¤ ¥©®©©£ ¤µ ³® «¾«¾ B ¹©¥¸¯¬©©¸³¸»¯¾ ¤µ A-

¯º¤ ©¡©¤© ¨¢¢¸ ¢¡¢® ¾§±¯¸¡©®¥§§¨ ¾¯º¾¥¢º ©¨¯® ½¹. 0¶¦¸¶¹
1.12-°¡ ¾¢¸¢¡®¢±¢® rangAB = rangA

§½§ rangBA = rangA. N

1.17. k��� 	�9������ 	������� ��9�� ����� 4�4	 �V
ß® «¾«¾ ¹©¥¸¯¬°¡ ´«±¾«¤ ©¡©¤© (¹«¸) ¨¢¢¸ ¢¡¢® ¾§±¯¸¡©®¥ ¾¢¸¢¡®¢¤¤¢¡» E ¹©¥¸¯¬©¨ ª¯®»³³®» ¦®¨¡¯º¡ ¨¢¢¸ ©¥©®£©¤ ¯®¢¢.FôöFG

1.14. ß® «¾«¾ n ¢¸¢¹¯º¤ A ¹©¥¸¯¬°¡ ¤¢¡» ¹©¥¸¯¬©¨ ª¯®»³³-®¢¾ ¢¡¢® ¾§±¯¸¡©®¥§§¨°¡ n ¢¸¢¹¯º¤ ¤¢¡» E ¹©¥¸¯¬ ¨¢¢¸ ¾¯º¾¢¨ ¡©¸£©¤
B ¹©¥¸¯¬ ¤µ A ¹©¥¸¯¬°¤ §¸±§§ ¹©¥¸¯¬ ©º¤©.1ÅÆÅÎÓÅÅ. A ³® «¾«¾ ¹©¥¸¯¬. A ¹©¥¸¯¬°¡ ´«±¾«¤ ©¡©¤© (¹«¸) ¨¢¢¸ ¢¡¢®¾§±¯¸¡©®¥§§¨ ¾¯º» ¤¢¡»E ¹©¥¸¯¬ ¡©¸£©¤ ¡¢¶. A ¹©¥¸¯¬©¨ ¾¯º£¢¤ ¢¨¡¢¢¸¢¡¢® ¾§±¯¸¡©®¥©© ¤¢¡» E ¹©¥¸¯¬©¨ ¾¢¸¢¡®¢¶. �¤¡¢¾¢¨ ¤¢¡» ¹©¥¸¯¬ ¤µ B¹©¥¸¯¬©¨ ª¯®»£¢¤ ¡¢¶. 0¢¡±¢® AB = E

¦®¤¦. ·¤¨¢¢£ B = A−1 ©º¤©. NØÙÚÛÛ
1.23. ·¡¢® ¾§±¯¸¡©®¥ ¾¢¸¢¡®¢¤ ¹©¥¸¯¬°¤ §¸±§§ ¹©¥¸¯¬°¡ ¦®.

A =





2 0 4
1 −1 2

−1 2 3





1ÒÐÒÎÆ. A ¹©¥¸¯¬°¤ ´«±¾«¤ ©¡©¤© ¨¢¢¸ 1
2s1, s3 − 4s1, −s2, s1 − 1

2s2,
1
5s3,

s1 − 1
2s3, s2 + 2s3

¾§±¯¸¡©®¥§§¨°¡ ¨©¸©©®©¤ ¾¯º» A ¹©¥¸¯¬°¡ ¤¢¡» ¹©à¥¸¯¬©¨ ª¯®»³³®¤¢. �¢¢¸¾ ¾§±¯¸¡©®¥§§¨°¡ A-¥©º ¯»¯® ¢¸¢¹ºº¤ ¤¢¡»¹©¥¸¯¬ ¨¢¢¸ ¾¯º¾¢¨ A-
¯º¤ §¸±§§ ¹©¥¸¯¬ ¡©¸¤©.





2 0 4 1 0 0
1 −1 2 0 1 0

−1 2 3 0 0 1





1

2
s1

=====






1 0 4 1
2 0 0

1
2 −1 2 0 1 0

−1
2 2 3 0 0 1






s3−4s1=======






1 0 0 1
2 0 −2

1
2 −1 0 0 1 0

−1
2 2 5 0 0 1






−s2=====






1 0 0 1
2 0 −2

1
2 1 0 0 −1 0

−1
2 −2 5 0 0 1






s1− 1

2
s2

========






1 0 0 1
2 0 −2

0 1 0 1
2 −1 0

1
2 −2 5 0 0 1






1

5
s3

=====






1 0 0 1
2 0 −2

5

0 1 0 1
2 −1 0

1
2 −2 1 0 0 1

5






s1− 1

2
s3

=======






1 0 0 7
10 0 −2

5

0 1 0 1
2 −1 0

0 −2 1 − 1
10 0 1

5






s2+2s3========






1 0 0 7
10 −4

5 −2
5

0 1 0 1
2 −1 0

0 0 1 − 1
10

2
5

1
5
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·¤¨¢¢£ A−1 =






7
10 −4

5 −2
5

1
2 −1 0

− 1
10

2
5

1
5





¦®¤¦.

l©®¡©±©®




2 0 4
1 −1 2

−1 2 3



 ·






7
10 −4

5 −2
5

1
2 −1 0

− 1
10

2
5

1
5




 =





1 0 0
0 1 0
0 0 1



.

1.18. ?���V ��4�&� ��	�
 �O4�O
Ü¢¸¢± A ¹©¥¸¯¬°¤ i-p ¹«¸ (

©¡©¤©) ¤µ ««¸ k ª¯¸¾¢¡ ¹«¸ (
©¡©¤©)-³³¨¯º¡¾©¸¡©®´©¤ α1, α2, . . . , αk (�¨©» ¤¢¡ ai 6= 0) ¥¦¦¡¦¦¸ ³¸»³³®» ¤¢¹£¢¤ ¾¢®à¢¸¥¢º ©º±©® i ¹«¸ (

©¡©¤©)-¯º¡ ¥¢¸ k ª¯¸¾¢¡ ¹«¸ (
©¡©¤©)-³³¨¯º¤ ª§¡©à¹©¤ ¢±®³³®¢¡ ¦®» ©º¤© ¡¢¨¢¡.ôõôö÷ôøùôùú

. A`×p

ÄÅÆÂÇÈÉÊ s1, s2, . . . , s` (` > 1)
ÄÕÂÌÌÐÇÖÊ 5ÐÅü ÊÁÓÊÑ ËÔòÐÉÊÍÅÅ �ÔÓÅÄÅÊ ÁÃÎÌÌÎÁÓ ËÒÎü ËÅÖÃÅÎ ÁÐÓÁÁÂ ÄÕÂÌÌÐÇÖÓ �ÔÓÅÄÅÊÍÅÄÅÅÂÅÎÆÅÖ, ÁòÂÁÓ ÆÒÍÇÒÎÐÒÎÐ �ÔÓÅÄÅÊ ÍÅÄÅÅÂÅÎÓÌÖ ÄÕÂÌÌÐ ÓÁÊÁ.

ß³¤¥¢º ©¨¯®©©¸ ©¡©¤§§¨°¤ ª§¡©¹©¤ ¾©¹©©¸©®¥©º, ¾©¹©©¸©®¡³º ¥¦¨¦¸à¾¦º®¤¦. ×¯ª¢¢®¢®:






−1 2 0
2 3 −2
3 8 −4
0 5 4







¹©¥¸¯¬°¤ ¾¦Ý¸¨§¡©©¸ ¹«¸¯º¡ 2-¦¦¸ ³¸»³³®» ¤¢¡¨³¡¢¢¸ ¹«¸ ¨¢¢¸ ¤¢¹¢¾¢¨¡§¸©±¨§¡©©¸ ¹«¸ ¡©¸² ©º¡©© §²¸©©£ (III\ = I\+ 2II\) 3-¸ ¹«¸ ¤µ ¤¢¡,¾¦Ý¸¨§¡©©¸ ¹«¸¯º¤ ª§¡©¹©¤ ¢±®³³®¢¡ ¦®» ©º¤©. �º¹¨ ¢¤¢ ¹©¥¸¯¬°¤¢¾¤¯º ¡§¸±©¤ ¹«¸ ª§¡©¹©¤ ¾©¹©©¸©®¥©º ©º¤©.
Ü¢¸¢± m × n ¢¸¢¹¯º¤ A ¹©¥¸¯¬°¤ ©®µ ¤¢¡ ¹«¸ (

©¡©¤©) ¤µ ««¸ §£©¨ k
(k < m − 1) ¹«¸ (

©¡©¤©)-³³¨¯º¤ ª§¡©¹©¤ ¢±®³³®¢¡ ¦®» ©º±©® §£©¨³®¨£¢¤ ³¾ ¹«¸ (
©¡©¤©)-³³¨¯º¤¾¢¢ ª§¡©¹©¤ ¢±®³³®¢¡ ¦®¤¦. 0§¾©º®©®,¨¢¢¸¾ »¯ª¢¢¤¯º 3-¸ ¹«¸ §£©¨ ¹«¸³³¨¯º¤¾¢¢ ª§¡©¹©¤ ¢±®³³®¢¡ ¦®¤¦.

Ü¢¸¢±Am×n
¹©¥¸¯¬°¤n-p

©¡©¤© ¤µ §£©¨ ©¡©¤§§¨°¤¾©© ª§¡©¹©¤ ¢±®³³-®¢¡ ¦®¨¦¡ ¦® ¨©¸©©¾ ¤«¾¬®¯º¡ ¾©¤¡©¾ α1, α2, . . . , αn−1 ¥¦¦¤§§¨ ¦®¨¦¤¦.ß³¤¨:







a1n

a2n

...
amn








= α1








a11

a21
...

am1








+ α2








a12

a22
...

am2








+ · · · + αn−1








a1 n−1

a2 n−1
...

am n−1
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ß³¤¥¢º ©¨¯®©©¸Am×n

¹©¥¸¯¬°¤ i-p ¹«¸¯º¡ §£©¨ ¹«¸««¸ ´©¨©®©® (ª§¡©à¹©¤ ¢±®³³®¢¡ ¦®» ©º±©®)
aij = α1a1j + α2a2j + · · · + αi−1ai−1j + αi+1ai+1j + · · · + αnanj¦®¤¦.ôõôö÷ôøùôùú

. A
ÄÅÆÂÇÈÉÊ k ÁÂÁÄËÇÖÊM ÄÇÊÒÂÉÓ ÅÓÔÔÎÐÅÓ k+1

ÁÂÁÄ�ËÇÖÊ ÄÇÊÒÂÉÓ k ÁÂÁÄËÇÖÊ M ÄÇÊÒÂÉÊ ÁÄüÇÓI ÄÇÊÒÂ ÓÁÊÁ. <ÂÁÄËÁ ÊÑÄÅÆÂÇÈÉÊ ÂÅÊÓÆÅÖ ÆÁÊÈÌÌ ËÅÖÍ ÆÁÓÁÁò 5ÎÓÅÅÆÅÖ ÄÇÊÒÂÉÓ òÔÔÂÑ ÄÇÊÒÂÓÁÊÁ.
A 6= O ¹©¥¸¯¬©¨ £§§¸µ ¹¯¤¦¸ ¦®¨¦¤¦. B¢¾¨¢¢ ¹¢¨¢¢» ¤¢¡ §¥¡©¥©º ¯ª.mÓÆÎÒÎÈÒÎ ÐÁÁÂ ÊÑ òÔÔÂÑ ÄÇÊÒÂÉÊ ÁÎÏÄÏÊÆÌÌÐ ÒÂ�ÇÍ ÄÕÂ ËÅÓÅÊÔÔÐÉÓ ÄÅ�ÆÂÇÈÉÊ òÔÔÂÑ ÄÕÂ ËÅÓÅÊÅ ÓÁÊÁ.FôöFG

1.15. �) A ¹©¥¸¯¬°¤ ¨§¸°¤ ¹«¸ (
©¡©¤©) ¤µ £§§¸µ ¹«¸ (

©¡©¤©)-³³¨¯º¤ ª§¡©¹©¤ ¢±®³³®¢¡ ©º¤©.+) A§§¸µ ¹«¸ (
©¡©¤©)-³³¨ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ©º¤©.1ÅÆÅÎÓÅÅ. A ¹©¥¸¯¬°¤ £§§¸µ ¹¯¤¦¸°¡M, rangA = r ¡¢¶.�) A§§¸µ ¹¯¤¦¸°¡ A ¹©¥¸¯¬°¤ ´³³¤ ¨¢¢¨ §®©¤¨ ©º¸®§§®©¾©©¸ ©±3�.

A =











a11 a12 . . . a1r . . . a1n

a12 a22 . . . a2r . . . a1n

. . . . . . . . . . . . . . .

ar1 ar2 . . . arr . . . arn

. . . . . . . . . . . . . . .

am1 am2 . . . amr . . . a1n











, M =

∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1r

a12 a22 . . . a2r

. . . . . .
. . . . . .

ar1 ar2 . . . arr

∣
∣
∣
∣
∣
∣
∣
∣
∣

6= 0

1 < j ≤ n
©º¾ j £¦¤¡¦¤ ©±² (

¢¾®¢¢¨)

∆ij =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1r a1j

a12 a22 . . . a2r a2j

. . . . . .
. . . . . . . . .

ar1 ar2 . . . arr arj

ai1 ai2 . . . air aij

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(i = 1,m)

¥¦¨¦¸¾¦º®¦¡²§§¨°¡ ©±² ³´µ¶. i, j ¥¦¦¤§§¨°¤ �¨©» ¤¢¡ ¤µ r-¢¢£ ©¡© ¦®
∆ij
¤µ ¾¦Ý¸ ¯»¯® ¹«¸ (

©¡©¤©)-¥¢º ¦®» ¥¢¡¥¢º ¥¢¤¬¢¤¢ (∆ij = 0).

i > r ¹«¤ j > r
¦® ∆ij

¤µ A ¹©¥¸¯¬°¤ r + 1 ¢¸¢¹¯º¤ ¹¯¤¦¸ ¦®¦¾ ¥§®
∆ij = 0

©º¤©. ∆ij ¥¦¨¦¸¾¦º®¦¡²¯º¡ £³³®²¯º¤ ¹«¸««¸ ´©¨®©±©®
∆ij = α1ai1 +α2ai2 + · · ·+αrair +αr+1aij = 0, α1, α2, . . . , αr−1, αr, αr+1

¤µ ∆ij-
¯º¤ £³³®²¯º¤ ¹«¸¯º¤ ¢®¶¹¶¤¥³³¨¯º¤ ©®¡¶¸¯º¤ ¡³º¬¢¢®¥ ½¹.
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α1, α2, . . . , αr
¤µ i-¢¢£ ¾©¹©©¸©¾¡³º αr+1

¤µ M -¥¢º ¥¢¤¬³³ © i, j-³³¨¢¢£¾©¹©©¸©¾¡³º, M 6= 0 ¡¢¨¡¢¢£
aij = β1ai1 + β2ai2 + · · · + βrair (i = 1,m)

¦®¦¾ © βi = −αi

M

©º¤©. ·¤¢ ¤µ A ¹©¥¸¯¬°¤ j-p ©¡©¤©M ¹¯¤¦¸¥ ¦¸£¦¤©¡©¤§§¨°¤ ª§¡©¹©¤ ¢±®³³®¢¡ ¡¢¨¡¯º¡ ¾©¸§§®» ©º¤©.
ß³¤¥¢º ©¨¯®©©¸A ¹©¥¸¯¬°¤ ¹«¸ ³¸ ¤µ £§§¸µ ¹«¸³³¨¯º¤ ª§¡©¹©¤ ¢±®³³-®¢¡ ©º¤© ¡¢» ©¥©®¤©.+) A§§¸µ ¹«¸³³¨¯º¡ ª§¡©¹©¤ ¾©¹©©¸©®¥©º ½¹ ¡¢¶. 0¢¡±¢® £§§¸µ ¹«¸
(
©¡©¤©)-³³¨¯º¤ ¤¢¡ ¤µ §£©¨ ³®¨£¢¤ £§§¸µ ¹«¸ (

©¡©¤©)-³³¨¯º¤ ª§¡©¹©¤¢±®³³®¢¡ ¦®¤¦. M ¹¯¤¦¸°¤ ª§¡©¹©¤ ¢±®³³®¢¡ ¦®£¦¤ ¹«¸¯º¡M -¨ ¦¸®§§à®©¾©¨ ¥¦¨¦¸¾¦º®¦¡²¯º¤ 4 ²©¤©¸©©¸ ¯»¯® ¹«¸¥¢º ¥¦¨¦¸¾¦º®¦¡²§§¨ ³³£¢»
M ¹¯¤¦¸ ¥¢¡¥¢º ¥¢¤¬³³ ¦®¤¦. ·¤¢ ¤µ M 6= 0 ¡¢¨¢¡¥ ¾©¸ª¯®» ©º¤©.�º¹¨ £§§¸µ ¹«¸³³¨ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ©º¤©. N�iöõùijii

1.
A§§¸µ ¯ª ¹«¸ (©¡©¤©) £§§¸µ ¹«¸ (©¡©¤©)-³³¨¯º¤ ª§¡©à¹©¤ ¢±®³³®¢¡ ©º¤©.�iöõùijii

2.
l§¡©¹©¤ ¾©¹©©¸©®¡³º ¹«¸ (

©¡©¤©)-³³¨¯º¤ ¹©ÿ£¯¹©®µ¥¦¦ ¹©¥¸¯¬°¤ ¸©¤¡¥©º ¥¢¤¬³³ ©º¤©.�iöõùijii
3. ¿©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ¥¢¡¥¢º ¥¢¤¬³³ ©º¾ ´©º®ª¡³º«¡««¨ ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ ¥³³¤¯º ©®µ ¤¢¡ ¹«¸ (

©¡©¤©) ¤µ §£©¨ ¹«¸
(
©¡©¤©)-³³¨¯º¤¾¢¢ ª§¡©¹©¤ ¢±®³³®¢¡ ©º¾ �±¨©® ½¹.
1.19. ������&� ���� 4�4	 �'�	 ��4�&� ����
1.18-¨ £§¨©®£©¤ £§§¸µ ¹¯¤¦¸°¤ ¥§¾©º ¥¶¦¸¶¹¦¦£ A ¹©¥¸¯¬°¤ r ¢¸¢¹¯º¤¥¢¡¢¢£ �®¡©©¥©ºM ¹¯¤¦¸°¤ ³¾ ¢¹»¯¡² ¹¯¤¦¸§§¨ ¤µ ¥¢¡¥¢º ¥¢¤¬³³ §½§¦¸ª¯¾¡³º ©º±©® A ¹©¥¸¯¬°¤ ¸©¤¡ r-¥¢º ¥¢¤¬³³ ©º¤© ¡¢» ¹«¸¨«¤ ¡©¸¤©.�º¹¨ A ¹©¥¸¯¬°¤ ¸©¤¡¯º¡ ¦®¦¾°¤ ¥§®¨ ³¾ ¢¹»¯¡² ¹¯¤¦¸§§¨ ¤µ ¥¢¡¥¢º¥¢¤¬³³ ©º¾ M ¹¯¤¦¸°¡ ¦®¦¾¦¨ ¾³¸¢®¬¢¢¥¢º.ØÙÚÛÛ

1.24.
�©¸©©¾ ¹©¥¸¯¬°¤ ¸©¤¡¯º¡ ¦®.

A =









1 −3 2 5
−2 4 3 1

0 −2 7 11
7 −15 −7 2

−1 1 5 6









1ÒÐÒÎÆ. A ¹©¥¸¯¬°¤ ´³³¤ ¨¢¢¨ §®©¤¡¯º¤ ¹¯¤¦¸°¡ £¦¤¡¦¾ ¤µ ¥¦¾¯¸¦¹»à
¥¦º ¥§® M =

∣
∣
∣
∣

1 −3
−2 4

∣
∣
∣
∣
= −2 6= 0 ¹¯¤¦¸°¡ £¦¤¡¦±. M ¹¯¤¦¸°¡ ¢¹»¯¡²
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¹¯¤¦¸§§¨

∣
∣
∣
∣
∣
∣

1 −3 2
−2 4 3

0 −2 7

∣
∣
∣
∣
∣
∣

,

∣
∣
∣
∣
∣
∣

1 −3 5
−2 4 1

0 −2 11

∣
∣
∣
∣
∣
∣

,

∣
∣
∣
∣
∣
∣

1 −3 2
−2 4 3

7 15 7

∣
∣
∣
∣
∣
∣

,

∣
∣
∣
∣
∣
∣

1 −3 5
−2 4 1

7 −15 2

∣
∣
∣
∣
∣
∣

,

∣
∣
∣
∣
∣
∣

1 −3 2
−2 4 3
−1 1 5

∣
∣
∣
∣
∣
∣

,

∣
∣
∣
∣
∣
∣

1 −3 5
−2 4 1
−1 1 6

∣
∣
∣
∣
∣
∣

³¡¨ ¥¢¡¥¢º ¥¢¤¬³³ ¥§® rangA = 2.

1.20. n����� N� N4��4����
o

1. a) 2, 3, 4, 5 ¢¸¢¹¯º¤ ¥¢¡ª ¾¢¹¥¢º, ¥¢¡, ¨¢¢¨, ¨¦¦¨ ¡§¸±©®»¯¤,¨¯©¡¦¤©®µ, ¤¢¡» ¹©¥¸¯¬§§¨°¡ ¯²¯», ¢¸¢¹¢, ¡¦® © ¾©»§§¡¯º¤¨¯©¡¦¤©®µ ¨¢¢¸ ¦¸ª¯¾ ¢®¶¹¶¤¥³³¨¯º¡ ´©©.+) ¿«¸, ©¡©¤© ¹©¥¸¯¬§§¨ ¯²¯», ¢¸¢¹¢, ¥¢¹¨¢¡®¢®¯º¡ ¯².]) n ¢¸¢¹¯º¤ ÿ±©¨¸©¥ ¤¢¡», ¨¯©¡¦¤©®µ, ¡§¸±©®»¯¤, ¥¢¡ª ¾¢¹¥¢º¹©¥¸¯¬ ¥§£ ³¸ ¾¦Ý¸°¡ ¯².�) a11, a25, a57
¢®¶¹¶¤¥³³¨ Am×n

¹©¥¸¯¬©¨ ¾©©¤© ©º¸®©¾ ±¢?
o

2. �) A =





1 −2 6
4 3 −8
2 −2 5



 , E =





1 0 0
0 1 0
0 0 1




¦® 3A+2X = E ¥¢¤¬®¯º¡

¾©¤¡©¾ X ¹©¥¸¯¬°¡ ¦®.
+) 2 ·







1 2 3
2 −3 1
1 8 0
1 −12 −7







+ 3 ·X = 5 ·







−8 −1 0
2 3 1
4 2 0
−5 6 −1







©º¾ X ¹©¥¸¯¬°¡ ¦®.]) �«¸£¨«« ¨¢¢¸¾¥¢º ¥«£««¥¢º ¥¢¡ª¯¥¡¢® ´¦¾¯¦» ¦¨.
o

3. A =





1 2 3
0 1 −1
2 4 0



, B =





1 2
−1 3
0 4




¦® 2A, 3B, −A, −B, A + B,

A−B, B −A ¹©¥¸¯¬§§¨°¡ ¦®.o
4. A2×3, B3×1, C3×3

¹©¥¸¯¬§§¨°¤ ¾§±µ¨
a) A ·B, +) BA, ]) AC, �) CA,/) ABC, Z) ACB, �) CB, [) CBA³¸»±¢¸³³¨ ¥¦¨¦¸¾¦º®¦¡¨¦¾ §§? 0¦¨¦¸¾¦º®¦¡¨¦¾ ¦® ¢¸¢¹¯º¡ ¦®.
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5–6-¸ ¦¨®¦¡§§¨©¨ ¹©¥¸¯¬°¤ ³¸»±¢¸¯º¡ ¦®.
o

5. �) [
3 1
−1 2

]

·
[

0 5
−1 6

] +)




1 1 3
2 2 1
3 2 1



 ·





1 −1 2
−2 1 2
1 0 −1





o
6. �) [

1 −4 5
]
·





3
4
−1



 +) [
10 1 0 −5

]
·







3
5
7
−8







o
7. �)





3
−1
2



 ·
[

2 −6 7
] +)







−3
0
1
1






·
[

2 4 0 1
]

]) [
2 −1 3
0 1 2

]

·





−2 1
0 2
1 −1



 ·
[

2 −1
3 0

]

o
8. �) [

−2 3 4 0
5 −1 2 3

]

·







1 2
0 −1
−1 0
4 0







+) [
3 −1
2 −5

]3 ]) [
a 0
0 b

]n

o
9. A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann







, D =








d1 0 . . . 0
0 d2 . . . 0

. . . . . .
. . . . . .

0 0 . . . dn








¹©¥¸¯¬§§¨
«¡²¢¢. AD, DA ³¸»±¢¸¯º¡ ¦®. q¹©¸ ¤«¾¬«®¨ AD = DA

¯¶®¢¾ ±¢?o
10. A, B ¤µ ©º¸ £¦®µ¨¦¡ ¹©¥¸¯¬§§¨ ¦® (A + B)2 = A2 + 2AB + B2,

(A+B)(A−B) = A2 −B2 ©º¾°¡ ©¥©®.o
11. AB = AC

¦® B = C
©º¾ §§?o

12. Ü¢¸¢± A ¹©¥¸¯¬°¤ I, II ¹«¸³³¨ ¥¢¤¬³³ ¦® AB ¹©¥¸¯¬°¤ I, II ¹«¸¹«¤ ¥¢¤¬³³ ¡¢¨¡¯º¡ ©¥©®.o
13. �) Ü¢¸¢± A, B ¹©¥¸¯¬§§¨°¤ ¾§±µ¨ AB, BA ¥¦¨¦¸¾¦º®¦¡¨¦¦¨

AB = BA
¦® A, B ¹©¥¸¯¬§§¨ ÿ±©¨¸©¥, ¯»¯® ¢¸¢¹¢¥¢º ¦®¦¾°¡©¥©®.+) Ü¢¸¢±A ¤µ ¨¯©¡¦¤©®µ ¹©¥¸¯¬ © ¥³³¤¯º ¡¦® ¨¯©¡¦¤©®¯º¤ ¢®¶¹¶¤à¥³³¨ ¥¢¡¢¢£ �®¡©©¥©º ¦® A ¹©¥¸¯¬¥©º ©º¸ £¦®µ¨¦¡ ¨§¸°¤ ¹©¥¸¯¬¤µ ¨¯©¡¦¤©®µ ¦®¦¾°¡ ©¥©®.

]) [
1 2
3 4

]

,





3 1 0
0 3 1
0 0 3



,







0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0






¹©¥¸¯¬§§¨¥©º ©º¸ £¦®µà
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¨¦¡ ¹©¥¸¯¬°¡ ¦®.

o
14. �) [

3 −1
4 2

]2 +) [
cosϕ − sinϕ
sinϕ cosϕ

]n ]) [
a a

0 a

]n ¦¨.

o
15. �)





0 1 0
0 0 1
0 0 0





n +)






1 1 . . . 1
0 1 . . . 1
. . . . . . . . . . . .

0 0 . . . 1







3

¦¨.
16–18-¸ ¦¨®¦¡§§¨©¨ A ¹©¥¸¯¬, f(x) ¦®¦¤ ¡¯ª³³¤¥ «¡«¡¨»¢¢. f(A)-¡ ¦®.o

16. A =

[
2 −1
0 4

] ¹©¥¸¯¬, f(x) = 2x2 + 3x− 4.

o
17. A =





0 1 0
0 0 1
0 0 0



 ¹©¥¸¯¬, f(x) = x5 + 2x4 − x3 + 5x2 + 8.

o
18. A =





1 −2 0
0 3 0
−1 4 2



 ¹©¥¸¯¬, f(x) = x3 − 6x2 + 11x− 6 «¡«¡¨£«¤ ¦®
f(A) = 0

©º¾ §§?o
19. �) (8 1 3 6 5 7 4 2), +) (5 8 9 2 1 4 3 6 7), ]) (4 5 6 1 2 3),�) (2 1 4 3 . . . 2n 2n− 1), /) (2 3 1 5 6 4 . . . 3n − 1 3n 3n − 2)£¢®¡¢¹®³³¨¯º¤ ¥¢¡ª £¦¤¨¡¦º¡ ¥¦¡¥¦¦.o
20.

0¦¨¦¸¾¦º®¦¡²¯º¡ ¦¨.�) ∣
∣
∣
∣

2 −1
3 4

∣
∣
∣
∣

+) ∣
∣
∣
∣

n+ 1 n

n n− 1

∣
∣
∣
∣

]) ∣
∣
∣
∣

sinα cosα
sinβ cos β

∣
∣
∣
∣

�) ∣
∣
∣
∣

sinα+ sin β cosβ + cosα
cos β − cosα sinα− sin β

∣
∣
∣
∣

/)
∣
∣
∣
∣
∣
∣

2 −1 2
3 1 5
2 −4 3

∣
∣
∣
∣
∣
∣

Z)
∣
∣
∣
∣
∣
∣

sin2 α 1 cos2 α
sin2 β 1 cos2 β

sin2 γ 1 cos2 γ

∣
∣
∣
∣
∣
∣

�)

∣
∣
∣
∣
∣
∣

a+ b c 1
b+ c a 1
c+ a b 1

∣
∣
∣
∣
∣
∣

[)
∣
∣
∣
∣
∣
∣

4 2 −1
5 3 −2
3 2 −1

∣
∣
∣
∣
∣
∣o

21. �) a31a56a24a45a63a12
³¸»±¢¸ ¾¢¨¨³¡¢¢¸ ¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡²¯º¤¡¯ª³³¤ ¢? q¹©¸ ¥¢¹¨¢¡¥¢º ±¢?+) a41a53a32a13a24
¤µ 5-¸ ¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡²¯º¤ ¡¯ª³³¤ ¹«¤³³? 0©º®©¸®©.

])








0 2 0 0 0
0 0 3 0 0
1 0 0 0 0
0 0 0 5 0
0 0 0 0 −1









¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ¾¢¨¥¢º ¥¢¤¬¢¾ ±¢?
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o
22. A =









−2 0 3 1 2
1 3 5 0 7
2 1 1 3 0
4 −2 −1 0 5
−1 3 0 0 6









¹©¥¸¯¬°¤

�) I, II, IV ¹«¸, I, III, IV
©¡©¤©©¸ ¥¦¨¦¸¾¦º®¦¡¨¦¾ M ¹¯¤¦¸°¡ ¦®.+) M ¹¯¤¦¸°¤ ¡³º¬¢¢¾ ¹¯¤¦¸°¡ ¦®.]) M ¹¯¤¦¸°¤ ©®¡¶¸°¤ ¡³º¬¢¢®¥¯º¡ ¦®.�) �«¸£¨«« ¯º¹ ¨©£¡©® ¦¨®¦¡¦ ´¦¾¯¦» ¦¨.�©¸©©¾ ¥¦¨¦¸¾¦º®¦¡²¨°¡ ¥¦¨¦¸¾¦º®¦¡²¯º¤ ²©¤©¸ ©ª¯¡®©¤ ¦¨.

o
23. �)

∣
∣
∣
∣
∣
∣
∣
∣

3 −1 2 4
1 2 5 1
7 0 9 9
13 −1 17 4

∣
∣
∣
∣
∣
∣
∣
∣

+)
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1
1 2 3 4
1 4 9 16
1 8 27 64

∣
∣
∣
∣
∣
∣
∣
∣

o
24. �) ∣

∣
∣
∣

2789 3453
2790 3454

∣
∣
∣
∣
+)

∣
∣
∣
∣
∣
∣

x x′ ax+ bx′

y y′ ay + by′

z z′ az + bz′

∣
∣
∣
∣
∣
∣

])
∣
∣
∣
∣
∣
∣
∣
∣

−x a b c

a −x c b

b c −x a

c b a −x

∣
∣
∣
∣
∣
∣
∣
∣

o
25. �)

∣
∣
∣
∣
∣
∣
∣
∣

4 2 1 −3
9 5 3 −7
13 7 4 −10
25 3 7 −210

∣
∣
∣
∣
∣
∣
∣
∣

+)
∣
∣
∣
∣
∣
∣
∣
∣

1 0 0 0
0 0 0 2
0 sinx 0 0
0 0 1 0

∣
∣
∣
∣
∣
∣
∣
∣

=
√

3 ¥¢¡ª¯¥¡¢®¯º¡ ¦¨.

o
26. �)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 6 5 9 2
−5 4 2 0 3
16 7 5 9 2
2 0 5 9 2
3 −2 1 0 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

+)
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 2 −1 3 1
−3 0 1 4 5

2 3 −4 6 7
−1 19 −2 18 11
−1 5 0 4 3

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣�©¸©©¾ ¥¦¨¦¸¾¦º®¦¡²§§¨°¡ ¹«¸ ©¡©¤©©¸ ¤µ ´©¨©®» ¦¨.

o
27. �)

∣
∣
∣
∣
∣
∣
∣
∣

−2 3 2 0
5 0 −3 2
−1 0 1 5
1 6 2 1

∣
∣
∣
∣
∣
∣
∣
∣

+)
∣
∣
∣
∣
∣
∣
∣
∣

3 1 1 1
1 3 1 1
1 1 3 1
1 1 1 3

∣
∣
∣
∣
∣
∣
∣
∣

o
28. �)

∣
∣
∣
∣
∣
∣
∣
∣

2 8 0 0
2 −1 3 5
−1 4 5 7
5 6 −1 4

∣
∣
∣
∣
∣
∣
∣
∣

+)
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1

∣
∣
∣
∣
∣
∣
∣
∣
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o
29.

∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1

∣
∣
∣
∣
∣
∣
∣
∣

¥¦¨¦¸¾¦º®¦¡²¯º¡ 1
© 3-¸ ¹«¸««¸ ´©¨®©¤ ¦¨.

o
30.

∣
∣
∣
∣
∣
∣
∣
∣

7 3 2 6
8 −9 4 9
7 −2 7 3
5 −3 3 4

∣
∣
∣
∣
∣
∣
∣
∣

¥¦¨¦¸¾¦º®¦¡²¯º¡ 1
© 2-¸ ©¡©¤©©¸ ´©¨®©¤ ¦¨.

o
31. �)

∣
∣
∣
∣
∣
∣
∣
∣

−1 2 5 6
3 −1 0 1
0 1 0 7
3 1 1 6

∣
∣
∣
∣
∣
∣
∣
∣

+)
∣
∣
∣
∣
∣
∣
∣
∣

4 2 1 −3
9 5 3 −7
13 7 4 −10
25 13 7 21

∣
∣
∣
∣
∣
∣
∣
∣

¥¦¨¦¸¾¦º®¦¡²§§¨°¡
²©¤©¸ ¦®¦¤ ¹«¸««¸ ´©¨©®» ¦¨.o

32. A
5S1−→ B

S2−S1−−→ C
¦® detA, detC �¹©¸ ¾¦®¦¦¥¦º ©º¾ ±¢?o

33. A ¤µ n ¢¸¢¹¯º¤ ÿ±©¨¸©¥ ¹©¥¸¯¬ ¦® det(2A), det(−A), detA2-
¯º¡

detA-©©¸ ¯®¢¸¾¯º®.
34–37-¸ ¦¨®¦¡§§¨ ¾¢¸¢± §¸±§§ ¹©¥¸¯¬ ¦¸ª¨¦¡ ¦® §¸±§§ ¹©¥¸¯¬°¡ ¦®.
o

34. �) [
12 1
−3 5

] +)




1 1 1
2 −3 1
4 1 −5





o
35. �)





1 0 0
1 2 0
1 1 3



 +)






4 7 0 0
1 2 0 0
0 0 7 −4
0 0 −5 3







o
36. �)





1 −3 4
−3 5 6
−2 2 10



 +)




3 −1 2
4 −3 3
1 3 0





o
37. �)





1 2 −5
1 −3 3
1 1 −2



 +)






1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1







o
38.

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

0 2 0 0 0
0 0 −1 0 0
3 0 0 0 0
0 0 0 −2 0
0 0 0 0 4

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

¹©¥¸¯¬°¤ §¸±§§¡ ¦®.

o
39. B =





1 2 −1
2 3 0
−1 0 3



, B¥A¥ =





−1 5 2
3 7 −2
7 4 8



 ¹©¥¸¯¬§§¨ «¡«¡¨£«¤



1.20. pè�æèä âè âíîäíæ##î 51

¦® A ¹©¥¸¯¬°¡ ¦®.o
40. Ü¢¸¢± A2 = O

¦® A+E, E −A ¹©¥¸¯¬§§¨ ³® «¾«¾ ¹©¥¸¯¬§§¨ ©¾©¸¯®¬©¤ §¸±§§ ¦®¦¾°¡ ©¥©®.o
41. Ü¢¸¢± A3 = O

¦® A+ E
© A2 − A + E ¤µ ³® «¾«¾ ¹©¥¸¯¬§§¨ ©¾©¸¯®¬©¤ §¸±§§ ¦®¦¾°¡ ©¥©®.o

42. A-ÿ±©¨¸©¥ ¹©¥¸¯¬ © A2 − A + E = O
¦® A ³® «¾«¾ ¹©¥¸¯¬¦®¦¾°¡ ©¥©®» A−1-¡ ¦®.o

43. A ¤µ ³® «¾«¾ © B 6= O ¹©¥¸¯¬§§¨ ¦® AB 6= O ¡¢¨¡¯º¡ ©¥©®.
o

44.









1 1 1 . . . 1
1 0 1 . . . 1
1 1 0 . . . 1
. . . . . . . . . . . . . . .

1 1 1 . . . 0









¹©¥¸¯¬©¨ §¸±§§ ¹©¥¸¯¬ ¦¸ª¯¾ ¢£¢¾¯º¡

¥¦¡¥¦¦», §¸±§§¡ ¦®.o
45. Ü¢¸¢± B = T−1AT

¦® detB = detA
©º¾°¡ ©¥©®.o

46. ß® «¾«¾ ¡§¸±©®»¯¤ ¹©¥¸¯¬°¤ §¸±§§ ¹©¥¸¯¬ ¤µ ¡§¸±©®»¯¤ ¹©¥¸¯¬©º¾°¡ ©¥©®.o
47.

P±©¨¸©¥ ¤µ ¤¢¡» ¹©¥¸¯¬ ©º¾ ³¾ 2-¸ ¢¸¢¹¯º¤ ¹©¥¸¯¬§§¨°¡ ¦®.o
48. Ü¢¸¢± A,B ¤µ n ¢¸¢¹¯º¤ ¹©¥¸¯¬§§¨, AB = O

© B 6= O
¦®

CA = E
©º¾ n ¢¸¢¹¯º¤ C ¹©¥¸¯¬ ¦®¨¦¾¡³º ¡¢¨¡¯º¡ ©¥©®.o

49. A ¹©¥¸¯¬°¤ ³¾ ¢®¶¹¶¤¥ ¤µ ³¾¢® ¥¦¦ © detA = 1
¦® A−1 ¹©¥¸¯à¬°¤ ³¾ ¢®¶¹¶¤¥ ³¾¢® © detA−1 = 1

¦®¦¾°¡ ©¥©®.
o

50. Ü¢¸¢± A = (aij)
¤µ n ¢¸¢¹¯º¤ ³® «¾«¾ ¹©¥¸¯¬ ¦® A−1k1 =








1
0
...
0








¦®¦¾°¡ ©¥©® (k1
¤µ A ¹©¥¸¯¬°¤ I

©¡©¤©).o
51. A ³® «¾«¾ ¹©¥¸¯¬, A Si↔Sj

−−→ B (i 6= j) ¡¢¶. 0¢¡±¢® A−1
ki↔kj

−−→ B−1¦®¦¾°¡ ©¥©®.
52–53-¸ ¦¨®¦¡§§¨©¨ X ¹©¥¸¯¬°¡ ¦®.o

52. �)[ 1 −2
3 4

]

·X =

[
3 4
−1 5

] +) X ·
[

3 −2
5 −4

]

=

[
−1 2
−5 6

]

]) [
3 −1
5 −2

]

·X ·
[

5 6
7 8

]

=

[
14 16
9 10

]

o
53. A =





2 −1 3
4 2 5
0 0 1



, B =





1 −1
2 6
1 4



, C =





−1 0
5 6
0 −1



 ¹©¥¸¯¬§§¨
«¡«¡¨£«¤ ¦® AX +B = C

©º¾ X ¹©¥¸¯¬°¡ ¦®.
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o

54. A ¹©¥¸¯¬°¤ ¹«¸ ³¸¯º¤ ¢®¶¹¶¤¥³³¨¯º¤ ¤¯º®¢¸ ¥¢¡¥¢º ¥¢¤¬³³ ¦®
detA = 0 ¡¢¨¡¯º¡ ©¥©®.o

55. n ¢¸¢¹¯º¤ A, B ¹©¥¸¯¬§§¨ ´«±¾«¤ j-p ©¡©¤©©¸©© �®¡©©¥©º ¦®
det(A+B) = 2n−1(detA+ detB)

¦®¦¾°¡ ©¥©®.
o

56. a)

∣
∣
∣
∣
∣
∣

1 1 1
x1 x2 x3

x2
1 x2

2 x2
3

∣
∣
∣
∣
∣
∣

= (x3 − x1)(x3 − x2)(x2 − x1)

+)
∣
∣
∣
∣
∣
∣

1 a bc

1 b ca

1 c ab

∣
∣
∣
∣
∣
∣

= (b− a)(c − b)(c− a)

])
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1
x1 x2 x3 x4

x2
1 x2

2 x2
3 x2

4

x3
1 x3

2 x3
3 x3

4

∣
∣
∣
∣
∣
∣
∣
∣

= (x4 − x1)(x4 − x2)(x4 − x3)(x3 − x1)(x3 −

x2)(x2 − x1)
¦®¦¾°¡ ©¥©®.o

57.
�©¸©©¾ ¥¦¨¦¸¾¦º®¦¡²§§¨°¡ W©E®©£°¤ ¥¶¦¸¶¹ ©ª¯¡®©¤ ¦¨.

a)

∣
∣
∣
∣
∣
∣
∣
∣

1 2 0 0
2 3 1 2
−1 1 0 0
4 −1 −1 5

∣
∣
∣
∣
∣
∣
∣
∣

+)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 2 0 0 0 0
3 4 0 0 0 0
7 6 5 4 0 0
2 3 4 5 0 0
5 1 2 6 7 3
2 7 5 3 4 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

])

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 3 0 0 1 −1
4 5 1 −1 2 4
9 4 0 0 3 7
3 8 3 7 6 9
1 −1 0 0 0 0
3 7 0 0 0 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

�)
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 0 0
0 1 1 1 1
1 2 3 0 0
0 x1 x2 x3 x4

0 x2
1 x2

2 x2
3 x2

4

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

o
58.

0§®¡§§¸ ¢®¶¹¶¤¥¯º¤ ©¸¡© ¾¢¸¢¡®¢¤ ¨©¸©©¾ ¥¦¨¦¸¾¦º®¦¡²§§¨°¡ ¦¨.
a)

∣
∣
∣
∣
∣
∣
∣
∣

3 −3 −5 8
−3 2 −4 6
−5 7 −7 5

8 −8 5 −6

∣
∣
∣
∣
∣
∣
∣
∣

+)
∣
∣
∣
∣
∣
∣
∣
∣

3 2 2 2
9 −8 5 10
5 −8 5 8
6 −5 4 7

∣
∣
∣
∣
∣
∣
∣
∣

])
∣
∣
∣
∣
∣
∣
∣
∣

0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

∣
∣
∣
∣
∣
∣
∣
∣

�)
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

24 11 13 17 19
51 13 32 40 46
61 11 14 50 56
62 20 7 13 52
80 24 45 57 70

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣o

59.
0¦¨¦¸¾¦º®¦¡²§§¨°¡ ¡§¸±©®»¯¤ ¾¢®¢¸¥ ª¯®»³³®» ¦¨.
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�)
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 2 3 . . . n

−1 0 3 . . . n

−1 −2 0 . . . n

. . . . . . . . .
. . . . . .

−1 −2 −3 . . . 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

+)
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 3 5 . . . 2n− 1
−1 0 5 . . . 2n− 1
−1 −3 0 . . . 2n− 1

. . . . . . . . .
. . . . . .

−1 −3 −5 . . . 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

])
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 . . . 1 1 0
1 1 . . . 1 0 1
1 1 . . . 0 1 1

. . . . . .
. . . . . . . . . . . .

0 1 . . . 1 1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

�)
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

5 3 3 . . . 3
3 5 3 . . . 3
3 3 5 . . . 3

. . . . . . . . .
. . . . . .

3 3 3 . . . 5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣o

60.
�©¸©©¾ ¹©¥¸¯¬©¤ ¥¢¡ª¯¥¡¢®¯º¡ ¦¨.
a)

[
2 −3
4 −6

]

·X =

[
2 3
4 6

]

+)




2 −3 1
4 −5 2
5 −7 3



 ·X ·





9 7 6
1 1 2
1 1 1



 =





2 0 −2
18 12 9
23 15 11





]) [
1 2
3 4

]

·X =

[
3 5
5 9

]

�) X ·





5 3 1
1 −3 −2
−5 2 1



 =





−8 3 0
−5 9 0
−2 15 0





61–64-¸ ¦¨®¦¡§§¨ £§§¸µ ¹¯¤¦¸§§¨°¤ ¤¢¡¯º¡ ¦®.o
61. �) [

2 −1
3 0

] +) [
1 0
0 0

]

o
62. �) [

1 −2 1
−2 4 3

] +)




2 −4 6 −6 5
1 −2 2 10 3
2 −4 2 −17 0





o
63. �)





1 −4 8
3 −2 4
4 −2 4



 +)




3 −1 2
4 −3 3
1 3 0





o
64. �)





−1 2 0 1 4
1 2 3 −1 5
0 4 4 0 9



 +)




1 1 0 −3 −4
1 1 −1 2 −1
2 2 1 −1 3





o
65. A4×4

¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ¥¢¡¢¢£ �®¡©©¥©º ¦® rangA ¾¢¨¥¢º¥¢¤¬¢¾ ±¢?o
66. A ³® «¾«¾ ¹©¥¸¯¬ ¦® ¥³³¤¯º ¸©¤¡ �¹©¸ ¥¦¦ ©º¾ ±¢?o
67.

�©¸©©¾ ¹©¥¸¯¬°¤ ¸©¤¡¯º¡ ¹¯¤¦¸°¡ ¢¹»¯¾ ©¸¡©©¸ ¦®. A§§¸µ ¹¯à¤¦¸, £§§¸µ ¹«¸ ©¡©¤°¡ ´©©.
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a)





2 −4 3 −3 5
1 −2 1 5 3
1 −2 4 −3 6



 +)








3 4 −1 5 −2
1 5 −2 3 4
2 −1 1 2 3
3 −7 4 1 −7
0 11 −5 4 −4









])






3 −1 3 2 5
5 −3 2 3 4
1 −3 −5 0 −7
7 −5 1 4 1







�)




2 −1 3 −2 4
4 −2 5 1 7
2 −1 1 8 2





o
68. ·¡¢® ¾§±¯¸¡©®¥ ¾¯º» ¨©¸©©¾ ¹©¥¸¯¬°¤ ¸©¤¡¯º¡ ¦® (

A§§¸µ ¹¯¤¦-¸§§¨°¤ ¤¢¡¯º¡ ¦®).
a)







17 51 27 31
93 25 14 121
94 27 15 120
18 53 28 30







+)




47 −67 35 201 155
26 98 23 −294 86
16 −428 1 1284 52





])




3 −2 1 −1
3 −2 −1 −1
1 −1 2 5



 �)






2 3 −1 1 −3
3 −1 2 4 8
1 1 3 −2 −6
−1 2 3 5 −3







/)






2 2 −1 1
4 3 −1 2
8 5 −3 4
3 3 −2 2







Z)






2 3 −1 1 1
8 12 −9 8 3
4 6 3 −2 3
2 3 9 −7 3







o
69. ·¡¢® ¾§±¯¸¡©®¥ ¾¢¸¢¡®¢¤ ¨©¸©©¾ ¹©¥¸¯¬§§¨°¤ §¸±§§¡ ¦®.

�)






1 1 3 2
2 2 1 2
1 2 3 4
1 1 2 3







+)




2 5 7
6 3 4
5 −2 −3





])






1 2 3 4
2 3 1 2
1 1 1 −1
1 0 −2 −6







�)






1 1 1 1
1 1 −1 −1
1 −1 1 −1
−1 −1 −1 1







/)






0 1 1 1
−1 0 1 1
−1 −1 0 1
−1 −1 −1 0







Z)




1 2 1
4 3 −2
−5 −4 −1





o
70. A =







1 2 3 4
0 −1 2 1
3 4 0 2
5 8 6 10






¹©¥¸¯¬°¤ £§§¸µ ¹«¸ ©¡©¤§§¨°¡ ¦®»,

£§§¸µ ¯ª ¹«¸¯º¡ £§§¸µ ¹«¸««¸, £§§¸µ ¯ª ©¡©¤°¡ £§§¸µ ©¡©¤©©¸
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´©¨©®.
r���.

2. a)





−1 3 −9
−6 −4 12
−3 3 −7



, +)






−14 −3 −2
2 7 1
6 −2 0

−9 2 3







9. 1. D ¹©¥¸¯¬ ¾¢±¢¢¸,
A ¨¯©¡¦¤©®µ ¹©¥¸¯¬, 2. d1 = d2 = . . . = dn, A ¨§¸°¤ ÿ±©¨¸©¥ ¹©¥¸¯¬¦® AD = DA

©º¤©. 11. ß¡³º 14. a)

[
5 −5
20 0

]

15. a)




0 0 0
0 0 0
0 0 0



 17.





8 0 5
0 8 0
0 0 8



 25. a) 0, +) x = (−1)k π
3 + πk, k ∈ Z

31. a) −119, +) 0 33. det(2A) = 2n detA, det(−A) = (−1)n detA,

detA2 = (detA)2 37. a) 1
7





−3 1 9
−5 −3 8
−4 −1 5



 39.






1 1
3

8
3

−5
2 4 1

2

−9 16
3

1
3






44.









2 − n 1 1 . . . 1
1 −1 0 . . . 0
1 0 −1 . . . 0
. . . . . . . . . . . . . . .

1 0 0 . . . −1









47. E
© [

a b

c −a

]

, a2 + bc = 1

57. a) −21, +) 90, ]) 1000, �) (x4−x3)(x3−x2)(x4−x2)−2(x3−x1)(x4−x1)

58. a) −185, +) −6, ]) −3, �) 100 59. a) n!, +) 1 · 3 · 5 . . . (2n − 1),

]) (−1)
1

2
(n−1)(n−2) · (n − 1), �) 2n−1(3n + 2) 60. a)

[
2+3c1

2
3+3c2

2
c1 c2

]

,

c1, c2 ∈ K.



II �����. �s��t�u ���v�������u
w�w�xt

2.1. y����� ����������
� ����O�
� ������� N�J���
ôõôö÷ôøùôùú

. n ÌÎ ÄÁÐÁÓÐÁÓIÆÁÖ m ÆÁÓ�ÇÆÓÁÎÇÖÊ
a11x1 + a12x2 + · · · + a1nxn = b1
a21x1 + a22x2 + · · · + a2nxn = b2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + · · · + amnxn = bm







(2.1)

(aij , bi (i = 1,m, j = 1, n) ÆÒÒÊÔÔÐ) ÇÖÄ ÍÁÎËÁÂÆÁÖ òÇòÆÏÄÇÖÓ �ÔÓÅ�ÄÅÊ ÆÁÓ�ÇÆÓÁÎÇÖÊ òÇòÆÏÄ ÓÁÊÁ. ·¤¨ aij
¤µ i-p ¥¢¡ª¯¥¡¢®¯º¤ j-p ³®¹¢¨¢¡¨¢¡² (xj)-

¯º¤ ÿ¦¢CC¯¬¯¶¤¥.

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

am1 am2 . . . amn








¹a¥¸¯¬°¡ £¯£¥¶¹¯º¤ ³¤¨£¢¤ ¹©¥¸¯¬,

A =








a11 a12 . . . a1n b1
a21 a22 . . . a2n b2

. . . . . .
. . . . . . . . .

am1 am2 . . . amn bm








¹©¥¸¯¬°¡ £¯£¥¶¹¯º¤ «¸¡«¥¡«£«¤ ¹©¥¸¯¬ ¡¢¤¢.
X =








x1

x2
...
xn







, B =








b1
b2
...
bm








¡¢» ¥¢¹¨¢¡®¢±¢® (2.1) £¯£¥¶¹¯º¡

A ·X = B (2.2)¡¢» ¯²¤¢. ·¤¢ ¯²®¢¡¯º¡ (2.1) £¯£¥¶¹¯º¤ ¹©¥¸¯¬©¤ ¾¢®¢¸ ¡¢¤¢. ¿«¤
(2.1) £¯£¥¶¹¯º¡








a11

a21
...

am1







x1 +








a12

a22
...

am2







x2 + · · · +








a1n

a2n

...
amn







xn =








b1
b2
...
bm








(2.3)

¡¢» ¹©¥¸¯¬©¤ ¾¢®¢¸¥¢º ¯²¯» ¦®¤¦.



2.2. =ë�éM>ëð� �ëðî, �#æè>è� éåæ�ëéæåäëð� éå�ìãã ñè�èêéèð �ë�éM>ããî
57

2.2. ?���O�
� ��
�, ������ ����������
� ����   J�z�����
 ����O  �
ôõôö÷ôøùôùú

. {ÇòÆÏÄ (2.1)-ÇÖÊ x1, x2, . . . , xn-ÇÖÊ ÒÂÒÊÐ ÒÂÎÔÔÎÅÍÅÐ
(2.1)

òÇòÆÏÄÐ ÒÂòÒÊ ÆÁÓ�ÇÆÓÁÎ ËÌÂÇÖÓ ÌÊÁÊ ÆÁÊÈÁÆÓÁÎÐ �ÇÎüÌÌÎÁÍ
(c1, c2, . . . , cn) ÓÁòÁÊ ÁÂÁÄËÁÎÁÓÐòÁÊ ÆÒÒÊÔÔÐÉÊ òÇòÆÏÄÇÖÓ (2.1) òÇòÆÏÄÇÖÊ�ÇÖÐ ÓÁÊÁ. |ÇÖÐÇÖÓ

C =








c1
c2
...
cn








ÓÁòÁÊ ÄÅÆÂÇÈ ÍÁÎËÁÂÆÁÖ ËÇIÇü ËÒÎÊÒ.
Ü¢¸¢± £¯£¥¶¹ (2.1) ¤µ �¨©» ¤¢¡ ª¯º¨¥¢º ¦® ¥³³¤¯º¡ ¤¯º¬¥¢º, ¢£¸¢¡ ¥¦¾à¯¦®¨¦®¨ ¤¯º¬¡³º ¡¢» ¤¢¸®¢¤¢. A¯£¥¶¹ ¤µ ¬¦¸ ¡©¤¬ ª¯º¨¥¢º ¦® ¥³³¤¯º¡¥¦¨¦¸¾¦º, ¤¢¡¢¢£ ¯®³³ ª¯º¨¥¢º ¦® ¥¦¨¦¸¾¦º ¯ª £¯£¥¶¹ ¡¢¤¢. A¯£¥¶¹¯º¡¦¨ ¡¢¨¢¡ ¤µ §¡ £¯£¥¶¹¯º¤ ¤¯º¬¥¢º ¢£¢¾¯º¡ ¥¦¡¥¦¦», ¤¯º¬¥¢º ¦® ³¾ª¯º¨¯º¡ ¦®¦¾°¡ ¾¢®¤¢.ØÙÚÛÛ

2.1.
2x1 = 3

x1 + 4x2 = 1

}

£¯£¥¶¹ ¤µ (3
2 ,−1

8) ¡¢£¢¤ ¡©¤¬ ª¯º¨¥¢º ¥§® ¤¯º¬¥¢º ¥¦¨¦¸¾¦º £¯£¥¶¹ ½¹.ØÙÚÛÛ
2.2. 2x1−3x2 +x3 = 4 ¡¢£¢¤ ¡©¤¬ ¥¢¡ª¯¥¡¢®¢¢£ ¥¦¡¥¦¾ £¯£¥¶¹ ¤µ¤¯º¬¥¢º ¥¦¨¦¸¾¦º ¯ª ©º¤©. x1 = c1, x2 = c2, ∀c1, c2 ∈ R, x3 = 4−2c1+3c2¦®¦¾ © ª¯º¨ ¤µ {c1, c2, 4 − 2c1 + 3c2, ∀c1, c2 ∈ R}.ØÙÚÛÛ
2.3.

x1 + x2 = 0
x1 + x2 = 3

}

£¯£¥¶¹ ¤¯º¬¡³º.
Ü¢¸¢± (2.1) £¯£¥¶¹¨ aij = 0, bi = 0 (i = 1,m, j = 1, n)

¦® (2.1) ¤µ ¥«¡£¡«®à¡³º ¦®¦¤ ª¯º¨¥¢º, ³¾ aij = 0 ³¶¨ �¨©» ¤¢¡ bi 6= 0
¦® (2.1) ¤µ ¤¯º¬¡³º£¯£¥¶¹ ©º¤©.l§¡©¹©¤ ¥¢¡ª¯¥¡¢®¯º¤ ¾¦Ý¸ £¯£¥¶¹¯º¤ ¤¢¡¤¯º¾ ¤µ ª¯º¨ ³¸ ¤«¡««¡¯º¤-¾«« ª¯º¨ ¦®» ©º±©® ««¸««¸ ¾¢®¢® ª¯º¨³³¨¯º¤ ¦®¦¤®¦¡ ¤µ ¯»¯® ©º±©®¾¦Ý¸ £¯£¥¶¹¯º¡ ¥¢¤¬³³ ²©¤©¸¥©º (¢ÿ±¯±©®¶¤¥) ¡¢¤¢.A¯£¥¶¹¯º¡ ¾§±¯¸¡©¾ ¨©¸©©¾

1.
A¯£¥¶¹¯º¤ ©®µ ¤¢¡ ¥¢¡ª¯¥¡¢®¯º¡ ¥¢¡¢¢£ �®¡©©¥©º ¥¦¦¡¦¦¸ ³¸»³³®¢¾

2.
A¯£¥¶¹¯º¤ ©®µ ¤¢¡ ¥¢¡ª¯¥¡¢® ¨¢¢¸ ««¸ ¤¢¡ ¥¢¡ª¯¥¡¢®¯º¡ ¥¢¡¢¢£ �®à¡©©¥©º ¥¦¦¡¦¦¸ ³¸»³³®» ¤¢¹¢¾

3.
A¯£¥¶¹¯º¤ ¾¦Ý¸ ¥¢¡ª¯¥¡¢®¯º¤ ©º¸°¡ £¦®¯¾ ¾§±¯¸¡©®¥§§¨°¡ ¢¡¢®
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¾§±¯¸¡©®¥ ¡¢¤¢.A¯£¥¶¹¯º¤ ¢¡¢® ¾§±¯¸¡©®¥§§¨ ¤µ «¸¡«¥¡«£«¤ ¹©¥¸¯¬°¤ ¾©¸¡©®´©¾ ¹«¸¨¢¢¸ ¾¯º¾ ¾§±¯¸¡©®¥ ¡¢¨¡¯º¡ ¾�®©¸¾©¤ ¾©¸» ¦®¤¦.
·¡¢® ¾§±¯¸¡©®¥ ¾¯º» ¡©¸¡©£©¤ £¯£¥¶¹ ¤µ «¡£«¤ £¯£¥¶¹¥¢º ¥¢¤¬³³ ²©¤©¸à¥©º ¡¢¨¡¯º¡ ©¥©®» ¦®¤¦.
2.3. �� N8	8	 ������ ����������
� ����O�
� ��
�.~��O��
� �4��4
n ³® ¹¢¨¢¡¨¢¡²¥¢º n ª§¡©¹©¤ ¥¢¡ª¯¥¡¢®¯º¤ £¯£¥¶¹ ©±² ³´µ¶.

a11x1 + a12x2 + · · · + a1nxn = b1
a21x1 + a22x2 + · · · + a2nxn = b2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

an1x1 + an2x2 + · · · + annxn = bn







(2.4)

·¤¢ £¯£¥¶¹¯º¡ ¹©¥¸¯¬©¤ ¾¢®¢¸¥ ¯²±¢®
AX = B (2.5)

A¯£¥¶¹¯º¤ ¹©¥¸¯¬°¤

∆ = detA =

∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣

¥¦¨¦¸¾¦º®¦¡²¯º¡ (2.4) £¯£¥¶¹¯º¤ ¥¦¨¦¸¾¦º®¦¡² ¡¢¤¢.
Ü¢¸¢± detA 6= 0

¦® £¯£¥¶¹¯º¡ ³® «¾«¾, ¢£¸¢¡ ¥¦¾¯¦®¨¦®¨ «¾«¾ £¯£¥¶¹¡¢¤¢.
ß® «¾«¾ (detA 6= 0) £¯£¥¶¹ (2.4)-

¯º¤ ª¯º¨³³¨¯º¡ ¦®3Ý. A¯£¥¶¹¯º¤ ¹©à¥¸¯¬ ³® «¾«¾ §²¸©©£ ¥³³¤¨ ¬¦¸ ¡©¤¬ §¸±§§ A−1 ¦®¨¦¤¦. (2.5) £¯£¥¶¹¯º¤¾¦Ý¸ ¥©®°¡ ´³³¤ ¥©®©©£ ¤µ A−1 ¹©¥¸¯¬©©¸ ³¸»³³®», A−1A = E, EX = X©º¨¡¯º¡ ¾©¸¡©®´©¤ ³´±¢®
X = A−1B (2.6)

(2.6) ¤µ ©±² ³´¢» §º £¯£¥¶¹¯º¤ ª¯º¨¯º¤ ¹©¥¸¯¬©¤ ¯²®¢¡ ½¹. (2.6)-¡







x1

x2
...
xn








=
1

∆








A11 A21 . . . An1

A12 A22 . . . An2

. . . . . .
. . . . . .

A1n A2n . . . Ann







·








b1
b2
...
bn
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§½§







x1

x2
...
xn








=
1

∆







A11b1 +A21b2 + · · · +An1bn
A12b1 +A22b2 + · · · +An2bn

. . . . . . . . . . . . . . . . . .

A1nb1 +A2nb2 + · · · +Annbn







¡¢» ¯²¯» ¦®¤¦. ·¤¨¢¢£ ∀j (j = 1, n)-
¯º¤ ¾§±µ¨

xj =
1

∆
(A1jb1 +A2jb2 + · · · +Anjbn)

©º¤©.
1.11-
¯º¤ ¥¶¦¸¶¹ 1.4-¨ £§¨©®£¤©©¸

A1jb1 +A2jb2 + · · · +Anjbn¤µ ∆ ¥¦¨¦¸¾¦º®¦¡²¯º¤ j-p ©¡©¤°¡ £¯£¥¶¹¯º¤ £§® ¡¯ª³³¤¯º ©¡©¤©©¸£¦®¯¾¦¨ ¡©¸£©¤ ¥¦¨¦¸¾¦º®¦¡² ©º¤©. �«¸««¸ ¾¢®¢®:
A1jb1 + · · · + bnAnj =

∣
∣
∣
∣
∣
∣
∣
∣

a11 . . . a1j−1 b1 a1j+1 . . . a1n

a21 . . . a2j−1 b2 a2j+1 . . . a2n

. . . . . . . . . . . . . . . . . . . . .

an1 . . . anj−1 bn anj+1 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣

= ∆j

©º¤©. �º¹¨
xj =

∆j

∆
(j = 1, n) (2.7)

(2.7) ¥¦¹3Ý¦¡ P¸©¹¶¸¯º¤ ¥¦¹3Ý¦ ¡¢» ¤¢¸®¢¤¢. (2.6) ¤µP¸©¹¶¸¯º¤ ¥¦¹3Ý¦-¤° ¹©¥¸¯¬©¤ ¥©±¯®¥ ½¹.
ß® «¾«¾ A ¹©¥¸¯¬©¨ §¸±§§ ¹©¥¸¯¬ ´«±¾«¤ ¡©¤¬ ¦®¨¦¾ §²¯¸ (2.6) ¤µ ´«±¾«¤¡©¤¬ ©º¤©. �º¹¨ n ³® ¹¢¨¢¡¨¢¡²¥¢º n ª§¡©¹©¤ ¥¢¡ª¯¥¡¢®¯º¤ ³® «¾«¾£¯£¥¶¹ ¤µ ¡©¤¬ ª¯º¨¥¢º ©º¾ © ¥³³¤¯º ª¯º¨¯º¡ P¸©¹¶¸¯º¤ ¥¦¹3Ý¦¡¦¦¸¦®¤¦.ØÙÚÛÛ

2.4.
A¯£¥¶¹¯º¡ ¹©¥¸¯¬©¤ ¾¢®¢¸¥ ¯²¯» ¦¨.

3x1 + 5x2 − 2x3 = b1
x1 − 3x2 + 2x3 = b2

6x1 + 7x2 − 3x3 = b3







a) b1 = 1, b2 = 2, b3 = −1+) b1 = b2 = 0, b3 = 5 ¥¦¾¯¦®¨¦®¨ ¦¨.1ÒÐÒÎÆ. A¯£¥¶¹¯º¤ ¹©¥¸¯¬ ¤µ
A =





3 5 −2
1 −3 2
6 7 −3
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©º¤©.

detA =

∣
∣
∣
∣
∣
∣

3 5 −2
1 −3 2
6 7 −3

∣
∣
∣
∣
∣
∣

= 10 6= 0

A¯£¥¶¹¯º¤ ¹©¥¸¯¬°¤ §¸±§§ ¹©¥¸¯¬ ¤µ

A−1 =
1

10





−5 1 4
15 3 −8
25 9 −14





¦®¤¦. A¯£¥¶¹¯º¤ ª¯º¨ ¤µ




x1

x2

x3



 =





−0, 5 0, 1 0, 4
1, 5 0, 3 −0, 8
2, 5 0, 9 −1, 4



 ·





b1
b2
b3





x1 = −0, 5b1 + 0, 1b2 + 0, 4b3
x2 = 1, 5b1 + 0, 3b2 − 0, 8b3
x3 = 2, 5b1 + 0, 9b2 − 1, 4b3

¦®¤¦.�) ¥¦¾¯¦®¨¦®¨ x1 = −0, 5 + 0, 1 · 2 + 0, 4 · (−1) = −0, 7
x2 = 1, 5 + 0, 3 · 2 − 0, 8 · (−1) = 2, 9
x3 = 2, 5 + 0, 9 · 2 − 1, 4 · (−1) = 5, 7+) ¥¦¾¯¦®¨¦®¨ x1 = 2, x2 = −4, x3 = −7

©º¤©.
2.4.

~�4�O;O�-~��O���
� �O4�O
n ³® ¹¢¨¢¡¨¢¡²¥¢º m ¥¢¡ª¯¥¡¢®¯º¤ (2.1) £¯£¥¶¹¯º¡ ©±² ³´µ¶.FôöFG

2.1 (
�öô"F�Fö

-
�!�Fùù

).
l§¡©¹©¤ ¥¢¡ª¯¥¡¢®¯º¤ (2.1) £¯£¥¶¹¤¯º¬¥¢º ©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ £¯£¥¶¹¯º¤ ¹©¥¸¯¬°¤¸©¤¡ «¸¡«¥¡«£«¤ ¹©¥¸¯¬°¤ ¸©¤¡¥©º ¥¢¤¬³³ ©º¾ �±¨©® ½¹. �«¸««¸ ¾¢®¢®

(2.1) £¯£¥¶¹ ¤¯º¬¥¢º⇐⇒ rangA = rangA.1ÅÆÅÎÓÅÅ. (2.1) £¯£¥¶¹¯º¡ (2.3) ¾¢®¢¸¥ ¯²µ¶.
⇒: �«¸««¸ ¾¢®¢® (2.1) £¯£¥¶¹ ¤¯º¬¥¢º ¦® rangA = rangA

©º¾°¡©¥©®3�. ·¤¨:

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

am1 am2 . . . amn








A =








a11 a12 . . . a1n b1
a21 a22 . . . a2n b2

. . . . . .
. . . . . . . . .

am1 am2 . . . amn bm
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(2.1) £¯£¥¶¹¯º¤ ª¯º¨¯º¡ (c1, c2, . . . , cn) ¡¢±¢®







a11

a21
...

am1







c1 +








a12

a22
...

am2







c2 +








a1n

a2n

...
amn







cn =








b1
b2
...
bm








¯¶®¤¢. ·¤¢ ¤µ A ¹©¥¸¯¬°¤ £³³®²¯º¤ ©¡©¤© ¤µ §£©¨ ©¡©¤§§¨°¤¾©©ª§¡©¹©¤ ¢±®³³®¢¡ ¦®» ©º¡©©¡ ´©©¤©. A ¹©¥¸¯¬°¤ £³³®²¯º¤ ©¡©¤©©£§£©¨ ©¡©¤§§¨°¤ ¨¢¢¸¾ ª§¡©¹©¤ ¢±®³³®¡¯º¡ ¾©£±©®

A1 =








a11 a12 . . . a1n 0
a21 a22 . . . a2n 0

. . . . . .
. . . . . . . . .

am1 am2 . . . amn 0








¦®¤¦. ·¤¨¢¢£ rangA1 = rangA = rangA
¦®¦¾ ¤µ ¾©¸©¡¨©» ©º¤©.

⇐: rangA = rangA
¦® (2.1) £¯£¥¶¹ ¤¯º¬¥¢º ¡¢¨¡¯º¡ ©¥®©¤©. rangA =

rangA ¡¢¨¡¢¢£ A © A ¾¦Ý§®©¤¨ ¤µ ¤µ £§§¸µ ¹¯¤¦¸ ¦®¦¾M ¹¯¤¦¸ ¦®¨¦¤¦.A§§¸µ ¹¯¤¦¸°¤ ¥§¾©º ¥¶¦¸¶¹ 1.15-©©¸ A ¹©¥¸¯¬°¤ £³³®²¯º¤ ©¡©¤© ¤µ£§§¸µ ©¡©¤§§¨°¤ ª§¡©¹©¤ ¢±®³³®¢¡ ¦®¤¦. ·¤¢ ¤µ A-¤ £³³®²¯º¤ ©¡©¤©
A ¹©¥¸¯¬°¤ ³¾ ©¡©¤§§¨°¤ ª§¡©¹©¤ ¢±®³³®¢¡ ©º¤© ¡¢£¢¤ ³¡ ½¹. �º¹¨








b1
b2
...
bm








=








a11

a21
...

am1







α1 +








a12

a22
...

am2







α2 +








a1n

a2n

...
amn







αn

©º¾ (α1, α2, . . . , αn) £¯£¥¶¹ ¦®¨¦¤¦. ·¤¨ ¦¸£¦¤ αi (i = 1, n)
³¡¨ ¤¢¡¢¤´¢¸¢¡ ¥¢¡¥¢º ¥¢¤¬³³ ¯ª (M ¹¯¤¦¸¥ ¦¸£¦¤ £§§¸µ ©¡©¤§§¨©¨ ¾©¸¡©®´©¾

αi-
³³¨¯º¤ ¨¦¥¦¸ ¥¢¡¢¢£ �®¡©©¥©º αi

¯º
)
�¤¡¢» (α1, α2, . . ., αn) ¡¢£¢¤¢¸¢¹¢®¢¡¨£¢¤ £¯£¥¶¹ ¤µ (2.1)-

¯º¤ ª¯º¨ ¦®» ©º¤©. N

2.5. y����� ����������
� ���&� ����O�
� N4�4	
FôöFG

2.2. Ü¢¸¢± ¤¯º¬¥¢º £¯£¥¶¹¯º¤ ¹©¥¸¯¬°¤ ¸©¤¡ ¤µ ³® ¹¢¨¢¡¨¢¾¯º¤¥¦¦¥¦º ¥¢¤¬³³ ¦® £¯£¥¶¹ ¡©¤¬ ª¯º¨¥¢º.1ÅÆÅÎÓÅÅ. A¯£¥¶¹ (2.1) ¤¯º¬¥¢º © rangA = n ¡¢¶. 0¢¡±¢® A © A ¾¦Ý§à®©¤¨ ¤µ £§§¸µ ¹¯¤¦¸ ¦®¦¾ M ¹¯¤¦¸ ¦®¨¦¤¦. A ¹©¥¸¯¬°¤ £§§¸µ ¯ª¹«¸ ³¸ £§§¸µ ¹«¸³³¨¯º¤ ª§¡©¹©¤ ¢±®³³®¢¡ ¦®¤¦. �¤¡¢¾®¢¢¸ (2.1)-
¯º¤ÿ¦¢CC¯¬¯¶¤¥³³¨ ¤µ £§§¸µ ¹¯¤¦¸M -

¯º¡ ³³£¡¢¾ n ¥¢¡ª¯¥¡¢®¯º¤ £¯£¥¶¹¥¢º
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©¨¯® ²©¤©¸¥©º (¢ÿ±¯±©®¶¤¥). A³³®²¯º¤ £¯£¥¶¹ ¤µ n ³® ¹¢¨¢¡¨¢¡²¥¢º n¥¢¡ª¯¥¡¢®¯º¤ ³® «¾«¾ £¯£¥¶¹ ©º¾ §²¯¸ £¯£¥¶¹ ¡©¤¬ ª¯º¨¥¢º. NFôöFG

2.3. Þ¯º¬¥¢º £¯£¥¶¹¯º¤ ¹©¥¸¯¬°¤ ¸©¤¡ ¤µ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦-¤¦¦£ ©¡© ©º±©® £¯£¥¶¹ ¥«¡£¡«®¡³º ¦®¦¤ ª¯º¨¥¢º.1ÅÆÅÎÓÅÅ. (2.1) £¯£¥¶¹ ¤¯º¬¥¢º © rangA = rangA = r < n
©º¡. M ¤µ

A
© A ¹©¥¸¯¬°¤ £§§¸µ ¹¯¤¦¸ ¡¢¶. Ü�®©¸°¡ ¦¨¦» £§§¸µ ¹¯¤¦¸ ¤µ A¹©¥¸¯¬©¨ ´³³¤ ¨¢¢¨ §®©¤¨ ¤µ ©º¸®©¨©¡ ¡¢¶. Ü¢¸¢± ¯º¹ ©º¸®©®¥©º ¯ª¦® ¹«¸ ©¡©¤°¤ ©º¸°¡ £¦®¯¾ ¾§±¯¸¡©®¥©©¸ ´³³¤ ¨¢¢¨ §®©¤¨ ¤µ ©±²¯¸²¦®¤¦.

M =

∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1r

a21 a22 . . . a2r

. . . . . .
. . . . . .

ar1 ar2 . . . arr

∣
∣
∣
∣
∣
∣
∣
∣
∣

A ¹©¥¸¯¬°¤ £§§¸µ ¯ª ¹«¸ ¦®¡¦¤°¡ £§§¸µ ¹«¸³³¨¢¢¸ ¯®¢¸¾¯º®» ¦®¦¾§²¸©©£ (2.1) £¯£¥¶¹ ¤µ
a11x1 + . . . + a1rxr + a1r+1xr+1 + . . .+ a1nxn = b1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ar1x1 + . . .+ arrxr + arr+1xr+1 + . . .+ arnxn = br§½§
a11x1 + . . .+ a1rxr = b1 − a1r+1xr+1 − . . .− a1nxn

a21x1 + . . .+ a2rxr = b2 − a2r+1xr+1 − . . .− a2nxn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ar1x1 + . . .+ arrxr = br − arr+1xr+1 − . . . − arnxn







(2.8)

£¯£¥¶¹¥¢º ¥¢¤¬³³ ²©¤©¸¥©º. xr+1, xr+2, . . . , xn-³³¨¯º¤ ¦¸¦¤¨ ¨§¸°¤ ¦¨¯¥¥¦¦ ¦¸®§§®©¾©¨
a11x1 + . . .+ a1rxr = b1 − a1r+1cr+1 − . . .− a1ncn
a21x1 + . . .+ a2rxr = b2 − a2r+1cr+1 − . . .− a2ncn
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ar1x1 + . . . + arrxr = br − ar+1cr+1 − . . . − arncn







(2.9)

¡¢£¢¤ r ³® ¹¢¨¢¡¨¢¡²¥¢º r ¥¢¡ª¯¥¡¢®¯º¤ ³® «¾«¾ £¯£¥¶¹ ³³£¤¢. ·¤¢ £¯£à¥¶¹¯º¤ ¥¦¨¦¸¾¦º®¦¡² ¤µ∆ = M 6= 0 ¥§® (2.9) £¯£¥¶¹ ¤¯º¬¥¢º. (xr+1, . . . , xn)-³³¨¯º¤ ¦¸¦¤¨ ¨§¸°¤ ¥¦¦¤§§¨°¤ £¯£¥¶¹ ©±©¾ ³¸¨ (2.9) £¯£¥¶¹ ¤¢¡ ª¯º¨¥¢º.�º¹¢¢£ (2.1) £¯£¥¶¹ ¥«¡£¡«®¡³º ¦®¦¤ ª¯º¨¥¢º ¦®» ©º¤©. NFôöFG
2.4. Ü¢¸¢± £¯£¥¶¹ ¤µ ¡©¤¬ ª¯º¨¥¢º ¦® £¯£¥¶¹¯º¤ ¹©¥¸¯¬°¤¸©¤¡ ¤µ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦¥¦º ¥¢¤¬³³ ©º¤©.FôöFG
2.5. Ü¢¸¢± £¯£¥¶¹ ¤µ ¥«¡£¡«®¡³º ¦®¦¤ ª¯º¨¥¢º ¦® £¯£¥¶¹¯º¤¹©¥¸¯¬°¤ ¸©¤¡ ¤µ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦¤¦¦£ ©¡© ©º¤©.
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·¨¡¢¢¸ ¥¶¦¸¶¹°¤ ©¥©®¡©© ¤µ ¥¶¦¸¶¹ 2.2, ¥¶¦¸¶¹ 2.3-©©£ ¹«¸¨«¤ ¡©¸¤©.
Þ¯º¬¥¢º £¯£¥¶¹¯º¤ ¹©¥¸¯¬°¤ ¸©¤¡ ¤µ r ¦® ÿ¦¢CC¯¬¯¶¤¥ ¤µ £§§¸µ ¹¯¤¦à¸°¡ ³³£¡¢¾ r ¥¦¦¤° ³® ¹¢¨¢¡¨¢¡²¯º¡ £§§¸µ ³® ¹¢¨¢¡¨¢¡² ¡¢¤¢. á§£©¨ ³®¹¢¨¢¡¨¢¡²³³¨¯º¡ (n− r ¥¦¦¤°) ²«®««¥ ³® ¹¢¨¢¡¨¢¡² ¡¢» ¤¢¸®¢¤¢.A§§¸µ ¹¯¤¦¸ ¡©¤¬ ¯ª ©º» ¦®¦¾ ¥§® £§§¸µ ³® ¹¢¨¢¡¨¢¡²³³¨ ¤µ ¤¢¡§¥¡©¥©º ¯ª ©º¤©.0¶¦¸¶¹ 2.3-°¤ ©¥©®¡©©¡©©¸ rangA = rangA = r < n

©º¾ ¥¦¨¦¸¾¦º¯ª £¯£¥¶¹¯º¡ ¦¨¦¾ ©¸¡°¡ ©±² ³´£¢¤. ß³¤¨ ¯¨ (2.1) £¯£¥¶¹¯º¡ ¯»¯®²©¤©¸¥©º (2.8) £¯£¥¶¹¢¢¸ £¦®µ» ²«®««¥ ³® ¹¢¨¢¡¨¢¡² xr+1, xr+2, . . . , xn-³³¨¢¨ ¨§¸°¤ §¥¡© «¡² ¢¨¡¢¢¸¥ ¾©¸¡©®´©¾ ¡¯ª³³¨¯º¡ ¦®» ©º£©¤.R±² ³´¢» ©º¡©© (2.1) £¯£¥¶¹ ¤µ (α1, α2, . . . , αn) ª¯º¨¥¢º ¦® (2.1)-¥¢º¥¢¤¬³³ ²©¤©¸¥©º £¯£¥¶¹ (2.8) ¤µ
a11α1 + . . .+ a1rαr = b1 − a1r+1αr+1 − . . .− a1nαn

a21α1 + . . .+ a2rαr = b2 − a2r+1αr+1 − . . .− a2nαn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ar1α1 + . . . + arrαr = br − ar+1αr+1 − . . . − arnαn







(2.10)

¦®¤¦. ¿«¤ (2.8) £¯£¥¶¹¨ xr+1 = αr+1, . . . , xn = αn-
¯º¡ ¦¸®§§®©®

a11x1 + . . .+ a1rxr = b1 − a1r+1αr+1 − . . .− a1nαn

a21x1 + . . .+ a2rxr = b2 − a2r+1αr+1 − . . .− a2nαn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ar1x1 + . . . + arrxr = br − ar+1αr+1 − . . .− arnαn







(2.11)

¦®¤¦. (2.10), (2.11) £¯£¥¶¹³³¨¯º¡ »¯ª¯» ³´±¢®
(α1, α2, . . . , αr, αr+1, . . . , αn) ¤µ (2.11) £¯£¥¶¹¯º¤ª¯º¨ ¦®» ©º¡©© ¤µ ¾©¸©¡à¨©» ©º¤©.�¢¢¸ ©¥©®£©¤ ¥¶¦¸¶¹§§¨©©£ ª§¡©¹©¤ ¥¢¡ª¯¥¡¢®¯º¤ £¯£¥¶¹¯º¡ ¦¨¦¾ ©¸¡©¹«¸¨«¤ ¡©¸² ©º¤©. ·¤¢ ¤µ:
1.

A¯£¥¶¹¯º¤ ¦®¦¤, «¸¡«¥¡«£«¤ ¹©¥¸¯¬°¤ ¸©¤¡ ¦®¤¦. Ü¢¸¢± rangA 6=
rangA

¦® £¯£¥¶¹ ª¯º¨¡³º ¡¢» ¨³¡¤¢¤¢.
2. Ü¢¸¢± rangA = rangA

¦® £§§¸µ ¹¯¤¦¸, £§§¸µ ³® ¹¢¨¢¡¨¢¡²¯º¡ ¦®¤¦.
3. �¡£«¤ £¯£¥¶¹¯º¡ ¥³³¤¥¢º ¥¢¤¬³³ ²©¤©¸¥©º £§§¸µ ¹¯¤¦¸°¤ ¢®¶¹¶¤à¥³³¨¢¨ ¾©¸¡©®´©¾ r ¥¢¡ª¯¥¡¢®¯º¤ £¯£¥¶¹¢¢¸ £¦®¯¤¦.
4. Ü¢¸¢± £§§¸µ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦ ¤µ £¯£¥¶¹¯º¤ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦¥¦º¥¢¤¬³³ ¦® £¯£¥¶¹ ¡©¤¬ ª¯º¨¥¢º.
5. Ü¢¸¢± £§§¸µ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦ ¤µ £¯£¥¶¹¯º¤ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦¤¦¦£©¡© ¦® ²«®««¥ ³® ¹¢¨¢¡¨¢¾¯º¡ £§® ¡¯ª³³¤¨ ¥¦¦¬¦» ²«®««¥ ³® ¹¢¨¢¡¨¢¡²-¨¢¢¸ £§§¸µ ³® ¹¢¨¢¡¨¢¡²³³¨¯º¡ ¯®¢¸¾¯º®¢¾¢¨P¸©¹¶¸°¤ ¥¦¹3Ý¦ ¾¢¸¢¡®¢¤¢.�«®««¥ ³® ¹¢¨¢¡¨¢¡²¯º¤ ¥¦¨¦¸¾¦º §¥¡©¤¨ ¾©¸¡©®´©¾ ª¯º¨¯º¡ ¥§¾©º¤ ª¯º¨¡¢¤¢.
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ØÙÚÛÛ

2.5.
�©¸©©¾ £¯£¥¶¹¯º¡ ¦¨.

3x1 − x2 + x3 = 6
x1 − 5x2 + x3 = 12

2x1 + 4x2 = −6
2x1 + x2 + 3x3 = 3

5x1 + 4x3 = 9







1ÒÐÒÎÆ.
1. A =









3 −1 1
1 −5 1
2 4 0
2 1 3
5 0 4









A =









3 −1 1 6
1 −5 1 12
2 4 0 −6
2 1 3 3
5 0 4 9









rangA = rangA = 3
©º¡©© ¥§® £¯£¥¶¹ ¤¯º¬¥¢º.

2.
A§§¸µ ¹¯¤¦¸°¡ £¦¤¡¦¤¦. A§§¸µ ¹¯¤¦¸¦¦¸

M =

∣
∣
∣
∣
∣
∣

1 −5 1
2 4 0
2 1 3

∣
∣
∣
∣
∣
∣

¡¢» £¦¤¡¦Ý. M 6= 0
© rangA = 3.

A§§¸µ ³® ¹¢¨¢¡¨¢¡² ¤µ x1, x2, x3
¦®¤¦.

3. �¡£«¤ £¯£¥¶¹¯º¡ ¥³³¤¥¢º ¥¢¤¬³³ ²©¤©¸¥©º
x1 − 5x2 + x3 = 12

2x1 + 4x2 = −6
2x1 + x2 + 3x3 = 3







£¯£¥¶¹¢¢¸ £¦®¯¤¦.
4.

A§§¸µ ³® ¹¢¨¢¡¨¢¡²¯º¤ ¥¦¦ ¤µ £¯£¥¶¹¯º¤ ³® ¹¢¨¢¡¨¢¡²¯º¤ ¥¦¦¥¦º¥¢¤¬³³ ©º¤©. �º¹¨ £¯£¥¶¹ ¡©¤¬ ª¯º¨¥¢º. l¯º¨¯º¡ P¸©¹¶¸°¤ ¥¦¹3Ý¦¡¾¢¸¢¡®¢» ¦®¦® x1 = 1, x2 = −2, x3 = 1
¦®¤¦. (1;−2; 1) ¤µ £¯£¥¶¹¯º¤ I© IV ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¤©.ØÙÚÛÛ

2.6.
�©¸©©¾ £¯£¥¶¹¯º¡ ¦¨.

x1 + 2x2 − 3x3 + 4x4 = 7
2x1 + 4x2 + 5x3 − x4 = 2
5x1 + 10x2 + 7x3 + 2x4 = 11







1ÒÐÒÎÆ. A¯£¥¶¹¯º¤ © «¸¡«¥¡«£«¤ ¹©¥¸¯¬§§¨°¤ ¸©¤¡¯º¡ ¦®3Ý.
1. A =





1 2 −3 4
2 4 5 −1
5 10 7 2



 A =





1 2 −3 4 7
2 4 5 −1 2
5 10 7 2 11
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rangA = rangA = 2 ¥§® £¯£¥¶¹ ¤¯º¬¥¢º.
2.
A§§¸µ ¹¯¤¦¸°¡

M =

∣
∣
∣
∣

2 −3
4 5

∣
∣
∣
∣¡¢» £¦¤¡¦Ý.

3. �¡£«¤ £¯£¥¶¹ ¤µ
2x2 − 3x3 = 7 − x1 − 4x4

4x2 + 5x3 = 2 − 2x1 + x4

}

(∗)

£¯£¥¶¹¥¢º ¥¢¤¬³³ ²©¤©¸¥©º ¦®¤¦. A§§¸µ ¾§±µ£©¡² ¤µ £¯£¥¶¹¯º¤ ¾§±µ£©¡-²¯º¤ ¥¦¦¤¦¦£ ¬««¤ ¥§® £¯£¥¶¹ ¥«¡£¡«®¡³º ¦®¦¤ ª¯º¨¥¢º.
4.
P¸©¹¶¸°¤ ¥¦¹3Ý¦¡¦¦¸ (*) £¯£¥¶¹¯º¡ ¦¨±¦®

x2 =

∣
∣
∣
∣

7 − x1 − 4x4 −3
2 − 2x1 + x4 5

∣
∣
∣
∣

∣
∣
∣
∣

2 −3
4 5

∣
∣
∣
∣

=
41 − 11x1 − 17x4

22

x3 =

∣
∣
∣
∣

2 7 − x1 − 4x4

4 2 − 2x1 + x4

∣
∣
∣
∣

∣
∣
∣
∣

2 −3
4 5

∣
∣
∣
∣

=
24 − 18x4

22

�¤¡¢¾®¢¢¸ «¡£«¤ £¯£¥¶¹¯º¤ ª¯º¨³³¨¯º¤ ¦®¦¤®¦¡
{

c1,
41 − 11c1 − 17c2

22
,

24 − 18c2
22

, c2

∣
∣
∣ ∀c1, c2 ∈ R

}

¦®¤¦.
2.6. y����� ����������
� ��� �8���
� ����O. y�
��
������O����V ����O
ôõôö÷ôøùôùú

.|ÔÓÅÄÅÊ ÆÁÓ�ÇÆÓÁÎÌÌÐÇÖÊ òÇòÆÏÄÇÖÊ òÔÎ ÓÇ�ÌÌÐ ÆÁÓ-ÆÁÖ ÆÁÊÈÌÌ ËÒÎ ÔÔÎ òÇòÆÏÄÇÖÓ �ÔÓÅÄÅÊ ÆÁÓ�ÇÆÓÁÎÇÖÊ ÊÁÓ ÆÕÂÎÇÖÊ òÇò�ÆÏÄ ÓÁÊÁ.
Þ¢¡ ¥«¸®¯º¤ £¯£¥¶¹ ¤µ

a11x1 + a12x2 + . . .+ a1nxn = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + . . .+ amnxn = 0






(2.12)

¯º¹ ¾¢®¢¸¥¢º ©º¤©.
x1 = 0, x2 = 0, . . . xn = 0 (2.13)
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¤µ (2.12) £¯£¥¶¹¯º¡ ¾©¤¡©¤©. �º¹¨ ¤¢¡ ¥«¸®¯º¤ £¯£¥¶¹ ³¸¡¢®» ¤¯º¬¥¢º©º¤©.ôõôö÷ôøùôùú

. (0, 0, ..., 0) (2.13) �ÇÖÐÇÖÓ (2.12)
òÇòÆÏÄÇÖÊ ÆÁÓ �ÇÖÐËÔ�Ô Í5ÎËÅÂ �ÇÖÐ ÓÁÊÁ. 1ÔòÅÐ �ÇÖÐÇÖÓ ÆÂÇÃÇÅÎÑ ËÇ� �ÇÖÐ ÓÁÊÁ.

(2.12) £¯£¥¶¹ ¡©¤¬ ª¯º¨¥¢º ©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ £¯£à¥¶¹¯º¤ ¹©¥¸¯¬°¤ ¸©¤¡ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦¥¦º ¥¢¤¬³³ ©º¾ �±¨©® ½¹.ß³¤¯º ©¥©®¡©© ¤µ ¥¶¦¸¶¹ 2.2, ¥¶¦¸¶¹ 2.3, ¥¶¦¸¶¹ 2.4-««£ ª§§¨ ¹«¸¨«¤¡©¸¤©.
·¤¢ ¤µ m = n ³¶¨ (2.12) £¯£¥¶¹¯º¤ ¥¦¨¦¸¾¦º®¦¡² ¥¢¡¢¢£ �®¡©©¥©º, «.¾.
rangA = n

¦® £¯£¥¶¹ ¡©¤¬¾©¤ ¾�®©¸ ª¯º¨¥¢º ©º¤© ¡¢£¢¤ ³¡ ½¹.
Ü¢¸¢± (2.12) £¯£¥¶¹¯º¤ ¹©¥¸¯¬°¤ ¸©¤¡ ¤µ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦¤¦¦£ ©¡©,«.¾. rangA < n

¦® (2.12) ¤µ ¥«¡£¡«®¡³º ¦®¦¤ ª¯º¨¥¢º (¥¶¦¸¶¹ 2.3-°¡ ³´).ØÙÚÛÛ
2.7.

�©¸©©¾ £¯£¥¶¹¯º¡ ¦¨.
2x1 + x2 − x3 + x4 = 0

4x1 + 2x2 + x3 − 3x4 = 0

}

1ÒÐÒÎÆ. 0¢¡ª¯¥¡¢®¯º¤ ¥¦¦ ¤µ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦¤¦¦£ ¬««¤ ©º¤©. ·¤¢¥¦¾¯¦®¨¦®¨ £¯£¥¶¹¯º¤ ¹©¥¸¯¬°¤ ¸©¤¡ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦¤¦¦£ ´©©±©®©¡© ©º¾ ¥§® £¯£¥¶¹ ¥«¡£¡«®¡³º ¦®¦¤ ª¯º¨¥¢º ©º¤©.A¯£¥¶¹¯º¤ ¹©¥¸¯¬
A =

[
2 1 −1 1
4 2 1 −3

]

-
¯º¤ ¸©¤¡ ¤µ 2-¥¦º ¥¢¤¬³³ ©º¤©. A§§¸µ ¹¯¤¦¸¦¦¸

B =

∣
∣
∣
∣

1 −1
2 1

∣
∣
∣
∣

-
¯º¡ ©±©® «¡£«¤ £¯£¥¶¹ ¤µ

x2 − x3 = −2x1 − x4

2x2 + x3 = −4x1 + 3x4

}

£¯£¥¶¹¥¢º ¥¢¤¬³³ ²©¤©¸¥©º ¦®¤¦. A³³®¯º¤ £¯£¥¶¹¯º¡ ¦¨±¦®
x2 =

−6x1 + 2x4

3
, x3 =

−5x4

−3
=

5x4

3

�¡£«¤ £¯£¥¶¹¯º¤ ª¯º¨³³¨¯º¤ ¦®¦¤®¦¡¯º¡ ¯²±¢®
{

(c1,
−6c1 + 2c2

3
,

5c2
3
, c2)

∣
∣
∣ ∀c1, c2 ∈ R

}
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©º¤©. (2.12) £¯£¥¶¹¯º¤
C1 = (x′1, x

′
2, . . . , x

′
n)¥; C2 = (x′′1 , . . . , x

′′
n)¥ . . . Ck = (x

(k)
1 , . . . , x(k)

n )¥
¡¢£¢¤ ±¶ÿ¥¦¸ ¯²®¢¡¯º¡ (2.12) £¯£¥¶¹¯º¤ ª¯º¨¯º¤ ±¶ÿ¥¦¸ ¡¢» ¤¢¸®¢¶.
C1, C2, . . . , Ck

¤µ (2.12) £¯£¥¶¹¯º¤ ª¯º¨¯º¤ ±¶ÿ¥¦¸§§¨ ¦®
α1C1 + α2C2 + . . .+ αkCk, αi ∈ R (2.14)

¯®¢¸¾¯º®®¯º¡ C1, C2, . . . , Ck
ª¯º¨³³¨¯º¤ ª§¡©¹©¤ ¢±®³³®¢¡ ¡¢» ¤¢¸®¢¤¢.

αi-
ÿ¦¢CC¯¬¯¶¤¥³³¨.

C1, C2, . . . , Ck
ª¯º¨³³¨¯º¤ ±¶ÿ¥¦¸§§¨°¤ ©®µ ¤¢¡ ¤µ §£¨©©¸©© ª§¡©¹©¤¯®¢¸¾¯º®¢¡¨¢» (ª§¡©¹©¤ ¢±®³³®¢¡) ©º±©® C1, C2, . . . , Ck

ª¯º¨¯º¤ ±¶ÿà
¥¦¸§§¨°¡ ª§¡©¹©¤ ¾©¹©©¸©®¥©º, ¢£¸¢¡ ¥¦¾¯¦®¨¦®¨ ª§¡©¹©¤ ¾©¹©©¸©®¡³º¡¢» ¤¢¸®¢¤¢.FôöFG

2.6. (2.12) £¯£¥¶¹¯º¤ ¥«¡£¡«®«¡ ¥¦¦¤° ª¯º¨³³¨¯º¤ ª§¡©¹©¤¢±®³³®¢¡ (2.12) £¯£¥¶¹¯º¤ ª¯º¨ ¦®¤¦.1ÅÆÅÎÓÅÅ. ·¤¢ ¥¶¦¸¶¹°¤ ©¥©®¡©©¡ a = 2 ³¶¨
a11x1 + a12x2 = 0
a21x1 + a22x2 = 0

}

(∗)

£¯£¥¶¹ ¨¢¢¸ ¾¯º¶. C1 = (x′1, x
′
2), C2 = (x′′1 , x

′′
2)
¤µ ¢¤¢ £¯£¥¶¹¯º¤ ª¯º¨©º¡. 0¢¡±¢®

α1C1 + α2C2 = α1(x
′
1, x

′
2) + α2(x

′′
1 , x

′′
2) = (α1x

′
1 + α2x

′′
1, α1x

′
2 + α2x

′′
2)

¤µ ¨¢¢¸¾ £¯£¥¶¹¯º¤ ª¯º¨ ¦®¤¦ ¡¢» ¾©¸§§®3�.
α1x

′
1 + α2x

′′
1 , α1x

′
2, α1x

′
2 + α2x2-

¯º¡ (∗)−¨ ¦¸®§§®©®
{
α1(a11x

′
1 + a12x

′
2) + α2(a11x

′′
1 + a12x

′′
2) = 0

α1(a21x
′
1 + a22x

′
2) + α2(a21x

′′
1 + a22x

′′
2) = 0

·¤¨¢¢£ (α1x
′
1+α2x

′′
1, α1x

′
2+α2x

′′
2)
¤µ ¨¢¢¸¾ £¯£¥¶¹¯º¤ ª¯º¨ ¦®¦¾ ¤µ ¾©¸©¡à¨©» ©º¤©. NFôöFG

2.7. n ³® ¹¢¨¢¡¨¢¡²¥¢º ¤¢¡ ¥«¸®¯º¤ ª§¡©¹©¤ ¥¢¡ª¯¥¡¢®¯º¤ £¯£à¥¶¹¯º¤ ¹©¥¸¯¬°¤ ¸©¤¡ r ¤µ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦ n-¢¢£ ©¡© (r < n)
¦® n−r¥¦¦¤° ª§¡©¹©¤ ¾©¹©©¸©®¡³º ±¶ÿ¥¦¸ ª¯º¨ C1, C2, . . . , Cn−r

¦¸ª¯¾ «¡««¨«¡£«¤ £¯£¥¶¹¯º¤ ¨§¸°¤ ±¶ÿ¥¦¸ ª¯º¨ ¤µC1, C2, . . . , Cn−r
ª¯º¨³³¨¯º¤ª§¡©à¹©¤ ¢±®³³®¢¡ ¦®¤¦.1ÅÆÅÎÓÅÅ. (2.12) £¯£¥¶¹¨ rangA = r < n

©º¡. ·¤¢ ¥¦¾¯¦®¨¦®¨ £¯£¥¶¹¤µ n − r ¥¦¦¤° ²«®««¥ ³® ¹¢¨¢¡¨¢¡²¥¢º ©º¤©. A§§¸µ ³® ¹¢¨¢¡¨¢¡²¯º¡
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x1, x2, . . . , xr

¡¢¶. A§§¸µ ³® ¹¢¨¢¡¨¢¡²³³¨¯º¡ ²«®««¥ ³® ¹¢¨¢¡¨¢¡²¨¢¢¸¯®¢¸¾¯º®¢®
x1 = d11xr+1 + d12xr+2 + . . .+ d1n−rxn

x2 = d21xr+1 + d22xr+2 + . . .+ d2n−rxn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

xr = dr1xr+1 + dr2xr+2 + . . . + drn−rxn







(2.15)

£¯£¥¶¹ ³³£¤¢. xr+1, xr+2, . . . , xn-
¯º¤ ¨§¸°¤ §¥¡©¤¨ (2.15) £¯£¥¶¹¢¢£

x1, x2, . . . , xr-
¡ ¦®» ¦®¤¦.

(2.12) £¯£¥¶¹¯º¤ ¨§¸°¤ ±¶ÿ¥¦¸ ª¯º¨¯º¡
C = (x1, x2, . . . , xr, α1, α2, . . . , αn−r)

¥ (2.16)

¾¢®¢¸¥¢º ¯²¤¢. ·¤¨ x1, x2, . . . , xr
¤µ (2.15) £¯£¥¶¹¢¢£ ¦®¦¾ ª¯º¨ α1 =

xr+1, α2 = xr+2, . . ., αn−r = xn
²«®««¥ ³® ¹¢¨¢¡¨¢¾¯º¤ ©±©¾ §¥¡© (¥¦¦¤§§¨)½¹. (2.15)-¨ (xn+1, xn+2, . . . , xn−r)

²«®««¥ ¾§±µ£©¡²§§¨©¨ (1, 0, . . . , 0),
(0, 1, . . . , 0), . . . , (0, 0, 0 . . . , 1) §¥¡§§¨°¡ «¡«¾«¨ ¨©¸©©¾ ±¶ÿ¥¦¸ ª¯º¨³³¨¡©¸¤©.

C1 =

















d11

d21
...
dr1

1
0
...
0

















C2 =

















d12

d22
...
dr2

0
1
...
0

















· · · Cn−r =

















d1n−r

d2n−r

...
drn−r

0
0
...
1

















(2.17)

A§§¸µ ¹¯¤¦¸°¤ ¥§¾©º ¥¶¦¸¶¹°¡ ¾¢¸¢¡®¢» ¢¨¡¢¢¸ ª¯º¨³³¨¯º¡ ª§¡©¹©¤¾©¹©©¸©®¡³º ¡¢» ©¥©®¤©.
(2.15)-(2.16) ¥¢¤¬®³³¨¢¢£ (2.12) £¯£¥¶¹¯º¤ ¨§¸°¤ ±¶ÿ¥¦¸ ª¯º¨ C ¤µ
C1, C2, . . . , Cn−r-

¯º¤ ª§¡©¹©¤ ¢±®³³®¢¡ ©º¤©. �«¸««¸ ¾¢®¢®
C = α1C1 + α2C2 + . . .+ αn−rCn−r (2.18)©º¤©. N

·¤¢ ¥¶¦¸¶¹°¤ ©¥©®¡©©¤©©£ n−r ¤µ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ±¶ÿ¥¦¸ ª¯º¨³³-¨¯º¤ ¹©ÿ£¯¹©®µ ¥¦¦ ¡¢» ¹«¸¨«¤ ¡©¸¤©. ¿«¤ (2.12) £¯£¥¶¹ ¥¢¡¢¢£ �®¡©©¥©ºª¯º¨¥¢º ¦® ¦®¦¤ ª¯º¨¥¢º ©º¤©.ôõôö÷ôøùôùú
. |ÔÓÅÄÅÊ ÆÁÓ�ÇÆÓÁÎÇÖÊ ÊÁÓ ÆÕÂÎÇÖÊ òÇòÆÏÄÇÖÊ ÄÅþ�òÇÄÅÎÑ ÆÒÒÊÉ �ÔÓÅÄÅÊ ÍÅÄÅÅÂÅÎÓÌÖ �ÇÖÐÌÌÐÇÖÓ �ÇÖÐÇÖÊ �ÔÊÐÅÄÏÊÆÅÎÑòÇòÆÏÄ ÓÁÊÁ.



2.6. �åæ é6êäëð� }K=. }ëðîëð� �#�îè>M�éèäT �ë�éM> 69

ôõôö÷ôøùôùú
. (2.12)

òÇòÆÏÄÇÖÊ �ÇÖÐÌÌÐÇÖÊ (2.17) ÍÁÎËÁÂÇÖÓ �ÇÖÐÌÌ-ÐÇÖÊ ÊÒÂÄIÎÒÓÐòÒÊ �ÔÊÐÅÄÏÊÆÅÎÑ òÇòÆÏÄ ÓÁÊÁ.
(2.12) £¯£¥¶¹¯º¤ rangA < n

©º¾©¨ ¢¤¢ £¯£¥¶¹¯º¤ ¨§¸°¤ª¯º¨ ¤µ ª¯º¨³³-¨¯º¤ C§¤¨©¹¶¤¥©®µ £¯£¥¶¹¯º¤ ª§¡©¹©¤ ¢±®³³®¢¡ ©º¨©¡ ¥§® (2.18) ¤µ
(2.12) £¯£¥¶¹¯º¤ ¶¸«¤¾¯º ª¯º¨ ¦®¤¦.
α1, α2, . . . , αn−r-

¯º¤ ¥¦¨¦¸¾¦º §¥¡©¤¨ ¾©¸¡©®´©¤ (2.18)-©©£ ¡©¸©¾ ª¯º¨¯º¡
(2.12) £¯£¥¶¹¯º¤ ¥§¾©º¤ ª¯º¨ ¡¢¤¢.ØÙÚÛÛ

2.8. �¹¤«¾ »¯ª¢¢¤¨ «¡£«¤ £¯£¥¶¹¯º¤ ª¯º¨³³¨¯º¤ ¤¦¸¹²®¦¡¨£¦¤C§¤¨©¹¶¤¥©®µ £¯£¥¶¹¯º¡ ¦®.1ÒÐÒÎÆ. ×¯ª¢¢ 2.4-¨ «¡£«¤ £¯£¥¶¹¯º¤ ª¯º¨ ¤µ
x2 =

−6x1 + 2x4

3
, x3 =

5x4

3§½§ ª¯º¨¯º¤ ¦®¦¤®¦¡ ¤µ {(x1,
−6x1+2x4

3 , 5x4

3 , x4)|∀x1, x4 ∈ R} ¦®¤¦. �«-®««¥ ³® ¹¢¨¢¡¨¢¡² x1, x4-
¯º¤ ¦¸¦¤¨ (1,0), (0,1) §¥¡§§¨°¡ ©±©¾©¨ ¾©¸¡©®´©¤¦®¨¦¾ ±¶ÿ¥¦¸ ª¯º¨³³¨ ¤µ

C1 =







1
−2
0
0







C2 =







0
2
3
5
3
1







·¤¢ ¤µ §¡ ¦¨®¦¡°¤ ª¯º¨³³¨¯º¤ ¤¦¸¹²®¦¡¨£¦¤ C§¤¨©¹¶¤¥©®µ £¯£¥¶¹ ¦®¤¦.�º¹¢¢£ ¨¢¢¸¾ ¦¨®¦¡°¤ ¶¸«¤¾¯º ª¯º¨ ¤µ C = α1C1 +α2C2
©º¤©. α1 = 3,

α2 = 2 §¥¡©¨ ¾©¸¡©®´©¾ ¥§¾©º¤ ª¯º¨ ¤µ

C = 3







1
−2
0
0







+ 2







0
2
3
5
3
1







=







3
−14

3
10
3
2







¦®¤¦.
AX = B (2.19)£¯£¥¶¹ ¤¯º¬¥¢º © rangA = r < n, n-³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦ ½¹ ¡¢¶.

Þ¢¡ ¥«¸®¯º¤ ¯ª (2.19) £¯£¥¶¹¯º¤ ª¯º¨³³¨ © ¥³³¤¨ ¾©¸¡©®´£©¤ ¤¢¡ ¥«¸à®¯º¤
AX = O (2.20)£¯£¥¶¹¯º¤ ª¯º¨³³¨¯º¤ ¾¦®¦¦¡ ¥¦¡¥¦¦Ý.FôöFG

2.8.
l§¡©¹©¤ ¥¢¡ª¯¥¡¢®¯º¤ ¤¢¡ ¥«¸®¯º¤ ¯ª £¯£¥¶¹¯º¤ ¨§¸°¤ª¯º¨ ¨¢¢¸ ¥³³¤¨ ¾©¸¡©®´©¾ ¤¢¡ ¥«¸®¯º¤ £¯£¥¶¹¯º¤ ¨§¸°¤ ª¯º¨¯º¡ ¤¢¹à£¢¤ ¤µ ¤¢¡ ¥«¸®¯º¤ ¯ª £¯£¥¶¹¯º¤ ª¯º¨ ¦®¤¦.
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1ÅÆÅÎÓÅÅ. (2.20)-

¯º¤ ±¶ÿ¥¦¸ ª¯º¨¯º¡C, (2.19) £¯£¥¶¹¯º¤ ±¶ÿ¥¦¸ ª¯º¨¯º¡
H ¡¢» ¥¢¹¨¢¡®¢¶. 0¢¡±¢® AC = O, AH = B

¦®¤¦. ·¤¨¢¢£
A(C +H) = AC +AH = O +B¦®¦¾ © C +H ¤µ (2.19) £¯£¥¶¹¯º¤ ±¶ÿ¥¦¸ ª¯º¨ ¦®» ©º¤©. NFôöFG

2.9.
l§¡©¹©¤ ¥¢¡ª¯¥¡¢®¯º¤ ¤¢¡ ¥«¸®¯º¤ ¯ª £¯£¥¶¹¯º¤ ¨§¸°¤¾¦Ý¸ ª¯º¨¯º¤ �®¡©±©¸ ¤µ ¥¢¸ £¯£¥¶¹¨ ¾©¸¡©®´©¾ ¤¢¡ ¥«¸®¯º¤ £¯£¥¶¹¯º¤ª¯º¨ ¦®¤¦.1ÅÆÅÎÓÅÅ. C1, C2
¤µ (2.19) £¯£¥¶¹¯º¤ ¨§¸°¤ ¾¦Ý¸ ±¶ÿ¥¦¸ ª¯º¨ ¡¢¶. 0¢¡±¢®

AC1 = B
© AC2 = B

©º¤©. ·¤¨¢¢£ A(C1−C2) = AC1−AC2 = B−B = O¦®¤¦. ·¤¢ ¤µ C1 −C2
¤µ (2.20) £¯£¥¶¹¯º¤ ª¯º¨ ¦®¦¾°¡ ´©©» ©º¤©. N

·¨¡¢¢¸ ¥¶¦¸¶¹§§¨©©£ ª§¡©¹©¤ ¥¢¡ª¯¥¡¢®¯º¤ ¤¢¡ ¥«¸®¯º¤ ¯ª £¯£¥¶¹¯º¤¤¢¡ ª¯º¨¯º¡ ¦®» ¥³³¤ ¨¢¢¸¢¢ ¾©¸¡©®´©¾ ¤¢¡ ¥«¸®¯º¤ £¯£¥¶¹¯º¤ ¶¸«¤¾¯ºª¯º¨¯º¡ ¤¢¹» §§® ¤¢¡ ¥«¸®¯º¤ ¯ª £¯£¥¶¹¯º¤ ³¾ ª¯º¨³³¨¯º¡ ¦®¤¦ ¡¢»¹«¸¨«¤ ¡©¸² ©º¤©.
2.7. �� ������	�
� �������� U�
�����	 ����

(�����&� ����)
n ³® ¹¢¨¢¡¨¢¾¥¢º m ¥¦¦¤° ¥¢¡ª¯¥¡¢®¯º¤

a11x1 + a12x2 + . . . + a1nxn = b1
a21x1 + a22x2 + . . . + a2nxn = b2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + . . .+ amnxn = bm







(2.21)

£¯£¥¶¹¯º¡ ©±² ³´µ¶.
xj-
¯º¤ ÿ¦¢CC¯¬¯¶¤¥³³¨ ¨¦¥¦¸ �¨©» ¤¢¡ ¤µ ¥¢¡¢¢£ �®¡©©¥©º ©º¤©. A¯£à¥¶¹¯º¤ 1-¸ ¥¢¡ª¯¥¡¢®¢¢£ ¥¢¡¢¢£ �®¡©©¥©º ÿ¦¢CC¯¬¯¶¤¥¥¢º xj-

¡ £¦¤¡¦¤ ©±²ÿ¦¢CC¯¬¯¶¤¥¯º¡ ¤µ a11
¡¢» ¥¢¹¨¢¡®¢¢¨ ¾§±µ£©¡²¯¨©© ¨©¾¯¤ ¨§¡©©¸®©¤©.�º¤¾³³ £¦¤¡¦» ©±£©¤ ÿ¦¢CC¯¬¯¶¤¥¦¦ ³¸¡¢®» a11 6= 0 ¡¢» ¥¢¹¨¢¡®¢¤¢.Ü¢¸¢± ai1 6= 0 (i = 2,m)
¦® i-p ¥¢¡ª¯¥¡¢®¯º¡ −a11

ai1
-¢¢¸ ³¸»³³®» ¨¢¢¸ ¤µ

1-¸ ¥¢¡ª¯¥¡¢®¯º¡ ¤¢¹¤¢. 0¢¡¢¾¢¨ (2.21) £¯£¥¶¹ ¤µ
a11x11 + a12x2 + . . . + a1nxn = b1

a′22x2 + . . . + a′2nxn = b′2
a′32x2 + . . . + a′3nxn = b′3

. . . . . . . . . . . . . . . . . .

a′m2x2 + . . .+ a′mnxn = b′m







(2.22)

£¯£¥¶¹¨ ª¯®»¯¤¢. ·¤¨ ¨©¸©©¾ ¥¦¾¯¦®¨¦®§§¨ ¡©¸² ¦®¤¦.
1. Ü¢¸¢± (2.22) £¯£¥¶¹¨ ³¾ ÿ¦¢CC¯¬¯¶¤¥ ¤µ ¥¢¡¥¢º ¥¢¤¬³³ ¾©¸¯¤ £§®
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¡¯ª³³¤ ¤µ ¥¢¡¢¢£ �®¡©©¥©º ¥¢¡ª¯¥¡¢® ©º±©® £¯£¥¶¹ ª¯º¨¡³º.
2. Ü¢¸¢± (2.22) £¯£¥¶¹¨ ³¾ a′ij ÿ¦¢CC¯¬¯¶¤¥ © £§® ¡¯ª³³¤ ¤µ ¥¢¡¥¢º¥¢¤¬³³ ©º±©® (2.22) ¤µ ´«±¾«¤ 1-¸ ¥¢¡ª¯¥¡¢®¢¢£ ¥¦¡¥¦¤¦. ·¤¢ ¥¦¾¯¦®¨¦®¨
a11 6= 0

§£©¨ ³¾ aij
ÿ¦¢CC¯¬¯¶¤¥ ¤µ ¥¢¡¥¢º ¥¢¤¬³³ ¦® £¯£¥¶¹ ¡©¤¬ª¯º¨¥¢º, ¢£¸¢¡ ¥¦¾¯¦®¨¦®¨ (2.22) ¤µ ¥¦¨¦¸¾¦º¡³º £¯£¥¶¹ ©º¤©.

3. Ü¢¸¢± a′ij ÿ¦¢CC¯¬¯¶¤¥³³¨¯º¤ ¨¦¥¦¸ �¨©» ¤¢¡ ÿ¦¢CC¯¬¯¶¤¥ ¥¢¡¢¢£ �®à¡©©¥©º ¦® (2.22) £¯£¥¶¹¯º¡ ¦¨¦¾ 2-¸ ©®¾©¹¨©© ¦¸¤¦. a′22 6= 0 ½¹ ¡¢¶.
(2.22) £¯£¥¶¹¯º¤ 3-¸ ¥¢¡ª¯¥¡¢®¢¢£ ¾¦ºª¯¾ ¥¢¡ª¯¥¡¢®³³¨¯º¡ −a′

22

a′
i2

(i =

3, n), (a′i2 6= 0) ¥¦¦¡¦¦¸ ³¸»³³®» 2-¸ ¥¢¡ª¯¥¡¢®¯º¡ ¤¢¹¢¾¢¨ 3-¸ ¥¢¡ª¯¥à¡¢®¢¢£ ¾¦ºª¯¾ ³¾ ¥¢¡ª¯¥¡¢® x2-
¯º¡ ©¡§§®£©¤ ¡¯ª³³¤¡³º ¦®¤¦. 0§¾©º®à©® (2.22) £¯£¥¶¹ ¤µ

a11x11 + a12x2 + . . . + a1nxn = b1
a′22x2 + . . . + a′2nxn = b′2

a
(2)
33 x3 + . . . + a

(2)
3n xn = b

(2)
3

. . . . . . . . . . . . . . . . . .

a
(2)
m2x2 + . . . + a

(2)
mnxn = b

(2)
m







£¯£¥¶¹¨ ª¯®»¯¤¢.
·¤¢ ³º®¨®³³¨¯º¡ ³¸¡¢®»®³³®» ¾¯º±¢® p− 1 ©®¾©¹°¤ ¨©¸©©

a11x1 + a12x2 + . . .+ a1nxn = b1
b22x2 + . . .+ b2nxn = b12
c33x3 + . . . + c3nxn = b23

. . . . . . . . . . . . . . . . . . . . .

dppxp + . . .+ dpnxn = b
(p−1)
p

0 = b
(p−1)
p+1

. . . . . . . . . . . .

0 = b
(p−1)
m







(2.23)

£¯£¥¶¹ ³³£¤¢.
(2.21) £¯£¥¶¹¢¢£ (2.23) £¯£¥¶¹¨ ª¯®»³³®¢¾ ¢¤¢ ©¸¡°¡ B©§££°¤ ©¸¡© ¡¢»¤¢¸®¢¤¢. �©¸©©¾ ¥¦¾¯¦®¨¦®§§¨ ¦®¦¹»¥¦º.
1. b

(p−1)
p+1 , . . . , b

(p−1)
m -³³¨¯º¤ �¨©» ¤¢¡ ¤µ ¥¢¡¢¢£ �®¡©©¥©º ©º±©® (2.21) £¯£à¥¶¹ ª¯º¨¡³º.

2. á³¾ b(p−1)
j (j = p+ 1,m) ¥¢¡¥¢º ¥¢¤¬³³ ©º±©® (2.23) £¯£¥¶¹¯º¤£³³®²¯º¤ ¥¢¡ª¯¥¡¢®³³¨¯º¤ ©¸§§¤ ´³³¤ ¥©®§§¨ ³¡¨ ¥¢¡¥¢º ¥¢¤¬¢¤¢.·¨¡¢¢¸ ¥¢¡ª¯¥¡¢®¯º¡ ¦¸¾¯¤¦.

(2.23) £¯£¥¶¹ ¤µ ¨©¸©©¾ ¾¦Ý¸ ¾¢®¢¸¯º¤ ©®µ ¤¢¡ ¾¢®¢¸¥ ©º¤©. (2.23) ¤µ
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p = n ³¶¨

a11x11 + a12x2 + . . . + a1nxn = b1
b22x2 + . . . + b2nxn = b′2
c33x3 + . . .+ c3nxn = b23

. . . . . . . . . . . . . . . . . . . . .

ln−1n−1xn−1 + ln−1nxn = b
(n−2)
n−1

dnnxn = b
(n−1)
n







(2.24)

¡§¸±©®»¯¤ ¾¢®¢¸¥ ª¯®»£¢¤ ©º¤©. (2.23) ¤µ p < n ³¶¨
a11x11 + a12x2 + . . . + a1nxn = b1

b22x2 + . . . + b2nxn = b12
c33x3 + . . .+ c3nxn = b23

. . . . . . . . . . . . . . . . . . . . .

dppxp + . . .+ dpnxn = b
(p−1)
p







(2.25)

¥¸©E¶¬ ¾¢®¢¸¥ ¦¸£¦¤ ©º¤©. ·¤¨ a11, b22, . . . , dpp
ÿ¦¢CC¯¬¯¶¤¥³³¨ ¥¢¡¢¢£�®¡©©¥©º (2.24)

© (2.25) £¯£¥¶¹³³¨¢¢£ xn, xn−1, . . . , x1-
¯º¡ ¦®¦¾°¡ B©§££°¤©¸¡°¤ §¸±§§ ´©¹ ¡¢» ¤¢¸®¢¨¢¡.

(2.24) £¯£¥¶¹ ¡©¤¬ ª¯º¨¥¢º. (2.24)-¨ dnn 6= 0 ¥§® £³³®²¯º¤ ¥¢¡ª¯¥¡¢®¢¢£
xn-
¯º¡ ¦®» «¹¤«¾ ¥¢¡ª¯¥¡¢®¨ ¦¸®§§®» xn−1-

¯º¡ ¦®¦¾ ¡¢¾ ¹¢¥¢¢¸ ¨©¸©©-®§§®©¤ xn, xn−1, xn−2, . . . , x2, x1
ª¯º¨³³¨¯º¡ ¦®¤¦.

(2.25) £¯£¥¶¹¨ dpp 6= 0 §²¯¸ xp-
¡ xp+1, xp+2, . . . , xn-¢¢¸ ¯®¢¸¾¯º®¢¾ ´©¹©©¸B©§££°¤ §¸±§§ ´©¹°¡ ¾¢¸¢¡»³³®» xp, xp−1, . . . , x1-

³³¨¯º¡ xp+1, xp+2, . . . , xn-¢¢¸ ¯®¢¸¾¯º®¤¢. ·¤¢ ¥¦¾¯¦®¨¦®¨ (2.21) £¯£¥¶¹ ¥«¡£¡«®¡³º ¦®¦¤ ª¯º¨¥¢º.�¸©ÿ¥¯ÿ¥ B©§££°¤ ©¸¡©©¸ ¥¢¡ª¯¥¡¢®¯º¤ £¯£¥¶¹ ¦¨¦¾¨¦¦ £¯£¥¶¹¯º¤ «¸-¡«¥¡«£«¤ ¹©¥¸¯¬°¤ ¹«¸³³¨ ¨¢¢¸ ¢¡¢® ¾§±¯¸¡©®¥§§¨°¡ ¾¯º» «¸¡«¥¡«£«¤¹©¥¸¯¬°¡ ¡§¸±©®»¯¤ © ¥¸©E¶¬ ¾¢®¢¸¥ ¦¸§§®¤©.ØÙÚÛÛ
2.9.

�©¸©©¾ £¯£¥¶¹¯º¡ B©§££°¤ ©¸¡©©¸ ¦¨.
4x1 + 2x2 + x3 = 7
x1 − x2 + x3 = −2

2x1 + 3x2 − 3x3 = 11
4x1 + x2 − x3 = 7







1ÒÐÒÎÆ. ·¤¢ £¯£¥¶¹¯º¤ «¸¡«¥¡«£«¤ ¹©¥¸¯¬ ¤µ

A =







4 2 1 7
1 −1 1 −2
2 3 −3 11
4 1 −1 7
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©º¤©.

A

S2 − 1

4
S1

S3 − 1

2
S1

S4 − S1

−−−−→







4 2 1 7
0 −3

2
3
4 −15

4

0 2 −7
2

15
2

0 −1 −2 0







S3 + 4

3
S2

S4 − 2

3
S2

−−−−→








4 2 1 7
0 −3

2
3
4 −15

4

0 0 −5
2

5
2

0 0 −5
2

5
2








S4 − S3

−−−−→







4 2 1 7
0 −3

2
3
4 −15

4
0 0 −5

2
5
2

0 0 0 0






¢±¥¢º¾¢¤ ¾¢®¢¸¥ ¦¸§§®©®

−4

3
S2

− 2

5
S3

−−−→







4 2 1 7
0 2 −1 5
0 0 1 −1
0 0 0 0







·¤¢ ¹©¥¸¯¬©¨ ¾©¸¡©®´©¾ ¥¢¡ª¯¥¡¢®¯º¤ £¯£¥¶¹ ¤µ
4x1 + 2x2 + x3 = 7

2x2 − x3 = 5
x3 = −1







x3 = −1. 2x2 + 1 = 5 ⇒ x2 = 2. 4x1 + 4 − 1 = 7 ⇒ x1 = 1 £¯£¥¶¹¯º¤ ª¯º¨¤µ (1, 2,−1).
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2.8. n����� N� N4��4�����©¸©©¾ £¯£¥¶¹¯º¡ P¸©¹¶¸¯º¤ ¥¦¹3Ý¦¡¦¦¸ ¦¨.o

1. �) {
2x1 + 3x2 + 1 = 0
3x1 + 4x2 + 1 = 0

+) {
7x1 − 2x2 = 8
5x1 + 3x2 = 19

o
2. �)







2x1 + 3x2 − x3 = 4
x1 + x2 + 3x3 = 5
3x1 − 4x2 + x3 = 0

+)






x1 + 3x2 − x3 = −1
2x1 + 4x2 + 3x3 = 3
3x1 − 2x2 + 5x3 = 13

o
3. �)







3x1 + 4x2 − x4 = 1
2x1 + x3 = 1
4x2 + x3 − x4 = −3
2x1 − x4 = 0

+)






3x1 + x3 = −3
x2 + x4 = 4
x1 + x2 + x3 + x4 = 3
x3 + x4 = 1

o
4. �)







2x1 − x2 + x3 = 0
3x1 − 2x2 − x3 = 5
x1 + x2 + x3 = 6

+)






2x− y + 3z = 9
3x− 5y + z = −4
4x− 7y + z = 5�©¸©©¾ £¯£¥¶¹¯º¡ ¹©¥¸¯¬©¤ ¾¢®¢¸¢¢¸ ¯²¯» ¦¨.

o
5.







2x1 − x2 = h1

x1 + 2x2 − x3 = h2

x2 + x3 = h3

a) h1 = −1, h2 = −2, h3 = −2+) h1 = 0, h2 = −2, h3 = −5]) h1 = 0, h2 = −2, h3 = 0o
6.
0«¡£¡«®¡³º ¦®¦¤ ª¯º¨¥¢º ¾¦Ý¸ ³® ¹¢¨¢¡¨¢¾¥¢º ¾¦Ý¸ ¥¢¡ª¯¥¡¢®¯º¤£¯£¥¶¹ ¯².o

7. Ü©¹¡¯º¤ ¬««¤ ¥¦¦¤° ³® ¹¢¨¢¡¨¢¡²¥¢º, ³® ¹¢¨¢¡¨¢¡²¯º¤ ¥¦¦ ¤µ ¥¢¡ª¯¥à¡¢®¯º¤ ¥¦¦¤¦¦£ ¦®¦¤ © ª¯º¨¡³º ©º¾ £¯£¥¶¹¯º¡ ¯².o
8. b-
¯º¤ �¹©¸ §¥¡©¤¨ £¯£¥¶¹ ¤¯º¬¥¢º ©º¾ ±¢?







x+ y + 2z = 2
3x+ 4y + z = b

2x+ 3y − z = 5

o
9. b1, b2, b3

E©¸©¹¶¥¸¯º¤ �¹©¸ §¥¡©¤¨ ¨©¸©©¾ £¯£¥¶¹ ¾¦Ý¸ ¥¢¡ª¯¥¡¢®¢¢£¥¦¡¥£¦¤ £¯£¥¶¹¥¢º ¯»¯® ²©¤©¸¥©º ©º¾ ±¢?




1 0
0 1
2 3



 ·
[
x

y

]

=





b1
b2
b3





�©¸©©¾ £¯£¥¶¹³³¨¯º¤ ¤¯º¬¥¢º ¢£¢¾¯º¡ ª¯¤»¯®» ª¯º¨¯º¡ ¦®.o
10.

{
6x1 + 3x2 + 4x3 = 3
3x1 − x2 + 2x3 = 5

o
11.

{
x1 + x2 + x3 − 2x4 = 1
x1 + 2x2 − x3 + 2x4 = −2

o
12.







x1 − x2 = 3
2x1 + 4x2 = 12
7x1 − 5x2 = 23

o
13.







3x1 + 4x2 − x3 = 7
x1 + 2x2 − 3x3 = 0
7x1 + 10x2 − 5x3 = 2
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o
14.







3x1 + 2x2 − 3x3 = −3
x1 + 2x2 + 4x3 = 9
2x1 + 7x2 − x3 = 0
3x1 + 8x2 − x3 = 1

o
15.







5x1 + 8x2 + 3x3 = 11
x1 + 3x2 + 2x3 = 5
3x1 + 2x2 − x3 = 1
x1 + x2 = 1

o
16.







x1 − x2 + 2x3 + 2x4 = 2
3x1 − 2x2 − x3 − x4 = −1
5x1 − 3x2 − 4x3 − 2x4 = −4
7x1 − 4x2 − 7x3 − 5x4 = −7

o
17.







2x1 + x2 + 3x3 + 9 = 0
8x1 + 3x2 + 5x3 + 13 = 0
2x1 + 5x2 − x3 + 5 = 0

o
18.







3x1 − 5x2 + 2x3 + 4x4 − 2 = 0
7x1 − 4x2 + x3 + 3x4 − 5 = 0
5x1 + 7x2 − 4x3 − 6x4 − 3 = 0�©¸©©¾ £¯£¥¶¹³³¨¯º¤ª¯º¨³³¨¯º¤ ¤¦¸¹²®¦¡¨£¦¤ C§¤¨©¹¶¤¥©®µ £¯£¥¶¹¯º¡¦®.o

19. �) {
x1 + x2 − 3x3 + x4 = 0
x1 − x2 + 5x3 + 4x4 = 0+) {
3x1 + 2x2 + x3 + 3x4 + 5x5 = 0
6x1 + 4x2 + 3x3 + 5x4 + 7x5 = 0

o
20. �) {

3x1 − 2x2 + x3 − x4 − x5 = 0
6x1 − 4x2 − x3 + x4 − 2x5 = 0

+)






3x1 − 2x2 + x3 − x4 = 0
3x1 − 2x2 − x3 − x4 = 0
x1 − x2 + 2x3 + 5x4 = 0

o
21. �)







x1 + x2 − 3x3 = 0
x1 − x2 + x3 + 2x4 = 0
2x1 + x2 − 4x3 + x4 = 0
x1 + 2x2 − 5x3 − x4 = 0

+)






3x1 + 5x2 + 2x3 = 0
4x1 + 7x2 + 5x3 = 0
x1 + x2 − 4x3 = 0
2x1 + 9x2 + 6x3 = 0

o
22. �)







2x1 − x2 − x3 + x4 = 0
x1 − x2 − x3 − 2x4 = 0
5x1 − 3x2 − 3x3 = 0

+)






2x1 − 5x2 + 4x3 + 3x4 = 0
3x1 − 4x2 + 7x3 + 5x4 = 0
4x1 − 9x2 + 8x3 + 5x4 = 0
−3x1 + 2x2 − 5x3 + 3x4 = 0o

23.
�©¸©©¾ £¯£¥¶¹¯º¤ ¶¸«¤¾¯º ª¯º¨¯º¡ §§® £¯£¥¶¹¯º¤ ¥§¾©º¤ ª¯º¨© ¥³³¤¨ ¾©¸¡©®´©¾ ¤¢¡ ¥«¸®¯º¤ £¯£¥¶¹¯º¤ ¤¯º®¢¸¢¢¸ ¯®¢¸¾¯º®.

[
1 2 3
2 4 5

]

·





x

y

z



 =

[
3
4

]

o
24. B§¸±©¤ ³® ¹¢¨¢¡¨¢¾¥¢º ª¯º¨ ¤µ (1, 1, 2)

© (1, 2, 3) ±¶ÿ¥¦¸ ª¯º¨¯º¤ª§¡©¹©¤ ¢±®³³®¢¡ ©º¾ £¯£¥¶¹¯º¡ ¯².
o

25. Ü¢¸¢± A ¤µ n ¢¸¢¹¯º¤ ³® «¾«¾ ¹©¥¸¯¬ X =








x1

x2
...
xn








¦® (AB)X =
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O, BX = O £¯£¥¶¹³³¨ ¥¢¤¬³³ ²©¤©¸¥©º ©º¾°¡ ©¥©®.�©¸©©¾ £¯£¥¶¹³³¨¯º¡ B©§££°¤ ©¸¡©©¸ ¦¨.

o
26.







2x1 − 4x2 + 9x3 = 28
7x1 + 3x2 − 6x3 = −1
7x1 + 9x2 − 9x3 = 5

o
27.







3x1 + 2x2 + 2x3 + 2x4 = 2
2x1 + 3x2 + 2x3 + 5x4 = 3
9x1 + x2 + 4x3 − 5x4 = 1
2x1 + 2x2 + 3x3 + 4x4 = 5
7x1 + x2 + 6x3 − x4 = 7

o
28.







2x1 + x2 = 5
x1 + 3x2 = 10
5x2 − x3 = 10

o
29.







2x1 + 7x2 + 3x3 + x4 = 6
3x1 + 5x2 + 2x3 + 2x4 = 4
9x1 + 4x2 + x3 + 7x4 = 2

o
30.







3x1 + 3x2 + 4x3 − 5x4 = 9
5x1 − 7x2 + 8x3 − 2x4 = 22
4x1 + 5x2 − 7x3 − 3x4 = −5
7x1 + 8x2 − 3x3 + 4x4 = −8

o
31.







x1 + x2 − 3x4 − 4x5 = 0
x1 + x2 − x3 + 2x4 − x5 = 1
2x1 + 2x2 + x3 − x4 + 3x5 = 0

o
32.







3x1 − 2x2 − 3x3 + 4x4 = 1
2x1 + 3x2 − 2x3 + 3x4 = 2
4x1 + 2x2 − 3x3 + 2x4 = 3

o
33.







3x1 − 2x2 + x3 − x4 = 0
3x1 − 2x2 − x3 − x4 = 0
x1 − x2 + 2x3 + 5x4 = 0

o
34.







5x1 + 2x2 − 7x3 + 14x4 = 21
5x1 − x2 + 8x3 − 13x4 + 3x5 = 12
10x1 + x2 − 2x3 + 7x4 − x5 = 29
15x1 + 3x2 + 15x3 + 9x4 + 7x5 = 130
2x1 − x2 − 4x3 + 5x4 − 7x5 = −13

o
35.







x1 + x2 + 4x3 + 4x4 + 9x5 + 9 = 0
2x1 + 2x2 + 17x3 + 17x4 + 82x5 + 146 = 0
2x1 + 3x3 − x4 + 4x5 + 10 = 0
x2 + 4x3 + 12x4 + 27x5 + 26 = 0
x1 + 2x2 + 2x3 + 10x4 − 37 = 0�©¸©©¾ ¦¨®¦¡§§¨©¨ ¾©¸¡©®´©¾ ¤¢¡ ¥«¸®¯º¤ ¥¢¡ª¯¥¡¢®¯º¤ ª¯º¨ © «¡£«¤¥§¾©º¤ ª¯º¨¢¢¸ ¥¢¡ª¯¥¡¢®¯º¤ ³¾ ª¯º¨¯º¡ ¯².

o
36.







x1 + 2x2 − 3x3 + x4 − 6 = 0
2x1 − x2 + x3 − 2x4 + 7 = 0
3x1 + 2x2 + 4x3 − x4 − 7 = 0

(1; 2; 1; 4)

o
37.







3x1 − 2x2 + x3 − x4 = 0
3x1 − 2x2 − x3 − x4 + 6 = 0
x1 − x3 + 2x3 + 5x4 − 16 = 0

(−1;−1; 3; 2)
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o
38.







3x1 − 2x2 − 3x3 + 4x4 + 13 = 0
2x1 + 3x2 − 2x3 + 3x4 + 14 = 0
4x1 + 2x2 − 3x3 + 2x4 + 10 = 0

(13; 21; 2;−3)

r���.

1. �) {(1,−1)} 2. �) {(1, 1, 1)} 3. �) {(1, 0,−1, 2)} 4. �) {(4, 5,−3)}

5. a) {(−1,−1,−1)}, +) {(−1,−2,−3)}, ]) {(−2
7 ,−4

7 ,
4
7)}

6.

{
ax+ by = c

kax+ kby = kc
7.

{
ax+ by + cz = d

kax+ kby + kcz = d
8. b = 7 9.

b3 = 2b1 + 3b2 10. {(c,−7
5 ,

18−15c
10 ) | ∀c ∈ R} 11. {(−3c1 + 6c2 +

4, 2c1 − 4c2 − 3, c1, c2) | ∀c1, c2 ∈ R} 12. {(4; 1)} 13. Þ¯º¬¡³º 14.

{(1, 0, 2)} 15. {(c − 1, 2 − c, c) | ∀c ∈ R} 16. {(5c − 5; 7c − 7; c; 0) |

∀c ∈ R} 18. Þ¯º¬¡³º 19. �) {(−1, 4, 1, 0); (−5
2 ,

3
2 , 0, 1)} 20. �)

{(1, 0, 0, 0, 3); (0, 1, 0, 0,−2); (0, 0, 1, 1, 0)} 21. �) {(1, 2, 1, 0), (−1, 1, 0, 1)}

22. �) {(0,−1, 1, 0), (−3,−5, 0, 1)} 23.





x

y

z



 =c





−2
1
0



 +





−3
0
2



 24.

x+y−z = 0 26. {(2, 3, 4)} 27. {(1
7 (−6+8c), 1

7 (1−13c), 1
7(15−6c), c) |

∀c ∈ R} 28. {(1, 3, 5)} 29. { 1
11 (c1−9c2−2), 1

11(−5c1 +c2 +10), c1, c2 |

∀c1, c2 ∈ R} 30. {(1,−1, 1,−1)} 31. {x1,
13−2x5

10 ,−1
2 − 4x5,

1−14x5

10 , x5 |

x1, x5 ∈ R} 32. {10 − 30x2, x2, 15 − 48x2, 4 − 13x2 | x2 ∈ R} 33.

{11x4, 16x4, 0, x4 | x4 ∈ R} 34. {2,−3
2 , 4, 3,

5
2} 35. {5, 4,−3, 3,−2}

36. {1 + 23x4

37 ; 2 − 24x4

37 ; 1 + 4x4

37 ;x4 + 4 | x4 ∈ R} 37. {11x4 − 1; 16x4 −

1; 3;x4 + 2 | x4 ∈ R} 38. {13 − 3x4

2 ; 21 − x4

2 ; 2 − x4

2 ;x4 − 3 | x4 ∈ R}



III �����. �x����
3.1. ��������
 	��J� N� 9O;�4�
2¡¥¦¸¡§º¡ ¾¦Ý¸ ¾©¡©£ ¦¡¥¦¸¡§º¨ ¾§±©©» ©º¡©© ¨§¸°¤ α ¡¢£¢¤ ¾©±¥¡©º©±² ³´µ¶. α ¾©±¥¡©º¡ ¦¡¥®¦¡² ª§®§§¤ ³¸ ¦®¥®¦®°¤ ¬¢¡¢¢¸ ««¸ ¾©¡©£¦¡¥¦¸¡§º¨ ¦¸ª¯¾ ¾¦Ý¸ ¬©¬¸©¡¥ ¾§±©©¡¨©¤©.ôõôö÷ôøùôùú

. �ÁÓ ÍÅÓÅò ÒÓÆÒÂÓÔÖÐ ÒÂ�ÇÍ ËÅ DÅÂÅÎÎÏÎÑ �ÔÎÔÔÊÔÔÐ ÐÁÁÂÍÁÃÆÁÍ ÍÒûÂ ÈÅÈÂÅÓÇÖÓ ÇüÇÎ IÇÓÎÁÎÆÁÖ ÓÁÊÁ. �ÅÂÅÎÎÏÎÑ �ÔÎÔÔÊÔÔÐ ÐÁÁÂÍÁÃÆÁÍ ËÒÎÒÃI ÍÒûÂ ÕÕÂ ÍÅÓÅò ÒÓÆÒÂÓÔÖÐ ËÅÖÓÅÅ ÍÒûÂ ÈÅÈÂÅÓÇÖÓ ÁòÂÁÓIÇÓÎÁÎÆÁÖ ÓÁÊÁ.
Þ¢¡ ¬©¬¸©¡¥©º ¯»¯® ²¯¡®¢®¥¢º ©º¾ ¬©¬¸©¡§§¨°¤ ¦®¦¤®¦¡¯º¡ ¦¡¥¦¸¡§º¨©¾µ ²¯¡®¢® ¡¢¤¢. @©¬¸©¡§§¨°¤ ¯»¯®, ¢£¸¢¡ ²¯¡®¢®¯º¡ ¾©¸¡©®´©¤ ↑↑, ↓↑¡¢» ¥¢¹¨¢¡®¢¤¢. ×¯ª¢¢®¢®: [AB), [CD) ¬©¬¸©¡§§¨ ¯»¯® ²¯¡®¢®¥¢º¡¢±¢® [AB) ↑↑ [CD), [AB), [CD) ¬©¬¸©¡§§¨ ¢£¸¢¡ ²¯¡®¢®¥¢º ¡¢±¢® [AB) ↑↓
[CD) ¡¢» ¥¢¹¨¢¡®¢¤¢.l§®§§¤° ¾¢¸²¹¯º¤ ¤¢¡ ¥«¡£¡«®¯º¤ ¬¢¡¯º¡ ¤µ ¢¾®¢®, ¤«¡«« ¥«¡£¡«®¯º¤¬¢¡¯º¡ ¤µ ¥«¡£¡«® ¡¢¤¢. �¯¡®¢®¥¢º ¾¢¸²¹¯º¤ ¢¾®¢®¯º¤ ¬¢¡ A, ¥«¡£¡«®¯º¤¬¢¡ ¤µ B ¦® ²¯¡®¢®¥¢º ¾¢¸²¹¯º¡ AB ¡¢» ¥¢¹¨¢¡®¢¤¢. ·¸¢¹¢®¢¡¨£¢¤¾¦Ý¸ ¬¢¡ «¡£¤««¸ ²¯¡®¢®¥¢º ¾¢¸²¯¹ ¥¦¨¦¸¾¦º®¦¡¨¦¤¦.

�
�

�
�

��

A

B

ss

s

�����
1

�¯¡®¢®¥¢º ¾¢¸²¯¹ AB-
¯º¤ §¸¥°¡ AB ¾¢¸²¹¯º¤ §¸¥¡¢¤¢. �¯¡®¢®¥¢º ¾¢¸²¹¯º¡ ´§¸©¾¨©© ¾¢¸²¹¯º¤ ¥«¡£à¡«®¨ ¤µ £§¹ ´§¸¤© (´§¸©¡ 1). Ü¢¸¢± [AB) ↑↑ [CD)©º±©® AB, CD ¾¢¸²¹³³¨¯º¡ ¯»¯® ²¯¡®¢®¥¢º ¡¢» ¤¢¸à®¢¢¨ AB ↑↑ CD, [AB) ↑↓ [CD)

¦® AB ↑↓ CD ¡¢» ¥§£¥§£ ¥¢¹¨¢¡®¢¤¢.mÓÆÒÂÓÔÖÊ A ÈÁÓ ËÌÂÇÖÓ ÁÍÎÁÎ ÆÕÓòÓÕÎ ÊÑ ÐÅÃÍÈòÅÊ IÇÓÎÁÎÆÁÖ ÍÁÂIÇÄÄÁÆ ÌóÁü ËÒÎÊÒ. <ÊÁ ÍÁÂIÄÇÖÓ AA ÓÁü ÆÁÄÐÁÓÎÁÍ ËÅ ÁÊÁ ÍÁÂIÄÇÖÓ ÆÁÓÍÁÂIÇÄ ÓÁÊÁ. �ÁÓ ÍÁÂIÄÇÖÊ IÇÓÎÁÎ ÆÒÐÒÂÍÒÖÓÌÖ ÔÂÆ ÆÁÓÆÁÖ ÆÁÊÈÌÌ. �ÁÓÍÁÂIÄÇÖÓ O ÓÁü ÆÁÄÐÁÓÎÁÊÁ.ôõôö÷ôøùôùú
. �ÇÓÎÁÎÆÁÖ ÍÒûÂ ÍÁÂIÇÄAB, CD-ÌÌÐ ÊÑ ÇüÇÎ IÇÓÎÁÎÆÁÖ,ÆÁÊÈÌÌ ÔÂÆÆÅÖ ËÅÖÃÅÎ AB, CD ÍÁÂIÄÌÌÐÇÖÓ ÆÁÊÈÌÌ ÓÁÊÁ. AB, CD²¯¡®¢®¥¢º ¾¢¸²¹³³¨¯º¤ ¥¢¤¬³³ ²©¤©¸¥©º¡ AB ∼ CD ¡¢» ¥¢¹¨¢¡®¢¤¢.·¤¢ ¥¢¤¬³³ ¡¢£¢¤ ¾©¸µ¬©© ¤µ ¨©¸©©¾ ¡§¸±©¤ ²©¤©¸°¡ ¾©¤¡©¤©. !"!ö

1. AB ¤µ ««¸«« ««¸¥¢º¡«« ¥¢¤¬³³ (¸¶C®¶ÿ£¯± ²©¤©¸ ¡¢¤¢). !"!ö
2. AB ↑↑ CD, AB = CD ⇒ CD ↑↑ AB, CD = AB. �«¸««¸ ¾¢®à¢® AB ¤µ CD-¥¢º ¥¢¤¬³³ ¦® CD ¤µ AB-¥¢º ¥¢¤¬³³ ©º¤© (¥¢¡ª ¾¢¹¥¢º²©¤©¸ ¡¢¤¢). !"!ö
3. AB ¤µ CD-¥¢º ¥¢¤¬³³, CD ¤µ EF -¥¢º ¥¢¤¬³³ ¦® AB ¤µ

EF -¥¢º ¥¢¤¬³³ (¨©¹»¯¾-¥¸©¤´©¥¯± ²©¤©¸ ¡¢¤¢).
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�ÁÁÂÍ 3-Ê IÅÊÅÂÉÓ ÅÓÔÔÎòÅÊ ÍÅÂÑÈÅÅÓ ÁþÃÇÃÅÎÏÊÆÉÊ ÍÅÂÑÈÅÅ ÓÁÊÁ. �º¹¨²¯¡®¢®¥¢º ¾¢¸²¹³³¨¯º¤ ¥¢¤¬³³ ²©¤©¸ ¢ÿ±¯±©®¶¤¥°¤ ¾©¸µ¬©© ¦®» ©º¤©.q¹©¸ ¤¢¡¢¤ ¦®¦¤®¦¡ ¨¢¢¸ ¥¦¨¦¸¾¦º®¦¡¨£¦¤ ¢ÿ±¯±©®¶¤¥°¤ ¾©¸µ¬©© ¤µ §¡¦®¦¤®¦¡¯º¡ ³® ¦¡¥®¦®¬¦¾ ©¤¡¯§¨©¨ ¾§±©©¨©¡. Þ¢¡ ©¤¡¯¨ ¤µ ¾¦¦¸¦¤¨¦¦ ¢ÿà±¯±©®¶¤¥°¤ ¾©¸µ¬©©¤¨ ¦¸ª¯¾ ³¾ ¢®¶¹¶¤¥³³¨ ¦¸¨¦¡. 0¢¡±¢® ³¾ ²¯¡®¢®¥¢º¾¢¸²¹³³¨¯º¤ ¦®¦¤®¦¡¥ ¥¦¨¦¸¾¦º®¦¡¨£¦¤ "¥¢¤¬³³" ²©¤©¸ ²¯¡®¢®¥¢º ¾¢¸²-¹³³¨¯º¤ ¦®¦¤®¦¡¯º¡ ³® ¦¡¥®¦®¬¦¾ ©¤¡¯¨ ¾§±©©¤©. ·ÿ±¯±©®¶¤¥°¤ ¤¢¡©¤¡¯¨ ¾¦¦¸¦¤¨¦¦ ¥¢¤¬³³ ³¾ ¾¢¸²¹³³¨ ¦¸¤¦. �º¹ ¾§±©©®¥°¤ ¤¢¡ ©¤¡¯º¡C©ÿ¥¦¸ ¦®¦¤®¦¡ ¡¢» ¤¢¸®¢¡¨¢¾ ª¯¤¢ ¦®¦¤®¦¡¯º¤ ¤¢¡ ¢®¶¹¶¤¥ ¡¢» ³´¨¢¡.�º¤¾³³ ¦¡¥¦¸¡§º¤ ³¾ ²¯¡®¢®¥¢º ¾¢¸²¹³³¨¯º¤ ¦®¦¤®¦¡¯º¡ "¥¢¤¬³³" ²©à¤©¸©©¸ C©ÿ¥¦¸ ¦®¦¤®¦¡¥ ¾§±©©», C©ÿ¥¦¸ ¦®¦¤®¦¡¯º¤ ¤¢¡ ¢®¶¹¶¤¥ ¤µ
"¥¢¤¬³³" ²©¤©¸¥©º ²¯¡®¢®¥¢º ¾¢¸²¹³³¨¯º¤ ¦®¦¤®¦¡ ©º¤© ¡¢» ³´¢x ¦®à®¦¦. ·¤¢ C©ÿ¥¦¸ ¦®¦¤®¦¡¯º¤ ¢®¶¹¶¤¥³³¨¯º¡ (©¤¡¯§¨°¡) ±¶ÿ¥¦¸ (²«®««¥±¶ÿ¥¦¸) ¡¢» ¤¢¸®¢¤¢.�§¤¨ £§¸¡§§®µ¨ ¤¢¡ ±¶ÿ¥¦¸ «¡«¾«¨ ¥³³¡¢¢¸ ¤¢¡ E©¸©®®¶®µ ´««®¥ ¥¦¨¦¸-¾¦º®¨¦¡ ¥§¾©º £§¨©®¨©¡. �¤¡¢¾®¢¢¸ ±¶ÿ¥¦¸°¤ ¢¤¢ ¥¦¨¦¸¾¦º®¦®¥ E©¸©®à®¶®µ ´««®¥¯º¤ ¥¦¨¦¸¾¦º®¦®¥¦º ¥¢¤¬³³ (¢ÿ±¯±©®¶¤¥) ²©¤©¸¥©º ©º¤©.�¶ÿ¥¦¸ ¤µ ¢ÿ±¯±©®¶¤¥°¤ ¤¢¡ ©¤¡¯. ·¤¢ ©¤¡¯¨ ¦¸£¦¤ ²¯¡®¢®¥¢º ¾¢¸²¹³³¨¯»¯® ²¯¡®¢®¥¢º ¥§® ¥¢¸ ²¯¡®¢®¯º¡ ¢¤¢ ©¤¡¯©¸ ¥¦¨¦¸¾¦º®¦¡¨¦» ©º¡©© ±¶ÿà¥¦¸°¤ ²¯¡®¢®, ¢¤¢ ©¤¡¯¨ ¦¸£¦¤ ²¯¡®¢®¥¢º ¾¢¸²¹³³¨¯º¤ §¸¥ ¯»¯®¾¢¤. ·¤¢§¸¥°¡ ¢¤¢ ©¤¡¯©¸ ¥¦¨¦¸¾¦º®¦¡¨¦¾ ±¶ÿ¥¦¸°¤ ¹¦¨§®µ (§¸¥) ¡¢¤¢. �¯¡®¢®¥¢º¾¢¸²¹¯º¤ ¤¢¡ ©¤¡¯¨ ¦¸£¦¤ ²¯¡®¢®¥¢º ¾¢¸²¯¹ ³¸¯º¡ ¢¤¢ ©¤¡¯©¸ ¥¦¨¦¸-¾¦º®¦¡¨¦¾ ±¶ÿ¥¦¸°¤ ¥«®««®«¡² ¡¢» ¤¢¸®¢¤¢. �¶ÿ¥¦¸°¡ ¥¦¨¦¸¾¦º®¦¡² ©¤-¡¯º¤ ¤¢¡ ¥«®««®«¡² (²¯¡®¢®¥¢º ¾¢¸²¯¹) «¡£¤««¸ ±¶ÿ¥¦¸ «¡«¡¨®«« ¡¢» ³´¤¢.�¤¡¢¾®¢¢¸ ²¯¡®¢®¥¢º ¾¢¸²¹¯º¡ ±¶ÿ¥¦¸ ¡¢» ³´¤¢. �¶ÿ¥¦¸°¡ −−→AB ¢£±¢® a¡¢» ¥¢¹¨¢¡®¢¤¢.ôõôö÷ôøùôùú

.
ÀÁÂÁÃ a ⊂ b, b ⊂ a

ÕÕÂÕÕÂ ÍÁÎËÁÎ a,b ÒÎÒÊÎÒÓÔÔÐ ÐÅÃÍ�ÈÅü ËÅÖÃÅÎ a,b
ÃÏþÆÒÂÔÔÐÉÓ ÆÁÊÈÌÌ ÃÏþÆÒÂÔÔÐ ÓÁÊÁ. AB ∼ CD

¦®
−−→
AB =

−−→
CD
©º¾ ¤µ ¯®¢¸¾¯º.ôõôö÷ôøùôùú

. �ÏþÆÒÂÉÊ ÐÔÂÉÊ ÆÕÎÕÕÎÕÓIÇÖÊ ÔÂÆÉÓ ÃÏþÆÒÂÉÊ ÔÂÆ¡¢» ¤¢¸®¢¢¨ |a| ¡¢» ¥¢¹¨¢¡®¢¤¢. a,b ±¶ÿ¥¦¸§§¨°¡ ©±² ³´µ¶. −−→
AB,

−→
AC ¤µ

a,b ±¶ÿ¥¦¸§§¨°¤ ¥«®««®«¡²¯¨ ¡¢¶.
6

�
�

�
�

��
B

C

A

ϕϕ

π − ϕ

`1`2 �����
2

Ü¢¸¢± «¤¬¡¯º¡ ¦¤¬¡¦º®» ´©©à¡©©¡³º ¦® π-¢¢£ ¾¢¥¸¢¾¡³º, 2-¸´§¸©¡¥ ´©©¡¨£©¤ ϕ «¤¬¡¯º¡ a,b±¶ÿ¥¦¸§§¨°¤ ¾¦¦¸¦¤¨¦¾ «¤¬«¡¡¢» ¦º®¡¦¦¨, (a
∧
, b) ¡¢» ¥¢¹¨¢¡-®¢¶.ôõôö÷ôøùôùú
.
ÀÒÒÂÒÊÐÒÍ ÕÊ-ÈÕÓ ÊÑ π

2 -ÆÅÖ ÆÁÊÈÌÌ ËÅÖÍ ÍÒûÂ
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ÃÏþÆÒÂÉÓ ÒÂÆÒÓÒÊÅÎÑ ÃÏþÆÒÂÔÔÐ ÓÁÊÁ.ÀÒûÂ ÃÏþÆÒÂÉÊ ÆÕÎÕÕÎÕÓIÇÐ ÊÑ ÇüÇÎ IÇÓÎÁÎÆÁÖ ËÒÎ ÆÁÐÓÁÁÂ ÃÏþÆÒÂÔÔ-ÐÉÓ ÇüÇÎ IÇÓÎÁÎÆÁÖ, ÆÕÎÕÕÎÕÓIÇÐ ÊÑ ÁòÂÁÓ IÇÓÎÁÎÆÁÖ ËÒÎ ÆÁÐÓÁÁÂÇÖÓÁòÂÁÓ IÇÓÎÁÎÆÁÖ ÃÏþÆÒÂÔÔÐ ÓÁÊÁ.ÀÁÂÁÃ ÍÒûÂ ÃÏþÆÒÂ ÊÑ ÇüÇÎ ËÔ�Ô ÁòÂÁÓ IÇÓÎÁÎÆÁÖ ÕÕÂÕÕÂ ÍÁÎËÁÎ ÊÁÓ �Ô�ÎÔÔÊÆÅÖ DÅÂÅÎÎÏÎÑ ËÒÎ ÆÁÐÓÁÁÂÇÖÓ þÒÎÎÇÊÏÅÂ ÃÏþÆÒÂÔÔÐ ÓÁÊÁ.0¢¡ ±¶ÿ¥¦¸°¡ ¨§¸°¤ ±¶ÿ¥¦¸¥¦º ¦¸¥¦¡¦¤©®µ, ©£ ÿ¦®®¯¤¶©¸ ¡¢» ³´¤¢. P¦®-®¯¤¶©¸ ±¶ÿ¥¦¸§§¨°¡ a‖b, E©¸©®®¶®µ ±¶ÿ¥¦¸§y¨°¡ a ↑↑ b ¡¢» ¥¢¹¨¢¡®¢¶.ôõôö÷ôøùôùú

.
ÀÁÂÁÃ ÓÔÂÃÅÊ ÃÏþÆÒÂÉÊ ÆÕÎÕÕÎÕÓIÇÐ ÊÑ ÊÁÓ ÍÅÃÆÓÅÖÐÁÁÂ ËÔ�Ô DÅÂÅÎÎÏÎÑ ÍÅÃÆÓÅÖÊÔÔÐ ÐÁÁÂ ÍÁÃÆÁü ËÅÖÃÅÎ ÆÁÐÓÁÁÂÇÖÓþÒÄDÎÅÊÅÂ ÃÏþÆÒÂÔÔÐ ÓÁü ÊÁÂÎÁÊÁ.

Ü¢¸¢± ¡§¸±©¤ ±¶ÿ¥¦¸°¤ ©®µ ¤¢¡ ¤µ ¥¢¡ ±¶ÿ¥¦¸ ©º±©® ¥¢¨¡¢¢¸ ±¶ÿ¥¦¸§§¨ÿ¦¹E®a¤©¸ ©º¤© ¡¢» ³´¤¢.
3.2.  O;�4� ���� 	�
	 ������  
���  �l§¡©¹©¤ ³º®¨¢® ¡¢¨¢¡ ¨¦¸ ±¶ÿ¥¦¸§§¨°¤ ¤¢¹¢¾, ¥¦¦¡¦¦¸ ³¸»³³®¢¾ ³º®¨®¯º¡¦º®¡¦¤¦.�¶ÿ¥¦¸§§¨°¤ ¥«®««®«¡² a =

−−→
AB, b =

−−→
BC ±¶ÿ¥¦¸§§¨°¡ ©±² ³´µ¶. a,b±¶ÿ¥¦¸§§¨°¤ ¤¯º®¢¸ c =

−→
AC ±¶ÿ¥¦¸°¡ ´§¸©¡¥ ³´³³®¢± (´§¸©¡ 3).

�
�

�
�

�
�7@

@
@

@
@

@R- �
�
�
�
�
���

-

6

A

B

C A

C D

B

−−→
AB +

−−→
BC

−→
AC +

−−→
AB

*

�����
3

�����
4

¼§¸¡©©£ ¾©¸©¾©¨ −→
AC ±¶ÿ¥¦¸ ¤µ −−→AB ±¶ÿ¥¦¸°¤ ¢¾®¢® ¨¢¢¸ ¢¾¥¢º −−→

BC-
¯º¤

¥«¡£¡«® ¨¢¢¸ ¥«¡£¡«®¥¢º ©º¤©.
Ü¢¸¢± a,b ±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ¯ª ¦® E©¸©®®¶®¦¡¸©¹¹°¤ ¨³¸¢¹ ¡¢»¤¢¸®¢¡¨¢¾ 4-¸ ´§¸©¡¥ ³´³³®£¤¢¢¸ ¤¯º®¢¸ ±¶ÿ¥¦¸°¡ ¥¦¨¦¸¾¦º®¤¦. 0§¾©º®à©® ¥¢¨¡¢¢¸ ÿ¦®®¯¤¶©¸ ¯ª ±¶ÿ¥¦¸§§¨©©¸ ¥©®©© ¾¯º£¢¤ E©¸©®®¶®¦¡¸©¹à¹°¤ ¨¯©¡¦¤©®µ −−→AD ¤µ ¥¢¨¡¢¢¸¯º¤ ¤¯º®¢¸ ¡¢» ¥¦¨¦¸¾¦º®¤¦.

�
�
�
�
�
��

-
A
A
A
A
A
AU

A

B C

-

a

b

c

a + b + c

D�����
5

a,b, c ¡§¸±©¤ ±¶ÿ¥¦¸°¤ ¤¯º®¢¸ ¡¢» ¢¨¡¢¢¸±¶ÿ¥¦¸§§¨°¡ ¨©¸©©®©¤ ¤¢¹¢¾¯º¡ ¦º®¡¦¤¦.�«¸««¸ ¾¢®¢®
a + b + c ≡ (a + b) + c

−−→
AB = a,

−−→
BC = b,

−−→
CD = c ¡¢±¢® a + b + c =
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−−→
AD. ß³¤¥¢º ©¨¯®©©¸ n ±¶ÿ¥¦¸§§¨°¤ ¤¯º®¢¸¯º¡ ¥¦¨¦¸¾¦º®¤¦. �¶ÿ¥¦¸§§à¨°¤ ¤¢¹¢¾ ³º®¨¢® ¨©¸©©¾ ²©¤©¸¥©º. ß³¤¨: !"!ö

1. ∀a,b ±¶ÿ¥¦¸§§¨°¤ ¾§±µ¨ a + b ¤¢¡ §¥¡©¥©º ¥¦¨¦¸¾¦º®¦¡¨¦¤¦. !"!ö
2. a + b = b + a (ÿ¦¹¹§¥©¥¯± ²©¤©¸) !"!ö
3. (a + b) + c = a + (b + c) (©££¦¬¯©¥¯± ²©¤©¸) !"!ö
4. ∀a ±¶ÿ¥¦¸°¤ ¾§±µ¨ 0 + a = a + 0 = a.

a ¨§¸°¤ ±¶ÿ¥¦¸, α ¨§¸°¤ ¥¦¦ ¡¢¶. a ±¶ÿ¥¦¸°¡ α ¥¦¦¡¦¦¸ ³¸»³³®¢¾¢¨�) |αa| = |α||a| ¹¦¨§®µ¥©º.+) Ü¢¸¢± α > 0
¦®

a ↑↑ αa, ¾¢¸¢± α < 0
¦®

a ↑↓ αa ²¯¡®¢®¥¢º αa ±¶ÿ¥¦¸¡©¸¤©.Ü¢¸¢± a = 0
¦® αa = α · 0 = 0Ü¢¸¢± α = 0
¦® αa = 0 · a = 0

©º¤©.�¶ÿ¥¦¸°¡ ¥¦¦¡¦¦¸ ³¸»³³®¢¾ ³º®¨¢® ¤µ ¨©¸©©¾ ²©¤©¸¥©º. ß³¤¨: !"!ö
1. ∀a, ∀α ∈ R ¾§±µ¨ αa ¤¢¡ §¥¡©¥©º ¦®¨¦¤¦. !"!ö
2. α(βa) = (αβ)a (∀α, β ∈ R). !"!ö
3. α(a + b) = αa + βb. !"!ö
4. (α+ β)a = αa + βa (α, β ∈ R).ôõôö÷ôøùôùú

. a
ÃÏþÆÒÂÉÓ (−1)-

ÁÁÂ ÌÂüÌÌÎÁÍÁÐ ÓÅÂÅÍ −a
ÃÏþÆÒÂÉÓ aÃÏþÆÒÂÉÊ ÁòÂÁÓ ÃÏþÆÒÂ ÓÁÊÁ.ÀÁÂÁÃ a0

ÃÏþÆÒÂÉÊ ÔÂÆ ÊÑ (|a0| = 1) ÊÁÓÆÁÖ ÆÁÊÈÌÌ ËÅÖÃÅÎ a0

ÃÏþÆÒÂÉÓÊÒÂÄIÎÒÓÐòÒÊ ËÔ�Ô ÊÁÓü ÃÏþÆÒÂ ÓÁÊÁ.ÀÁÂÁÃ a 6= 0 ËÒÎ 1
|a|a
ÃÏþÆÒÂ ÊÑ a-ÆÅÖ þÒÎÎÇÊÏÅÂ ÊÁÓü ÃÏþÆÒÂ ËÅÖÊÅ

(
ÕÕÂÕÕÂ ÍÁÎËÁÎ a-ÇÖÊ ÐÅÓÔÔ IÇÓÎÁòÁÊ ÊÁÓü ÃÏþÆÒÂ ËÅÖÊÅ).
Ü¢¸¢± a0

¤µ a ±¶ÿ¥¦¸¥¢º ÿ¦®®¯¤¶©¸ ¤¢¡» ±¶ÿ¥¦¸ ¦® a = |a|a0
©º¤©.0¢¡ ±¶ÿ¥¦¸ ¤µ ¨§¸°¤ ±¶ÿ¥¦¸¥¢º ÿ¦®®¯¤¶©¸ ¥§® ¾¦ºª¯¨ ÿ¦®®¯¤¶©¸ ±¶ÿ¥¦à¸°¤ ¥§¾©º �¸¯¾¨©© ©±² ³´¢» ©º¡©© ±¶ÿ¥¦¸§§¨°¡ ¥¢¡ ±¶ÿ¥¦¸¦¦£ �®¡©©¥©º¡¢» ³´¤¢.FôöFG

3.1. a,b ±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º¤«¾¬«® ¤µ b = αa (α 6= 0)
©º¾ ½¹.1ÅÆÅÎÓÅÅ. ⇒: a ‖ b ⇒ b = αa ¡¢» ©¥©®3�.�) a ↑↑ b

¦®
a, b-
¯º¤ ¨©¡§§ ²¯¡®¢£¢¤ ¤¢¡» ±¶ÿ¥¦¸ a

|a| = b
|b| ⇒

b =
|b|
|a|a (3.1)

©º¤©. |b|
|a| = α ¡¢» ¥¢¹¨¢¡®¢±¢® b = αa

¦®¤¦.+) a ↑↓ b
¦®

b = − |b|
|a|a
©º¤©. − |b|

|a| = α ¡¢±¢® b = αa
¦®¤¦.

⇐: b = αa (α 6= 0)
¦®

a ‖ b
©º¾°¡ ©¥©®3�. b = αa

¦® ±¶ÿ¥¦¸°¡¥¦¦¡¦¦¸ ³¸»³³®¢¾ ¥§¾©º ¥¦¨¦¸¾¦º®¦®¥¦¦£ a,b ±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ¦®¦¾
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¤µ ª§§¨ ¾©¸©¡¨©¤©. N

a ±¶ÿ¥¦¸ ¨¢¢¸ b-
¯º¤ ¢£¸¢¡ ±¶ÿ¥¦¸°¡ ¤¢¹¢¾¯º¡ a,b ±¶ÿ¥¦¸§§¨°¤ �®¡©±©¸¡¢» ¤¢¸®¢¢¨ a − b ¡¢» ¥¢¹¨¢¡®¢¤¢.

a − b = a + (−b)

3.3.  O;�4�&� ������� U����	
ôõôö÷ôøùôùú

. a1,a2,a3, . . . ,an

ÃÏþÆÒÂÔÔÐ ÅÃI ÌóÑÏ. a1,a2, . . . ,an

ÃÏþ�ÆÒÂÔÔÐ ËÅ α1, α2, . . . , αn ∈ R ÆÒÒÊÔÔÐÉÊ ÍÔÃÑÐ
a = α1a1 + α2a2 + . . .+ αnanÃÏþÆÒÂÉÓ a1,a2, . . . ,an

ÃÏþÆÒÂÉÊ �ÔÓÅÄÅÊ ÁÃÎÌÌÎÁÓ ÓÁÊÁ. α1, α2, . . . , αnÆÒÒÊÔÔÐÉÓ �ÔÓÅÄÅÊ ÁÃÎÌÌÎÁÓÇÖÊ þÒÁ��ÇÈÇÏÊÆ ÓÁÊÁ.
Ü¢¸¢± a ±¶ÿ¥¦¸ ¤µ a1,a2, . . . ,an

±¶ÿ¥¦¸§§¨°¤ ª§¡©¹©¤ ¢±®³³®¢¡ a = α1a1+
α2a2+. . .+αnan

¾¢®¢¸¥¢º ¥©±¯¡¨©» ©º±©® a ±¶ÿ¥¦¸°¡ a1,a2, . . . ,an
±¶ÿà

¥¦¸§§¨©©¸ ´©¨©®®©© ¡¢» �¸¯¤©.ôõôö÷ôøùôùú
.
ÀÅÃÆÓÅÖ ÐÁÁÂ òÒÊÓÒü ÅÃòÅÊ þÒÎÎÇÊÏÅÂ ËÇ� ÍÒûÂ ÃÏþ�ÆÒÂÉÓ ÍÅÃÆÓÅÖÊ òÔÔÂÇÖÊ ÃÏþÆÒÂÔÔÐ ÓÁü ÊÁÂÎÁÊÁ. �ÒÐÒÂÍÒÖ ÁÂÁÄËÁÁÂòÒÊÓÒü ÅÃòÅÊ þÒÄDÎÅÊÅÂ ËÇ� ÓÔÂÃÅÊ ÃÏþÆÒÂÉÓ ÒÓÆÒÂÓÔÖÊ òÔÔÂÇÖÊ ÃÏþ�ÆÒÂÔÔÐ ÓÁü ÊÁÂÎÁÊÁ.

Ü©±¥¡©º¤ ¨§¸°¤ a ±¶ÿ¥¦¸°¡ £§§¸¯º¤ ±¶ÿ¥¦¸§§¨©©¸ ¤¢¡ §¥¡©¥©º ´©¨©®»¦®¦¾°¡ ©¥©®3�. Ü©±¥¡©º¤ £§§¸µ ±¶ÿ¥¦¸°¡ e1, e2
¡¢» ¥¢¹¨¢¡®¢¶. �©¸©©¾¾¦Ý¸ ¥¦¾¯¦®¨¦® ©º¤©. ß³¤¨:

1. a ±¶ÿ¥¦¸ ¤µ £§§¸¯º¤ ©®µ ¤¢¡ ±¶ÿ¥¦¸¥©º ÿ¦®®¯¤¶©¸ ¥§¾©º®©® e1-¥¢ºÿ¦®®¯¤¶©¸ ¦® a ±¶ÿ¥¦¸ ¤µ a = α1e1
¡¢» ¤¢¡ §¥¡©¥©º ¯®¢¸¾¯º®¢¡¨¢¤¢.0¢¡±¢® a = α1e1+0e2

¦®¦¾ © ¢¤¢ ¯²®¢¡ ¤¢¡ §¥¡©¥©º. �¤¡¢» a ±¶ÿ¥¦¸°¡£§§¸¯º¤ ±¶ÿ¥¦¸¦¦¸ ´©¨©®¤©.
2. a ±¶ÿ¥¦¸ ¤µ £§§¸¯º¤ �¹©¸ ² ±¶ÿ¥¦¸¥¦º ÿ¦®®¯¤¶©¸ ¯ª ©º±©® e1 =

−−→
OM ,

e2 =
−−→
ON , a =

−→
OA ¡¢£¢¤ ¡§¸±©¤ ±¶ÿ¥¦¸°¡ ©±² ³´µ¶ (´§¸©¡ 6).

6

- -�
�

�
�

�
��7

-XXXXXXXXz

�
�

�
�

�
�

���6

O

N
A

B

6

Me1

e2
a

O

A

N

QM
e1

e3 a

e2
Z

Z
Z

Z
Z

Z~

6
P

�����
6

�����
7



3.3. �M�éíê$æ �##êëèê Sèîäèï 83

−→
OA =

−−→
OB+

−−→
BA
©º¾ © −−→OB,−−→BA ¤µ ¾©¸¡©®´©¤ e1, e2

±¶ÿ¥¦¸¥©º ÿ¦®®¯¤¶©¸
(««¸««¸ ¾¢®¢® −−→OB = α1e1,

−−→
BA = α2e2). Þ«¡«« ¥©®©©£ ±¶ÿ¥¦¸§§¨°¤ ¤¯º®à¢¸ ¤¢¡ §¥¡©¥©º ¡¢¨¡¢¢£ a =

−→
OA =

−−→
OB +

−−→
BA
¯®¢¸¾¯º®¢® ¤¢¡ §¥¡©¥©º©º¤©. �º¹¨

a = α1e1 + α2e2 (3.2)

©º¤©. ·¤¢ ´©¨©¸¡©©¤° (α1, α2)
ÿ¦¢CC¯¬¯¶¤¥³³¨¯º¡ a ±¶ÿ¥¦¸°¤ e1, e2£§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥ ¡¢» ¤¢¸®¢¤¢.

·¤¢ ³¾¤¢¢£ ³´¢¾¢¨ «¡£«¤ e1, e2
£§§¸¯º¤ ³¶¨ ¾©±¥¡©º¤ ¨§¸°¤ ±¶ÿ¥¦¸ ³¸¨¢¸¢¹¢®¢¡¨£¢¤ ¾¦£ ¥¦¦ (α1, α2)
¦®¨¦¤¦. ß³¤¯º §¸±§§ ¤µ ¹«¤ ¾³²¯¤¥¢º. ·¤¢¤µ ¢¸¢¹¢®¢¡¨£¢¤ ¾¦£ ¥¦¦ ³¸¥ ¥¢¨¡¢¢¸¢¢¸ ÿ¦¦¸¨¯¤©¥ ¾¯º¾ ±¶ÿ¥¦¸ ¦®¨¦¤¦¡¢£¢¤ ³¡.2¡¥¦¸¡§º¨ e1, e2, e3

£§§¸¯º¤ ±¶ÿ¥¦¸§§¨ «¡£«¤ ¡¢¶. 2¡¥¦¸¡§º¤ ¨§¸°¤ ±¶ÿà¥¦¸ a-¡ ¢¤¢ £§§¸¯º¤ ±¶ÿ¥¦¸§§¨©©¸ ¤¢¡ §¥¡©¥©º ´©¨©®» ¦®¦¾°¡ ©¥©®3�.
1. a
© e1, e2

±¶ÿ¥¦¸§§¨ ÿ¦¹E®©¤©¸ ½¹ ¡¢¶. 0¢¡±¢® a = α1e1 + α2e2
¡¢»´©¨©¸¤©. ·¤¢ ´©¨©¸¡©© ¤¢¡ §¥¡©¥©º. �º¹¨ a = α1e1 + α2e2 + 0e3
¡¢»¯²¯» ¦®¤¦.

2. a ¤µ e1, e2, e3
£§§¸¯º¤ ©®µ ² ¾¦Ý¸ ±¶ÿ¥¦¸¥¦º ¤µ ÿ¦¹E®©¤a¸ ¯ª ½¹ ¡¢¶

(´§¸©¡ 7). e1 =
−−→
OM , e2 =

−−→
ON , e3 =

−−→
OP , a =

−→
OA ±¶ÿ¥¦¸§§¨°¡ ¨³¸£¢®µ¶.0¢¡±¢®

a =
−→
OA =

−−→
OQ+

−→
QA

¡¢£¢¤ ¯²®¢¡ ¤¢¡ §¥¡©¥©º ©º¤©. �¶ÿ¥¦¸ −→QA ¤µ e3-¥©º ÿ¦®®¯¤¶©¸, −−→OQ ¤µ
e1, e2-¥©º ÿ¦¹E®©¤©¸ ©º¤©. �º¹¨ −→QA = α3e3,

−−→
OQ = α1e1 + α2e2

©º¤©.·¤¨¢¢£ a ±¶ÿ¥¦¸ ¤µ e1, e2, e3
£§§¸¯©¸

a = α1e1 + α2e2 + α3e3

¡¢» ¤¢¡ §¥¡©¥©º ´©¨©¸¤©. ·¤¢ ´©¨©¸¡©©¤° (α1, α2, α3)
ÿ¦¢CC¯¬¯¶¤¥³³¨¯º¡

a ±¶ÿ¥¦¸°¤ e1, e2, e3
£§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥ ¡¢¤¢.

·¤¨¢¢£ ³´±¢® ¦¡¥¦¸¡§º¤ ¨§¸°¤ ±¶ÿ¥¦¸ ³¸¥ ¥¦¨¦¸¾¦º ¢¸¢¹¢¢¸ ©±£©¤
(α1, α2, α3)

¡§¸©±¥ ´«±¾«¤ ¡©¤¬ ¾©¸¡©®´©» ©º¤© (¥§¾©º¤ £§§¸¯º¤ ³¶¨).ß³¤¯º §¸±§§ ¥¦¨¦¸¾¦º ¢¸¢¹¢¢¸ £¦¤¡¦£¦¤ (α1, α2, α3)
¡¢£¢¤ ¡§¸©±¥ ³¸¨¦¡¥¦¸¡§º¤ ´«±¾«¤ ¡©¤¬ ±¶ÿ¥¦¸ ¾©¸¡©®´©¤©.

Ü¢¸¢± a 6= 0
¦® |α1| + |α2| + |α3| 6= 0

©º¤©. 0 ±¶ÿ¥¦¸°¤ ³¾ ÿ¦¦¸¨¯¤©¥¥¢¡¥¢º ¥¢¤¬³³ ©º¤©.ôõôö÷ôøùôùú
.
ÀÁÂÁÃ òÔÔÂÇÖÊ ÃÏþÆÒÂÔÔÐ ÊÑ ÍÒò ÍÒòÒÒÂÒÒ ÒÂÆÒÓÒÊÅÎÑËÅ òÔÔÂÇÖÊ ÃÏþÆÒÂ ËÌÂ ÊÁÓü ÃÏþÆÒÂ (|e1| = |e2| = |e3| = 1) ËÒÎ e1, e2, e3-ÇÖÓ ÒÂÆÒÊÒÂÄIÎÒÓÐòÒÊ òÔÔÂÑ ÓÁÊÁ.
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3.4.

~44��������� 8��8� 9O;�4���� ���� 	�
	 ������ 
���  �
e1, e2, e3

£§§¸µ «¡²¢¢ ¡¢¶. ·¤¢ £§§¸µ¥ a,b ±¶ÿ¥¦¸§§¨
a = α1e1 + α2e2 + α3e3, b = β1e1 + β2e2 + β3e3

´©¨©¸¡©©¥©º ¡¢¶. 0¢¡±¢®
a + b = (α1e1 + α2e2 + α3e3) ± (β1e1 + β2e2 + β3e3)

3.2
=

= (α1 ± β1)e1 + (α2 ± β2)e2 + (α3 + β3)e3 (3.4)¦®¤¦. ·¤¨¢¢£ ³´±¢® a,b ±¶ÿ¥¦¸§§¨°¤ ¤¯º®¢¸ (�®¡©±©¸) ±¶ÿ¥¦¸°¤ÿ¦¦¸¨¯¤©¥ ¤µ ¤¢¹¢¡¨¢¾³³¤ ±¶ÿ¥¦¸§§¨°¤ ¾©¸¡©®´©¾ ÿ¦¦¸¨¯¤©¥§§¨°¤ ¤¯º®à¢¸¥¢º (�®¡©±©¸¥©º) ¥¢¤¬³³ ©º¤©.
a ±¶ÿ¥¦¸°¡ λ ¥¦¦¡¦¦¸ ³¸»³³®¢¾¢¨ ¡©¸©¾ λa ±¶ÿ¥¦¸°¤ ¾§±µ¨

λa = λ(α1e1 + α2e2 + α3e3) = (λα1)e1 + (λα2)e2 + (λα3)e3 (3.5)

¦®¦¾ © ÿ¦¦¸¨¯¤©¥ ¤µ (λα1, λα2, λα3)
¦®¤¦.

a 6= 0, b 6= 0 ±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ¦® b = λa
©º¾ ©

β1e1 + β2e2 + β3e3 = (λα1)e1 + (λα2)e2 + (λα3)e3 (3.5)

©º¤©. �¶ÿ¥¦¸§§¨°¤ ¥¢¤¬®¯º¤ ¥¦¨¦¸¾¦º®¦®¥¦¦¸
β1 = λα1, β2 = λα2, β3 = λα3§½§

α1

β1
=
α2

β2
=
α3

β3
(3.6)

¦®¤¦. ·¤¢ ¯²®¢¡¢¢£ ¾©¸©¾©¨ β1 6= 0, β2 6= 0, β3 6= 0
©º¾©©¸ ¾©¸©¡¨©¤©.B¢±² ¢¨¡¢¢¸ β1, β2, β3-

¯º¤ ´©¸¯¹ ¤µ ¥¢¡¥¢º ¥¢¤¬³³ ³¶¨ ² (3.6)-¡ ¯²¤¢. (3.6)¤«¾¬«® ¤µ ±¶ÿ¥¦¸§§¨°¤ ÿ¦®®¯¤¶©¸ ©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«®¦®¤¦.

3.5. L��� 8��8�� nO;���&� ;44������&� ����O
2¡¥¦¸¡§º¨ O ¬¢¡ ¦¸¥¤¦¸¹²®¦¡¨£¦¤ e1, e2, e3

£§§¸µ «¡£«¤ ©º¡.ôõôö÷ôøùôùú
. O ÈÁÓ ÒÂÆÊÒÂÄIÎÒÓÐòÒÊ e1, e2, e3

òÔÔÂÇÖÓ ÆÁÓ� ÕÊÈÕÓÆÐÏþÅÂÆÉÊ þÒÒÂÐÇÊÅÆÉÊ òÇòÆÏÄ ÓÁÊÁ. O ÈÁÓÇÖÓ þÒÒÂÐÇÊÅÆÉÊ ÁÍ O ÈÁÓÇÖÓÐÅÖÂòÅÊ e1

ÃÏþÆÒÂÆÅÖ ÇüÇÎ IÇÓÎÁÎÆÁÖ ÆÁÊÍÎÁÓÇÖÓ ÅËòÈÇòò ËÔ�Ô OX
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ÆÁÊÍÎÁÓ, O ÈÁÓÇÖÓ ÐÅÖÂòÅÊ e2

ÃÏþÆÒÂÆÅÖ ÇüÇÎ IÇÓÎÁÎÆÁÖ ÆÁÊÍÎÁÓÇÖÓÒÂÐÇÊÅÆ ËÔ�ÔOY ÆÁÊÍÎÁÓ, O ÈÁÓÇÖÓ ÐÅÖÂòÅÊ e3

ÃÏþÆÒÂÆÅÖ ÇüÇÎ IÇÓÎÁÎ-ÆÁÖ ÆÁÊÍÎÁÓÇÖÓ ÅDDÎÇþÅÆ ËÔ�Ô OZ ÆÁÊÍÎÁÓ ÓÁü ÊÁÂÎÁÊÁ. OX,OY,OZÆÁÊÍÎÁÓÌÌÐÇÖÓ þÒÒÂÐÇÊÅÆÉÊ ÆÁÊÍÎÁÓÌÌÐ ÓÁÊÁ. dÒÒÂÐÇÊÅÆÉÊ ÍÒûÂ ÆÁÊÍ-ÎÁÓÇÖÓ ÐÅÖÂòÅÊ (
ÅÓÔÔÎòÅÊ) ÍÅÃÆÓÅÖÓ þÒÒÂÐÇÊÅÆÉÊ ÍÅÃÆÓÅÖ ÓÁÊÁ.
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P¦¦¸¨¯¤©¥°¤ ¾©±¥¡©º¤§§¨°¡ XOY , XOZ,
Y OZ ¡¢» ¥¢¹¨¢¡®¢¶. 0¢¡ª «¤¬«¡¥ �¶ÿ©¸à¥°¤ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¯º¡ (0, e1, e2, e3)§½§ OXY Z ¡¢» ¥¢¹¨¢¡®¢¶. 0¢¡ª«¤¬«¡¥ ¨¶ÿ©¸¥°¤ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¯º¤£§§¸¯º¤ ±¶ÿ¥¦¸§§¨°¡ ¯¾¢±²®¢¤ i, j,k ¡¢»¥¢¹¨¢¡®¢¨¢¡. 2¡¥¦¸¡§º¤ ¨§¸°¤ M ¬¢¡¯º¡ÿ¦¦¸¨¯¤©¥°¤ ¢¾ O ¬¢¡¥¢º ¾¦®¦» −−→

OM ±¶ÿà¥¦¸ ©º¡§§®©� (´§¸©¡ 8).ôõôö÷ôøùôùú
.
−−→
OM = α1i + α2j + α3kÃÏþÆÒÂÉÓ M ÈÁÓÇÖÊ ÂÅÐÇÔò ÃÏþÆÒÂ ÓÁÊÁ. −−→

OM
ÃÏþÆÒÂÉÊ þÒÒÂÐÇ�ÊÅÆ (α1, α2, α3)-

ÉÓ M ÈÁÓÇÖÊ (O, i, j, r)
òÇòÆÏÄ ÐÁÍ þÒÒÂÐÇÊÅÆ ÓÁÊÁ.

M(α1, α2, α3)
ÓÁü ÆÁÄÐÁÓÎÁÊÁ.�¤¡¢» ¦¡¥¦¸¡§º¤ ¨§¸°¤M ¬¢¡ ³¸¨ ÿ¦¦¸¨¯¤©¥ ¡¢» ¤¢¸®¢¡¨¢¾ ¢¸¢¹¢®¢¡¨-£¢¤ (α1, α2, α3)
¡¢£¢¤ 3 ¥¦¦, ¢¸¢¹¢®¢¡¨£¢¤ ¡§¸±©¤ ¥¦¦ (α1, α2, α3)

³¸¨ ¦¡à
¥¦¸¡§º¤ ¤¢¡ ¬¢¡ ¾©¸¡©®´©» (3.3-¥ £§¨©®£¤©©¸) ©º¤©.0¦¨¦¸¾¦º ¢¸¢¹¢¢¸ ©±£©¤ ÿ¦¹E®©¤a¸ ¯ª a =

−−→
AB, b =

−→
AC, c =

−−→
AD ¡§¸±©¤±¶ÿ¥¦¸ ©±² ³´µ¶.ôõôö÷ôøùôùú

.
ÀÁÂÁÃ −−→AD ÃÏþÆÒÂÉÊ ÆÕÓòÓÕÎÕÕò ÍÅÂÅÍÅÐ −−→AB-

ÁÁò −→
ACÃÏþÆÒÂ ÂÌÌ ÒIÇÍ (

ÁÂÓÌÌÎòÁÊ) ËÒÓÇÊÒ óÅÄ (
ÁÂÓÌÌÎÁÎÆ) ÈÅÓÇÖÊ óÌÌÊÇÖ Áò�ÂÁÓ ËÅÖÃÅÎ ÁÐÓÁÁÂ ÃÏþÆÒÂÔÔÐÉÓ ËÅÂÔÔÊ ÓÔÂÅÃÆ ËÔ�Ô ËÅÂÔÔÊ IÇÓÎÁÎÆÁÖ

(ÒÂÇÏÊÆÅÈÇÆÅÖ) ËÅÖÊÅ ÓÁÍ ËÅ ÁòÂÁÓ ÆÒÍÇÒÎÐÒÎÐ óÌÌÊ ÓÔÂÅÃÆ ËÔ�Ô óÌÌÊIÇÓÎÁÎÆÁÖ (ÒÂÇÏÊÆÅÈÇÆÅÖ) ÓÁÊÁ.
Ü¢¸¢± a,b, c ±¶ÿ¥¦¸§§¨ ©¸§§¤ (´³³¤) ¡§¸©±¥ ³³£¡¢» ©º¡©© ¦® ¥¢¨¡¢¢¸¯º¤¾¦Ý¸ ±¶ÿ¥¦¸°¤ ©º¸°¡ £¦®¯¾¦¨ ´³³¤ (

©¸§§¤) ¡§¸©±¥ ¦®¤¦. Ü©¸¯¤ a,b, c;
b, c,a; c,a,b ¡¢» £¦®¯¾¦¨ ¯»¯® ¡§¸©±¥§§¨ ³³£¤¢.

x
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�����
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ôõôö÷ôøùôùú
.
ÀÁÂÁÃ þÒÒÂÐÇÊÅÆÉÊ òÇò�ÆÏÄÇÖÊ òÔÔÂÑ ÃÏþÆÒÂÔÔÐ ÊÑ ËÅÂÔÔÊ (óÌÌÊ)ÓÔÂÅÃÆ ÌÌòÓÁü ËÅÖÃÅÎ þÒÒÂÐÇÊÅÆÉÊ òÇò�ÆÏÄÇÖÓ ËÅÂÔÔÊ (óÌÌÊ) òÇòÆÏÄ ÓÁü ÊÁÂÎÁÊÁ.2¡¥¦¸¡§º¤ ¥¢¡ª «¤¬«¡¥ ¨¶ÿ©¸¥°¤ ÿ¦¦¸¨¯à¤©¥°¤ £¯£¥¶¹¯º¤ ©¨¯®©©¸ ¾©±¥¡©º ¨¢¢¸¾¥¢¡ª «¤¬«¡¥ ¨¶ÿ©¸¥°¤ £¯£¥¶¹¯º¡ ¥¦¨¦¸à¾¦º®¤¦. OXY Z £¯£¥¶¹¨ A(x1, y1, z1),
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B(x2, y2, z2)

¬¢¡³³¨ «¡²¢¢. −−→
AB ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥°¡ ¦®3Ý (´§¸©¡ 9).

−−→
AB =

−−→
OB − −→

OA
©º¤©. −−→

OB,
−→
OA ±¶ÿ¥¦¸§§¨°¤ ÿ¦¦¸¨¯¤©¥ ¤µ B,A ¬¢¡¯º¤ÿ¦¦¸¨¯¤©¥ ©º¾ ¥§®

−−→
AB = (x2i + y2j + z2k) − (x1i + y1j + z1k) =

= (x2 − x1)i + (y2 − y1)j + (z2 − z1)k

·¤¨¢¢£ −−→AB ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥ ¤µ (x2 −x1, y2−y1, z2 − z1)
©º¤©. �«¸««¸¾¢®¢® −−→AB ±¶ÿ¥¦¸°¤ ¥«¡£¡«®¯º¤ B ¬¢¡¯º¤ ÿ¦¦¸¨¯¤©¥§§¨©©£ ¢¾¤¯º A ¬¢-¡¯º¤ ¾©¸¡©®´©¾ ÿ¦¦¸¨¯¤©¥§§¨°¡ ¾©££©¤ �®¡©±©¸ ¤µ −−→AB ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯à¤©¥ ©º¤©.

3.6. ¡��8� 	��V������� 	��J�
� 	�9��	
AB ¾¢¸²¹¯º¡ λ (λ 6= −1) ¾©¸µ¬©©¡©©¸ ¾§±©©¾ C ¬¢¡¯º¡ ¦®¤¦ ¡¢¨¢¡ ¤µ A,B¬¢¡³³¨¯º¡ ¨©º¸£©¤ ª§®§§¤ ¨¢¢¸ −→AC = λ

−−→
CB
©º¾ C ¬¢¡¯º¡ ¦®¤¦ ¡¢£¢¤ ³¡.

r r r r r r
A

C

B A B

C

�����
10

�����
11

Ü¢¸¢± λ > 0
¦® C ¬¢¡ ¤µ AB ¾¢¸²¹¯º¤ ¨¦¥¦¸ (´§¸©¡ 10), λ < 0

¦® C ¬¢¡¤µ AB ¾¢¸²¹¯º¤ ¡©¨¤© (´§¸©¡ 11) ¦¸ª¯¾ ¤µ ¯®¢¸¾¯º ©º¤©.
OXY Z £¯£¥¶¹¨ A(x1, y1, z1), B(x2, y2, z2) ¥«¡£¡«®¥¢º AB ¾¢¸²¹¯º¡ λ ¾©¸µà¬©©¡©©¸ ¾§±©©¾ C(x0, y0, z0)

¬¢¡¯º¡ ¦®3Ý.
−→
AC = (x0 − x1, y0 − y1, z0 − z1),

−−→
CB = (x2 − x0, y2 − y0, z2 − z0)©º¤©. −→

AC = λ
−−→
CB ¡¢¨¡¢¢£

x0 − x1 = λ(x2 − x0), y0 − y1 = λ(y2 − y0), z0 − z1 = λ(z2 − z0)¦®¤¦. ·¤¨¢¢£
x0 =

x1 + λx2

1 + λ
, y0 =

y1 + λy2

1 + λ
, z0 =

z1 + λz2

1 + λ©º¤©. Ü¢¸¢± λ = 1
¦® C ¬¢¡ ¤µ AB ¾¢¸²¹¯º¤ ¨§¤¨a» ¬¢¡ ©º¤©. ·¤¢¥¦¾¯¦®¨¦®¨ C ¬¢¡ ¤µ

x0 =
x1 + x2

2
, y0 =

y1 + y2

2
, z0 =

z1 + z2

2ÿ¦¦¸¨¯¤©¥¥©º ©º¤©.ØÙÚÛÛ
3.1. A(−1; 2; 3), B(0; 3; 5) ¬¢¡³³¨ «¡²¢¢. AB ¾¢¸²¹¯º¡ ¡§¸±©¤¥¢¤¬³³ ¾¢£¢¡¥ ¾§±©©¾ C, D ¬¢¡³³¨¯º¡ ¦®.
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p

ppp
A

C

D

B

r r r r

�����
12

1ÒÐÒÎÆ. C(xc; yc; zc), D(xd; yd; zd)
¡¢» ¥¢¹¨¢¡®¢¶.−→

AC = 0.5
−−→
CB,

−−→
AD = 2

−−→
DB
©º¾ ¥§®





xc + 1 = 0.5(0 − xc)

yc − 2 = 0.5(3 − yc)

zc − 3 = 0.5(5 − zc)

⇒







xc = −1+0.5·0
1+0.5 = −2

3

yc = 2+0.5·3
1+0.5 = 7

3

zc = 3+0.5·3
1+0.5 = 11

3

⇒

C(−2
3 ,

7
3 ,

11
3 ). ¿«¤ −−→AD = 2

−−→
DB ¡¢¨¡¢¢£







xd + 1 = 2(0 − xd)

yd − 2 = 2(3 − yd)

zd − 3 = 2(5 − zd)

⇒







xd = −1+0·2
1+2 = −1

3

yd = 2+2·3
1+2 = 8

3

zd = 3+2·5
1+2 = 13

3

⇒ D(−1
3 ,

8
3 ,

13
3 )
©º¤©.

3.7.  O;�4����&� �;��£�  �'9��, �  ��
 J����
ôõôö÷ôøùôùú

. �ÁÓÁÁò 5ÎÓÅÅÆÅÖ a, b
ÃÏþÆÒÂÉÊ ÄÒÐÔÎÇÔÐ ËÅ ÆÁÐÓÁÁÂÇÖÊÍÒÒÂÒÊÐÒÍ ÕÊÈÓÇÖÊ þÒòÇÊÔòÉÊ ÌÂüÃÁÂÇÖÓ a, b

ÃÏþÆÒÂÉÊ òþÅÎ5Â ÌÂüÃÁÂÓÁÊÁ. a 6= 0, b 6= 0 ±¶ÿ¥¦¸§§¨°¤ £ÿ©®�¸ ³¸»±¢¸¯º¡
ab = |a| · |b| cos(a ∧

, b)
§½§ (a,b) = |a| · |b| cosϕ

(·¤¨ ϕ ¤µ a,b ±¶ÿ¥¦¸§§¨°¤ ¾¦¦¸¦¤¨¦¾ «¤¬«¡) ¡¢» ¥¢¹¨¢¡®¢¤¢.
Ü¢¸¢± a, b ¹¶ÿ¥¦¸§§¨°¤ ©®µ ¤¢¡ ¤µ ¥¢¡ ±¶ÿ¥¦¸ ¦® ¢¨¡¢¢¸¯º¤ £ÿ©®�¸³¸»±¢¸¯º¡ ¥¢¡ ¡¢» ¥¦¦¬¤¦.
|b| cosϕ ¤µ b ±¶ÿ¥¦¸°¤ a ±¶ÿ¥¦¸ ¨¢¢¸¾ E¸¦¶ÿ¬, |a| cosϕ ¤µ a ±¶ÿ¥¦¸°¤ b±¶ÿ¥¦¸ ¨¢¢¸¾ E¸¦¶ÿ¬ §²¸©©£ a,b ±¶ÿ¥¦¸§§¨°¤ £ÿ©®�¸ ³¸»±¢¸¯º¡

(a,b) = ab = |a| · E¸ab = |b| · E¸ba (3.8)

¡¢» ¥¦¨¦¸¾¦º®» ¦®¤¦.�¶ÿ¥¦¸§§¨°¤ £ÿ©®�¸ ³¸»±¢¸ ¨©¸©©¾ ²©¤©¸§§¨¥©º.

�
�
�
�
��

C
C
C
C
CO

�
�

�
��>

�
��=

ϕ
b

a

αa

α > 0

α < 0

ϕ
a

αa

b

����*6
���*6 π − ϕ

�����
13

 !"!ö
1. ab = ba (ÿ¦¹¹§¥©¥¯±).·¤¢ ²©¤©¸°¤ ©¥©®¡©© ¤µ ¥¦¨¦¸-¾¦º®¦®¥¦¦£ ª§§¨ ¡©¸¤©. !"!ö
2. (αa,b) = α(a,b), α ∈ R1ÅÆÅÎÓÅÅ. ϕ ¤µ a, b ±¶ÿ¥¦¸§§-¨°¤ ¾¦¦¸¦¤¨¦¾ «¤¬«¡ ¡¢¶.Ü¢¸¢± α > 0
¦® (´§¸©¡ 13)

(αa,b) = |αa||b| cos ϕ = |α||a||b| cos ϕ = α|a||b| cosϕ = α(a,b)

Ü¢¸¢± α < 0
¦® (αa,b) = |αa||b| cos(π − ϕ) = |α||a||b|(− cos ϕ) =

−α|a||b|(− cos ϕ) = α|a||b| cosϕ = α(a,b).
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Ü¢¸¢± α = 0

¦® (0 · a,b) = (0,b) = 0. N !"!ö
3. (a + b)c = a · b + b · c (¨¯£¥¸¯§¥¯±).1ÅÆÅÎÓÅÅ. Aÿ©®�¸ ³¸»±¢¸¯º¤ (3.8) ¥¦¨¦¸¾¦º®¦®¥°¡ ¾¢¸¢¡®¢±¢®

(a + b)c = |c|E¸c(a + b) = |c| · (E¸ca + E¸cb) =
= |c| · E¸ca + |c|E¸cb = a · c + b · c N

 !"!ö
4. a ±¶ÿ¥¦¸°¡ ««¸««¸ ¤µ £ÿ©®�¸ ³¸»£¢¤ ³¸»±¢¸¯º¡ a ±¶ÿ¥¦¸°¤£ÿ©®�¸ ÿ±©¨¸©¥ ¡¢¾ © ¢¤¢ ¤µ a ±¶ÿ¥¦¸°¤ ¹¦¨§®¯º¤ ÿ±©¨¸©¥¥©º ¥¢¤¬³³©º¤©.

a · a = a2, a2 = |a||a| cos 0o = |a|2

·¤¨¢¢£ |a| =
√

a2
©º¤©.ØÙÚÛÛ

3.2. Ü¢¸¢± a = 2m − 3n, b = m + 2n
© |m| = 1, |n| = 2,

(m
∧
, n) = π

3

¦®
a · b-¡ ¦®.1ÒÐÒÎÆ. Aÿ©®�¸ ³¸»±¢¸¯º¤ 3-¸ ²©¤©¸ © ¥¦¨¦¸¾¦º®¦®¥°¡ ¾¢¸¢¡®¢¤ a ·b =

(2m−3n) · (m+2n) = 2m2 +m ·n−6n2 = = 2 · |m|2 + |m||n| cos π
3 −6|n|2 =

2 · 1 + 1 · 2 · 1
2 − 6 · 4 = −21.FôöFG

3.2.
0¢¡¢¢£ �®¡©©¥©º ¾¦Ý¸ ±¶ÿ¥¦¸ ¦¸¥¦¡¦¤©®µ ©º¾ ´©º®ª¡³º ©¾³¸¢¬¢¢¥¢º ¤«¾¬«® ¤µ ¥¢¨¡¢¢¸¯º¤ £ÿ©®�¸ ³¸»±¢¸ ¥¢¡¥¢º ¥¢¤¬³³ ©º¾ �±¨©®½¹.1ÅÆÅÎÓÅÅ. ⇒: a 6= 0, b 6= 0 a,b ¦¸¥¦¡¦¤©®µ ¡¢¶. 0¢¡±¢® (a

∧
, b) = π

2

©º¾© a · b = |a||b| cos π
2 = 0.

⇐: a 6= 0, b 6= 0, a · b = 0 ¡¢¶. 0¢¡±¢® a · b = |a| · |b| cos(a ∧
, b), |a| 6= 0,

|b| 6= 0 ¥§® cos(a
∧
, b) = 0 ⇒ (a

∧
, b) = π

2 ⇒ a,b ±¶ÿ¥¦¸§§¨ ¦¸¥¦¡¦¤©®µ. N

3.8.  O;�4����&� �;��£�  �'9���
� ;44��������� ����-	�
��	
OXY Z £¯£¥¶¹¨ a = α1i + α2j + α3k, b = β1i + β2j + β3k

±¶ÿ¥¦¸§§¨ «¡²¢¢¡¢¶. Aÿ©®�¸ ³¸»±¢¸ a · b-¡ (α1, α2, α3), (β1, β2, β3)
ÿ¦¦¸¨¯¤©¥§§¨©©¸ ¯®¢¸-¾¯º®3¶.

a · b = (α1i + α2j + α3k) · (β1i + β2j + β3k) =
= α1β1i

2 + α2β1(ij) + α3β1(ki) + α1β2(ij) + α2β2j
2+

+α3β2(kj) + α1β3(ik) + α2β3(jk) + α3β3k
2

·¤¨ |i| = |j| = |k| = 1, i, j,k ±¶ÿ¥¦¸§§¨ ¦¸¥¦¡¦¤©®µ. �º¹¢¢£
ab = α1β1 + α2β3 + α3β3 (3.9)
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¡©¸¤©.�º¤¾³³ OXY Z ¥¢¡ª «¤¬«¡¥ ¨¶ÿ©¸¥°¤ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¨ ¾¦Ý¸ ±¶ÿà¥¦¸°¤ £ÿ©®�¸ ³¸»±¢¸ ¤µ ¢¨¡¢¢¸ ±¶ÿ¥¦¸§§¨°¤ ¯»¯® ¤¢¸¥ ÿ¦¦¸¨¯¤©¥§§à¨°¤ ³¸»±¢¸¯º¤ ¤¯º®¢¸¥¢º ¥¢¤¬³³ ©º¤©. ×¯ª¢¢®¢®: a = 2i − 3j + k,
b = −i− 3j + 2k

¦®
a · b = 2 · (−1) + (−3) · (−3) + 1 · 2 = 9

Ü¢¸¢± a(α1, α2, α3)
¦®

a · a = a2 = α2
1 + α2

2 + α2
3 = |a|2 ¡¢¨¡¢¢£ |a| =

√

α2
1 + α2

2 + α2
3. ×¯ª¢¢®¢®: a = 2i− 3j + k ±¶ÿ¥¦¸°¤ ¹¦¨§®µ ¤µ

|a| =
√

22 + (−3)2 + 12 =
√

14

OXY Z £¯£¥¶¹¨ «¡£«¤ M1(x1, y1, z1), M2(x2, y2, z2)
¬¢¡³³¨¯º¤ ¾¦¦¸¦¤¨¦¾´©º ¤µ −−−−→M1M2

±¶ÿ¥¦¸°¤ ¹¦¨§®µ¥©º ¥¢¤¬³³ ©º¾ ¥§®
d = |−−−−→M1M2| =

√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2©º¤©.
a, b ±¶ÿ¥¦¸§§¨°¤ ¾¦¦¸¦¤¨¦¾ «¤¬¡¯º¡ ¢¨¡¢¢¸¯º¤ £ÿ©®�¸ ³¸»±¢¸¯º¡ ©ª¯¡®©¤¦®¤¦. 0§¾©º®©®

a · b = |a||b| cos(a ∧
, b) ⇒ cos(a

∧
, b) =

ab

|a||b|

cos(a
∧
, b) =

α1β1 + α2β2 + α3β3
√

α2
1 + α2

2 + α2
3

√

β2
1 + β2

2 + β2
3©º¤©. ×¯ª¢¢®¢®: a = i + j − k, b = 2i − j + 2k

¦®
cos(a

∧
, b) =

1 · 2 + 1 · (−1) + (−1) · 2
√

12 + 12 + (−1)2
√

22 + (−1)2 + 22
=

−1

3
√

3

a = (α1, α2, α3), b = (β1, β2, β3)
ÃÏþÆÒÂÔÔÐÉÊ ÒÂÆÒÓÒÊÅÎÑ ËÅÖÍ óÅÖÎ�ÓÌÖËÅ ÍÌÂÁÎÈÁÁÆÁÖ ÊÕÍÈÕÎ ÊÑ

cos(a,b) = 0 ⇒ α1β1 + α2β2 + α3β3 = 0 (3.10)

ØÙÚÛÛ
3.3. a = 2i+3j−αk, b = 4i+6j+k ±¶ÿ¥¦¸§§¨ α-

¯º¤ �¹©¸ §¥¡©¤¨¦¸¥¦¡¦¤©®µ ©º¾ ±¢?1ÒÐÒÎÆ. �¶ÿ¥¦¸§§¨°¤ ¦¸¥¦¡¦¤©®µ ©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾à¬®¯º¤ ¥¶¦¸¶¹ 3.2-¦¦¸
ab = 0 ⇒ 2 · 4 + 3 · 6 − α · 1 = 0 ⇒ α = 26
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3.9.  O;�4����&� 9O;�4�  �'9��, �  ��
 J����P¦®®¯¤¶©¸ ¯ª a, b ±¶ÿ¥¦¸§§¨°¡ ©±² ³´µ¶.ôõôö÷ôøùôùú

. |c| = |a||b| sin(a
∧
, b)
ÄÒÐÔÎÑÆÅÖ a, b

ÃÏþÆÒÂÔÔÐÆÅÖÒÂÆÒÓÒÊÅÎÑ ËÅ a, b, c ÊÑ ËÅÂÔÔÊ ÓÔÂÅÃÆ (óÔÂÅÓ 14)ÌÌòÓÁü ËÅÖÍ c ÃÏþÆÒÂÉÓ
a, b
ÃÏþÆÒÂÔÔÐÉÊ ÃÏþÆÒÂ ÌÂüÃÁÂ ÓÁÊÁ.

6

-
@

@
@

@R

K

c

b

a

�����
14

0¦¨¦¸¾¦º®¦®¥¦¦£ ¾©¸©¾©¨ a, b ±¶ÿ¥¦¸§§¨°¤ ±¶ÿà¥¦¸ ³¸»±¢¸ ¦®¦¾ c ±¶ÿ¥¦¸°¤ ¹¦¨§®µ ¤µ a, b ±¶ÿà¥¦¸§§¨©©¸ ©º¡§§®©¡¨£©¤ E©¸©®®¶®¦¡¸©¹¹°¤ ¥©®à©º¥©º ¥¢¤¬³³, c ±¶ÿ¥¦¸ ¤µ ¢¤¢ E©¸©®®¶®¦¡¸©¹à¹°¤ ¾©±¥¡©º¨ E¶¸E¶¤¨¯ÿ§®�¸ © c-
¯º¤ ¥«¡£¡«®««£¾©¸©¾©¨ a ±¶ÿ¥¦¸°¡ b ±¶ÿ¥¦¸ ¸§§ ¨©±¾¬¥©® ¢¸¡³³®à£¢¤ ¦¡¯¤¦ ¢¸¡³³®¢®¥ ¬©¡¯º¤ ´³³¤¯º ¢£¸¢¡ ©º¤©.

a, b ±¶ÿ¥¦¸§§¨°¤ ±¶ÿ¥¦¸ ³¸»±¢¸¯º¡ [a,b] ¡¢» ¥¢¹¨¢¡®¢¶.
Ü¢¸¢± a, b ±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ¦® [a,b] = 0

©º¤©.�¶ÿ¥¦¸§§¨°¤ ±¶ÿ¥¦¸ ³¸»±¢¸ ¤µ ¨©¸©©¾ ²©¤©¸¥©º. ß³¤¨: !"!ö
1. [a,b] = −[b,a]·¤¢ ²©¤©¸°¤ ©¥©®¡©© ¤µ ¥¦¨¦¸¾¦º®¦®¥¦¦£ ª§§¨ ¹«¸¨«¤ ¡©¸¤©. !"!ö
2. [αa,b] = α[a,b], α ∈ R.1ÅÆÅÎÓÅÅ. a, b ÿ¦®®¯¤¶©¸ ¦® [a,b] = 0 ¡¢¨¡¢¢£ [αa,b] = 0 ⇒ [αa,b] =

α[a,b]
©º¤©. α = 0

¦® αa = 0 ⇒ 0 = [αa,b] = α[a,b] ¡¢» ¢¤¢ ¥¦¾¯¦®¨¦®¨²©¤©¸ 2
©¥®©¡¨©±.2¨¦¦ a, b ÿ¦®®¯¤¶©¸ ¯ª α 6= 0

©º¾ ¥¦¾¯¦®¨¦®°¡ ©±² ³´µ¶. |[αa,b]| =
|αa||b| · sin(αa

∧
, b) = |α||a||b| sin(αa

∧
, b) = |α[a,b]|.

[αa,b] ±¶ÿ¥¦¸ ¤µ a, b ±¶ÿ¥¦¸§§¨©¨ ¦¸¥¦¡¦¤©®µ ©º¤©.
Ü¢¸¢± α > 0

¦®
a,b, [a,b]

© αa,b, [αa,b] ¢¨¡¢¢¸ ¡§¸©±¥§§¨ ¤µ (¦¸¯¶¤¥©à¬©©¸©© ¯»¯®) ¯»¯®¾¢¤ ©¸§§¤ (´³³¤) ¡§¸©±¥ ³³£¡¢¤¢.
Ü¢¸¢± α < 0

¦®
a,b, [a,b]

© αa,b, [αa,b] ¤µ (¦¸¯¶¤¥©¬¯©¸©© ««¸) ««¸««¸ ¡§¸©±¥ ³³£¡¢¤¢. �º¹¨ a,b, α[a,b]
© αa,b, [αa,b] ±¶ÿ¥¦¸§§¨ ¤µ ¯»¯®¡§¸©±¥§§¨°¡ ³³£¡¢¤¢. N !"!ö

3. [a + b, c] = [a, c] + [b, c]FôöFG
3.3.

0¢¡¢¢£ �®¡©©¥©º ¾¦Ý¸ ±¶ÿ¥¦¸°¤ ±¶ÿ¥¦¸ ³¸»±¢¸ ¥¢¡ ±¶ÿ¥¦¸©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ ³¸»¯¡¨¢¾³³¤ ±¶ÿ¥¦¸§§¨ ÿ¦®®¯-¤¶©¸ ©º¾ �±¨©® ½¹.1ÅÆÅÎÓÅÅ. a 6= 0, b 6= 0, [a,b] = 0 ¡¢¶.
|[a,b]| = |a||b| sin(a

∧
, b) = 0 ⇒ sin(a

∧
, b) = 0 ⇒ (a

∧
, b) = 0

§½§ a ∧
, b = π©º¤©. �º¹¨ a,b ±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ©º¤©.

Ü¢¸¢± a, b ±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ¦® (a
∧
, b) = 0 (π).

�º¹¢¢£ |[a,b]| = 0
⇒ [a,b] = 0. N
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3.10.  O;�4����&� 9O;�4�  �'9���
� ;44��������� ����-	�
��	
a = α1i + α2j + α3k, b = β1i + β2j + β3k

±¶ÿ¥¦¸§§¨°¡ ©±² ³´µ¶.
[a,b] = [α1i + α2j + α3k, β1i + β2j + β3k] =

= α1β1[i, i] + α2β1[j, i] + α3β1[k, i]+
+α1β2[i, j] + α2β2[j, j] + α2β3[j,k]+
+α1β3[i,k] + α3β2[k, j] + α3β3[k,k]

[i, i] = [j, j] = [k,k] = 0, [i, j] = k, [k, i] = j, [j,k] = i

¡¢¨¡¯º¡ ©¤¾©©¸©¤ ³´±¢®
[a,b] = −α2β1k + α3β1j + α1β2k − α3β2i− α1β3j + α2β3i =

= (α2β3 − α3β2)i + (α3β1 − α1β3)j + (α1β2 − α2β1)k =

=

∣
∣
∣
∣

α2 α3

β2 β3

∣
∣
∣
∣
i−

∣
∣
∣
∣

α1 α3

β1 β3

∣
∣
∣
∣
j +

∣
∣
∣
∣

α1 α2

β1 β2

∣
∣
∣
∣
k

·¤¢ ¤µ ¨©¸©©¾ 3-¸ ¢¸¢¹¯º¤ ¥¦¨¦¸¾¦º®¦¡²¯º¡ ¤¢¡¨³¡¢¢¸ ¹«¸««¸ ´©¨©®£©¤´©¨©¸¡©© ©º¤©.
[a,b] =

∣
∣
∣
∣
∣
∣

i j k

α1 α2 α3

β1 β2 β3

∣
∣
∣
∣
∣
∣

ØÙÚÛÛ
3.4. Ü¢¸¢± a = 2i + j + 3k, b = i− 3j + 2k

¦® [a,b] ±¶ÿ¥¦¸°¡ ¦®.
1ÒÐÒÎÆ. [a,b] =

∣
∣
∣
∣
∣
∣

i j k

2 1 3
1 −3 2

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣

1 3
−3 2

∣
∣
∣
∣
i−

∣
∣
∣
∣

2 3
1 2

∣
∣
∣
∣
j+

∣
∣
∣
∣

2 1
1 −3

∣
∣
∣
∣
k = 11i− j−7k

ØÙÚÛÛ
3.5. Ü¢¸¢± ∆ABC-

¯º¤ A(1, 2,−1), B(3, 3, 2), C(2,−1, 1)
¦®

∆ABC-
¯º¤ ¥©®©º¡ ¦®.1ÒÐÒÎÆ. S∆ABC = 1

2 |[
−−→
AB,

−→
AC]| ©º¤©. −−→

AB = (2, 1, 3),
−→
AC = (1,−3, 2).0¢¡±¢®

S∆ABC = 1
2

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

i j k

2 1 3
1 −3 2

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

= 1
2

√
∣
∣
∣
∣

1 3
−3 2

∣
∣
∣
∣

2

+

∣
∣
∣
∣

3 2
2 1

∣
∣
∣
∣

2

+

∣
∣
∣
∣

2 1
1 −3

∣
∣
∣
∣

2

=

=
1

2

√

112 + (−1)2 + (−7)2 =
1

2

√
171 =

3

2

√
19
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3.11.  O;�4����&� 	4��4�  �'9��
a, b, c ±¶ÿ¥¦¸§§¨°¡ ©±² ³´µ¶.ôõôö÷ôøùôùú

. a, b
ÃÏþÆÒÂÔÔÐÉÊ ÃÏþÆÒÂ [a,b] ÌÂüÃÁÂ ËÅ c ÃÏþÆÒÂÉÊòþÅÎ5Â ÌÂüÃÁÂÇÖÓ a, b, c
ÃÏþÆÒÂÔÔÐÉÊ ÍÒÎÇÄÒÓ ÌÂüÃÁÂ ÓÁÊÁ. a, b, c±¶ÿ¥¦¸§§¨°¤ ¾¦®¯¹¦¡ ³¸»±¢¸¯º¡ (a,b, c) ¡¢» ¥¢¹¨¢¡®¢¶. 0¢¡±¢®
(a,b, c) = [a,b] · c

FôöFG
3.4. Ü¢¸¢± a =

−−→
AB, b =

−→
AC, c =

−−→
AD ±¶ÿ¥¦¸§§¨ ÿ¦¹E®©¤a¸¯ª ¦® ¢¨¡¢¢¸ ±¶ÿ¥¦¸°¤ ¾¦®¯¹¦¡ ³¸»±¢¸¯º¤ ¹¦¨§®µ ¤µ −−→AB,

−→
AC,

−−→
AD±¶ÿ¥¦¸§§¨ ¨¢¢¸ ¯¸¹¢¡ ¤µ ¦¸ª¯¾ E©¸©®®¶®¦E¶E¯¨¯º¤ ¢´¢®¾³³¤¥¢º ¥¢¤¬³³.

6

�
�

�
�+

�
�
�
���

�6

*
-

A

E
D

C

Bx

z

y

φ

a
b

c

�����
15

1ÅÆÅÎÓÅÅ. a, b, c ±¶ÿ¥¦¸§§¨ ©¸§§¤ ¡§¸©±¥³³£¡¢¨¢¡ ¡¢¶. �¸¹¢¡³³¨ ¤µ |−−→AB|, |−→AC|, |−−→AD|-¥©º ¥¢¤¬³³ E©¸©®®¶®¦E¶E¯¨ ©º¡§§®©�. Ü¦®¯¹¦¡³¸»±¢¸¯º¤ ¥¦¨¦¸¾¦º®¦®¥¦¦¸
(a,b, c) = |[a,b]| · |c| cosϕ

©º¤©. ·¤¨ ϕ ¤µ [a,b] =
−→
AE
© c-¯º¤ ¾¦¦¸¦¤¨¦¾«¤¬«¡ |[a,b]| ¤µ E©¸©®®¶®¦E¯E¶¨¯º¤ (|−−→AB|, |−→AC| ¥©®¥©º) £§§¸¯º¤ ¥©®©º,

|c| · cosϕ = H ¤µ E©¸©®®¶®¦E¯E¶¨¯º¤ «¤¨«¸ ©º¤©. Ü¢¸¢± a, b, c ¤µ ©¸§§¤¡§¸©±¥ ³³£¡¢¾ ¥¦¾¯¦®¨¦®¨
(a,b, c) = V

V ¤µ |−−→AB|, |−→AC|, |−−→AD| ¥©®¥©º E©¸©®®¶®¦E¶E¯¨°¤ ¢´¢®¾³³¤.
Ü¢¸¢± a, b, c ¤µ ´³³¤ ¡§¸©±¥ ³³£¡¢¾ ¦® ϕ ¤µ ¹¦¾¦¦ «¤¬«¡ ©º¾ © (a,b, c) =
−V ©º¤©. �º¹¨ V = |(a,b, c)|. NFôöFG

3.5.
0¢¡¢¢£ �®¡©©¥©º ¡§¸±©¤ ±¶ÿ¥¦¸°¤ ÿ¦¹E®©¤©¸ ©º¾ ´©º®ª¡³º© ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ ¥¢®¡¢¢¸¯º¤ ¾¦®¯¹¦¡ ³¸»±¢¸ ¥¢¡¥¢º ¥¢¤¬³³ ©º¾�±¨©® ½¹.1ÅÆÅÎÓÅÅ. ⇒: a 6= 0,b 6= 0, c 6= 0 ÿ¦¹E®©¤©¸ ½¹ ¡¢¶.

Ü¢¸¢± a, b ¤µ ÿ¦®®¯¤¶©¸ ¦® [a,b] = 0
©º¾ © (a,b, c) = 0

©º¤©.
Ü¢¸¢± a, b ÿ¦®®¯¤¶©¸ ¯ª ¦® [a,b], c ±¶ÿ¥¦¸§§¨ ¦¸¥¦¡¦¤©®µ ©º¤©. �º¹¨
(a,b, c) = [a,b] · c = 0

¦®¤¦.
⇐: (a,b, c) = 0 ⇒ [a,b] · c = 0. ·¤¨¢¢£ [a,b]

© c ±¶ÿ¥¦¸§§¨ ¦¸¥¦¡¦¤©®µ¢£±¢® [a,b] = 0 ¡¢£¢¤ ¾¦Ý¸ ¥¦¾¯¦®¨¦® ©º¤©.
Ü¢¸¢± [a,b]

© c ±¶ÿ¥¦¸§§¨ ¦¸¥¦¡¦¤©®µ ¦® a,b, c ±¶ÿ¥¦¸§§¨ ÿ¦¹E®©¤©¸©º¾ ¤µ ª§§¨ ¾©¸©¡¨©¤©.
Ü¢¸¢± [a,b] = 0

¦® a, b ±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ©º¤©. ·¤¨¢¢£ a, b, c±¶ÿ¥¦¸§§¨ ÿ¦¹E®©¤©¸. N
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a, b, c
© b, c, a ±¶ÿ¥¦¸§§¨ ¤µ ¯»¯® ¦¸¯¶¤¥©¬¯¥©º ¹«¤ a, b, c

© b, a, c±¶ÿ¥¦¸§§¨ ¯»¯® ¯ª ¦¸¯¶¤¥©¬¯¥©º ¥§®
(a,b, c) = (b, c,a), (a,b, c) = −(b,a, c)©º¤©.

Oijk £¯£¥¶¹¨ a = α1i + α2j + α3k, b = β1i + β2j + β3k, c = γ1i + γ2j + γ3k¡¢» ³´µ¶. 0¢¡±¢®
[a,b] =

∣
∣
∣
∣
∣
∣

i j k

α1 α2 α3

β1 β2 β3

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣

α2 α3

β2 β3

∣
∣
∣
∣
i−

∣
∣
∣
∣

α1 α3

β1 β3

∣
∣
∣
∣
j +

∣
∣
∣
∣

α1 α2

β1 β2

∣
∣
∣
∣
k

© c = γ1i + γ2j + γ3k
±¶ÿ¥¦¸§§¨°¤ £ÿ©®�¸ ³¸»±¢¸

[a,b] · c =

∣
∣
∣
∣

α2 α3

β2 β3

∣
∣
∣
∣
· γ1 −

∣
∣
∣
∣

α1 α3

β1 β3

∣
∣
∣
∣
γ2 +

∣
∣
∣
∣

α1 α2

β1 β2

∣
∣
∣
∣
γ3 =

∣
∣
∣
∣
∣
∣

α1 α2 α3

β1 β2 β3

γ1 γ2 γ3

∣
∣
∣
∣
∣
∣

©º¤©. �º¹¢¢£ (a,b, c) =

∣
∣
∣
∣
∣
∣

α1 α2 α3

β1 β2 β3

γ1 γ2 γ3

∣
∣
∣
∣
∣
∣

¦®¤¦. ·¤¨¢¢£ a, b, c ÿ¦¹E®©¤©¸
©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ (a,b, c) =

∣
∣
∣
∣
∣
∣

α1 α2 α3

β1 β2 β3

γ1 γ2 γ3

∣
∣
∣
∣
∣
∣

= 0.

ØÙÚÛÛ
3.6. Ü¢¸¢± a = 3i − j + k, b = 5i + 2j − 2k, c = i − 3j + k

¦®
(a,b, c)-¡ ¦®.
1ÒÐÒÎÆ. (a,b, c) =

∣
∣
∣
∣
∣
∣

3 −1 1
5 2 −2
1 −3 1

∣
∣
∣
∣
∣
∣

= −22.

ØÙÚÛÛ
3.7. a = 3i − j + k, b = 5i + 2j − 2k, c = i − 3j + k

¦®
a,b, c±¶ÿ¥¦¸§§¨°¤ ¦¸¯¶¤¥©¬¯º¡ ¦®.

1ÒÐÒÎÆ. (a,b, c) =

∣
∣
∣
∣
∣
∣

3 −1 1
5 2 −2
1 −3 1

∣
∣
∣
∣
∣
∣

= −22 < 0 ¥§® a, b, c ¤µ ´³³¤ ¡§¸©±¥
(´³³¤ ¦¸¯¶¤¥©¬¯¥©º) ³³£¡¢¤¢.

�
�

�
�

�
�

�
�7

PPPPPPq

6

A B
C

D

�����*

�����
16

ØÙÚÛÛ
3.8. Ü¢¸¢±−−→AB = 4i−2j,

−−→
CD = i+4j−

5k,
−→
AC = −3i+6j+3k

¦® ABCD ¥¶¥¸©¢¨¸°¤¢´¢®¾³³¤¯º¡ ¦®.1ÒÐÒÎÆ. 0¶¦¸¶¹ 3.4-
¯º¡ ©ª¯¡®©±©®

VABCD =
1

6
V¤/¤¥¤¦§ =

1

6
|(−−→AB,−→AC,−−→AD)|

©º¤©.
−−→
AD =

−→
AC+

−−→
CD = (−3i+6j+3k)+(i+4j−5k) =

−2i + 10j − 2k
©º¤©. 0¢¡±¢®
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VABCD =
1

6
|(−−→AB,−→AC,−−→AD)| =

1

6

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

4 −2 0
−3 6 3
−2 10 −2

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

=
1

6
| − 144| = 26.

3.12.
~44������&� 	�9����	

OXY , O′X ′Y ′ ¥¢¡ª «¤¬«¡¥ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹³³¨ «¡²¢¢ ¡¢¶. OXY £¯£à¥¶¹¢¢£ O′X ′Y ′ £¯£¥¶¹¨ ª¯®»µ¶. ·¾®¢¢¨ OXY £¯£¥¶¹¯º¡ O′X ′′ ¤µ OX-¥¢º, O′Y ′′ ¤µOY -¥¢º ¯»¯® ²¯¡®¢®¥¢º ©º¾©©¸O′X ′′Y ′′ £¯£¥¶¹¨ ª¯®»³³®»¨©¸©© ¤µO′X ′′Y ′′ £¯£¥¶¹¯º¡O′ ¬¢¡ ¨¢¢¸ ¥«±¥¢º ϕ «¤¬¡««¸ ¢¸¡³³®»O′X ′Y ′£¯£¥¶¹¯º¡ ¡©¸¡©¤ ©±3� (´§¸©¡ 17).

OXY £¯£¥¶¹¢¢£ O′X ′′Y ′′ £¯£¥¶¹¨ ª¯®»¯¾¯º¡ OXY £¯£¥¶¹¯º¤ ÿ¦¦¸¨¯à¤©¥°¤ ¥¢¤¾®¢¡³³¨¯º¡ E©¸©®®¶®µ ´««¾ ¡¢» ¤¢¸®¢¤¢. O′X ′′Y ′′ £¯£¥¶¹¢¢£
O′X ′Y ′ £¯£¥¶¹¨ ª¯®»¯¾ ¾§±¯¸¡©®¥°¡ ÿ¦¦¸¨¯¤©¥°¤ ¥¢¤¾®¢¡³³¨¯º¡ ϕ «¤¬-¡««¸ ¢¸¡³³®¢¾ ¡¢» ¤¢¸®¢¤¢.P¦¦¸¨¯¤©¥°¡ ¾§±¯¸¡©¾°¤ ¹«¤ ²©¤©¸ ¤µ ¤¢¡ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹ ¨¢¾ M¬¢¡¯º¤ ÿ¦¦¸¨¯¤©¥©©¸ (¹¢¨£¤¢¢¸) ¤«¡«« £¯£¥¶¹ ¨¢¾M ¬¢¡¯º¤ ÿ¦¦¸¨¯¤©¥°¡¯®¢¸¾¯º®¢¾ �±¨©® ½¹.

6

-

6

-

6

-
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ϕ
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x′

y′

ss
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���
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�
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�
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���
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@
@

@@I

�

�����
17

�����
18

1. ¨���/������ b�b�Z��)� a���**Z*© [YY�. Ü©±¥¡©º ¨¢¢¸ OXY© O′X ′Y ′ ¡¢£¢¤ ¨¶ÿ©¸¥°¤ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¯º¡ ©±² ³´µ¶ (´§¸©¡ 18).
OXY £¯£¥¶¹¨ O′ ¬¢¡ ¤µ (x0, y0)

ÿ¦¦¸¨¯¤©¥¥©º, ¾©±¥¡©º¤ ¨§¸°¤M ¬¢¡ ¤µ
(x, y) ÿ¦¦¸¨¯¤©¥¥©º, O′X ′Y ′ £¯£¥¶¹¨ M ¬¢¡ ¤µ (x′, y′) ÿ¦¦¸¨¯¤©¥¥©º ½¹¡¢¶. 0¢¡±¢® −−→

OM ¤µ (x, y) ÿ¦¦¸¨¯¤©¥¥©º, −−−→
O′M ¤µ (x′, y′) ÿ¦¦¸¨¯¤©¥¥©º,−−→

OO′ ¤µ (x0, y0)
ÿ¦¦¸¨¯¤©¥¥©º ©º¤©. 0¢¡±¢® −−→OM =

−−→
OO′ +

−−−→
O′M ⇒ −−−→

O′M =
−−→
OM −−−→

OO′ ©º¤©. ·¤¨¢¢£
x′ = x− x0

y′ = y − y0

x = x0 + x′

y = y0 + y′ÆÒÄªûÒÓ þÒÒÂÐÇÊÅÆÉÊ ÆÁÊÍÎÁÓÌÌÐÇÖÓ DÅÂÅÎÎÏÎÑ óÕÕü þÒÒÂÐÇÊÅÆÉÓ ÍÔ-ÃÇÂÓÅÍ ÆÒÄªûÒ ÓÁÊÁ.
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2.
r�]���) /���� «���/������ ����*����/�)� �����*��. OXY ,

OX ′Y ′ ¡¢£¢¤ ¥¢¡ª «¤¬«¡¥ ¨¶ÿ©¸¥°¤ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹³³¨¯º¡ ©±² ³´µ¶.
OXY = (Oij), OX ′Y ′ = (Oi′j′) ¡¢¶ (´§¸©¡ 19). Ü©±¥¡©º¤ ¨§¸°¤ M ¬¢¡ ¤µ
OXY £¯£¥¶¹¨ (x, y), OX ′Y ′ £¯£¥¶¹¨ (x′, y′) ÿ¦¦¸¨¯¤©¥¥©º ½¹ ¡¢¶. 0¢¡±¢®

−−→
OM = xi + yj (3.12)

−−→
OM = x′i′ + y′j′ (3.13)©º¤©.

�����
19

�
�
�
�
�
�
���

6

-�
�

��
�

�
�

�
�

��

@
@

@I
@

@
@

@
@@I

6

L

ϕ

P

j′ ϕ

j

y′

y

M
x′

k

iN x

ϕ -�

i′

0

6 6

I

|−−→ON |
|i′| = cosϕ ⇒ |−−→ON | = cosϕ ⇒ −−→

ON = i cosϕ

ß³¤¥¢º ©¨¯®©©¸ −−→NK = j sinϕ.
�º¹¨

i′ =
−−→
OK =

−−→
ON +

−−→
NK = i cosϕ+ j sinϕ

j′ =
−−→
OP =

−→
OL+

−→
LP = i(− sinϕ) + j cosϕ

i′, j′-¡ (3.13)-¨ ¦¸®§§®©¾©¨
−−→
OM = x′(i cosϕ+ j sinϕ) + y′(−i sinϕ+ j cosϕ)
−−→
OM = (x′ cosϕ− y′ sinϕ)i + (x sinϕ+ y′ cosϕ)j¦®¤¦. ß³¤¯º¡ (3.12)-¥©º ¾©¸µ¬§§®©®
x = x′ cosϕ− y′ sinϕ, y = x′ sinϕ+ y′ cosϕ©º¤©.

ß³¤¥¢º ©¨¯®©©¸ ¦¡¥¦¸¡§º ¨©¾µ OXY Z £¯£¥¶¹¯º¡ ¾§±¯¸¡©¤ O′X ′Y ′Z ′ £¯£à
¥¶¹¨ ª¯®»¯¾ ¥¦¹3Ý¦¡ ¡©¸¡©» ¦®¤¦.
Ü©±¥¡©º¤ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¯º¡ E©¸©®®¶®µ ´««¾ ¢¸¡³³®¢¾ ¾§±¯¸¡©®¥°¡¨©¸©©®©¤ ¾¢¸¢¡®¢»OXY £¯£¥¶¹¯º¡O′X ′Y ′ £¯£¥¶¹ ¦®¡¦¤ ¾§±¯¸¡©¾ (´§¸©¡
3.13) ¥¦¹3Ý¦ ¤µ

x = x′ cosϕ− y′ sinϕ+ x0, y = x′ sinϕ+ y′ cosϕ+ y0©º¤©.
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3.13. n����� N� N4��4����o

1.
0¢¡¢¢£ �®¡©©¥©º a, b ±¶ÿ¥¦¸§§¨°¤ ¾§±µ¨ �¹©¸ ¤«¾¬«® ¯¶®¢¾¢¨ ¨©¸©©¾¥¢¤¬¢¥¡¢® ¥§£ ³¸ ¯¶®¢¾ ±¢?�) |a + b| = |a| + |b| +) |a + b| = |a| − |b| ]) |a + b| = |a − b|�) |a − b| = |a| + |b| /) a + b = 0 Z) a

|a| = b
|b|o

2. q¹©¸ ¤«¾¬«® ¾©¤¡©£©¤ ±¶ÿ¥¦¸§§¨°¤ ¾§±µ¨ ¨©¸©©¾ ¤«¾¬«® ¯¶®¢¾ ±¢?�) a+b ¤µ a, b ±¶ÿ¥¦¸§§¨°¤ ¾¦¦¸¦¤¨¦¾ «¤¬¡¯º¡ ¾©¡©£®©¤ ¾§±©©¤©.+) a + b ±¶ÿ¥¦¸ ¤µ a − b ±¶ÿ¥¦¸¥ ¦¸¥¦¡¦¤©®µ.o
3. ABCDA1B1C1D1

E©¸©®®¶®¦E¯E¶¨ «¡«¡¨«±.�) −−→
AB +

−−→
BB1 +

−−−→
B1C1

+) −−→
CB +

−−−→
B1A1 +

−−→
AD1]) −−→

AC1 +
−−→
D1A+

−−→
BD1

�) −−→
D1C +

−−→
AA1 +

−−→
CB +

−−→
C1C¤¯º®¢¸¯º¡ ¦®.o

4. A,B,C,D ¡¢£¢¤ ¨§¸°¤ ¨«¸±«¤ ¬¢¡¯º¤ ¾§±µ¨ M , N ¤µ ¾©¸¡©®´©¤ AB© CD ¾¢¸²¹¯º¤ ¨§¤¨©» ¬¢¡ ¦® 2
−−→
MN =

−→
AC+

−−→
BD =

−−→
AD+

−−→
BC ¡¢»©¥©®.o

5.
P¦¦¸¨¯¤©¥©©¸©© «¡£«¤ a, b ±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ¢£¢¾¯º¡ ª©®¡©.�) a{−2; 3; 5}, b{1; 2;−3} +) a{4; 2; 0}, b{2; 1; 0}.o

6. A(2;−1), B(3; 2), C(−1; 6), D(−2; 3) ¬¢¡³³¨ «¡²¢¢. ABCD E©¸©®®¶®¦-¡¸©¹¹ ¦®¦¾°¡ ª©®¡©.o
7. A(−3; 5), B(2; 1) ¥«¡£¡«®¥¢º ¤¢¡ ¥«¸®¯º¤ §¥©£¤° ¾³¤¨¯º¤ ¥«±¯º¡ ¦®.o
8. A1(x1; y1; z1), A2(x2; y2; z2)

¬¢¡³³¨ ¨¢¢¸ m1,m2
¹©££§§¨ ©º¸®©»¢¢.·¤¢ £¯£¥¶¹¯º¤ ¾³¤¨¯º¤ ¥«±¯º¤ ÿ¦¦¸¨¯¤©¥°¡ ¦®.o

9. a(2;−3;−1) ±¶ÿ¥¦¸°¤ ¥«¡£¡«®¯º¤ ¬¢¡ (1;−1; 2)
¦® ¢¾¤¯º ¬¢¡¯º¡ ¦®.o

10. |a| = 2
© a ±¶ÿ¥¦¸ ¤µ ÿ¦¦¸¨¯¤©¥°¤ OX, OY , OZ ¥¢¤¾®¢¡³³¨¥¢º¾©¸¡©®´©¤ 45o, 60o, 120o ³³£¡¢¾ ¦® a ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥°¡ ¦®.¿«¤ cos2 45o +cos2 60o +cos2 120o ¯®¢¸¾¯º®¢® ¾¢¨¥¢º ¥¢¤¬¢¾¯º¡ ¦¨.o

11. a
(

3
13 ; 4

13 ; 12
13

) ±¶ÿ¥¦¸°¤ ²¯¡®³³®¢¡² ÿ¦£¯¤§£§§¨°¡ ¦®.o
12. a(2;−3; 6), b(−1; 2;−2) ±¶ÿ¥¦¸§§¨°¤ ¾¦¦¸¦¤¨¦¾ «¤¬¡¯º¤ ¯££¶ÿ¥¸¯£¨©¡§§ ²¯¡®¢£¢¤ |c| = 3

√
42
©º¾ c ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥°¡ ¦®.o

13. c(11;−6; 5) ±¶ÿ¥¦¸°¡ p(3;−2; 1), q(−1; 1; 2), r(2; 1;−3) ±¶ÿ¥¦¸§§¨©©¸´©¨©®.o
14. a,b, c ±¶ÿ¥¦¸§§¨ a+b+c = 0 ¤«¾¬®¯º¡ ¾©¤¡©¨©¡ © |a| = 3, |b| = 1,

|c| = 4
¦®

ab + bc + ca-¡ ¥¦¦¬¦¦®» ¦®.o
15. Þ¢¡ ¬¢¡¥ ³º®²®¢¾ M(3;−4; 2), N(2; 3;−5), P (−3;−2; 4) ¾³²¤³³¨¯º¤¥¢¤¬³³ ³º®²®¢¡² ¾³² §¡ ¬¢¡¯º¡ ª§®§§¤ ´©¹©©¸ M1(5; 3;−7) ¬¢¡¢¢£

M2(4;−1;−4) ¬¢¡¥ ª¯®»³³®¢¾¢¨ ¾¯º¾ ©»®°¡ ¦®.o
16. a(4;−2;−4), b(6;−3; 2) ±¶ÿ¥¦¸§§¨°¡ �) ab, +) √

a2, ]) √
b2,�) (2a − 3b)(a + 2b), /) (a + b)2, Z) (a − b)2

¦¨¦» ¦®.
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o
17. A(1; 2; 1), B(3;−1; 7), C(7; 4;−2) ¦¸¦º¥¦º ¡§¸±©®»¤°¡ ¨¦¥¦¦¨ «¤¬¡««¸¤µ ©¨¯® ¾©»§§¥ ¦®¦¾°¡ ©¥©®» ¥©®§§¨°¤ §¸¥ © ¥©®©º¡ ¦®.o
18. a, b ±¶ÿ¥¦¸§§¨°¤ ¾¦¦¸¦¤¨¦¾ «¤¬«¡ ¤µ ϕ = 2π

3

© |a| = 1, |b| = 2
¦®�) (a × b)2, +) [(2a+ b) × (a+ 2b)]2, ]) [(a+ 3b) × (3a− b)]2
¦¨.o

19. a, b, c ±¶ÿ¥¦¸§§¨ a+b+ c = 0 ¤«¾¬®¯º¡ ¾©¤¡©¨©¡ ¦® [ab] = [bc] =
[ca]
¦®¦¾°¡ ©¥©®.o

20. a(3;−1;−2), b(1; 2;−1)
¦® �) [ab], +) [(2a+b)b], ]) [(2a−b)(2a+

b)] ±¶ÿ¥¦¸§§¨°¤ ÿ¦¦¸¨¯¤©¥°¡ ¦®.o
21. A(1;−1; 2), B(5;−6; 2), C(1; 3;−1) ¦¸¦º¥¦º ¡§¸±©®»¤° ¥©®©º¥©º¥¢¤¬³³ §¸¥ ³¾¯º∆ABC-¨ E¶¸E¶¤¨¯ÿ§®�¸ a ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥°¡¦®.o
22. a, b, c ±¶ÿ¥¦¸§§¨ ©¸§§¤ ¡§¸©±¥ ³³£¡¢¨¢¡ © ¾©¸¯®¬©¤ E¶¸E¶¤¨¯ÿ§®�¸

|a| = 4, |b| = 2, |c| = 3
¦®

abc-¡ ¦®.o
23. a, b, c ±¶ÿ¥¦¸§§¨ [ab] + [bc] + [ca] = 0 ¤«¾¬®¯º¡ ¾©¤¡©¨©¡ ¦®ÿ¦¹E®©¤©¸ ¦®¦¾°¡ ©¥©®.o
24.

�©¸©©¾ ±¶ÿ¥¦¸§§¨°¤ ÿ¦¹E®©¤©¸ ¢£¢¾¯º¡ ¥¦¡¥¦¦.�) a(2; 3;−1), b(1;−1; 3), c(1; 9;−11)+) a(3;−2; 1), b(2; 1; 2), c(3;−1;−2),]) a(2;−1; 2), b(1; 2;−3), c(3;−4; 7)o
25. A(2; 3; 1), B(5; 5; 4), C(3; 2;−1), D(4; 1; 3) ¬¢¡¥ ¦¸¦º¥¦º ¥¶¥¸©¢¨¸¯º¤

D ¦¸¦º¡¦¦£ §§®¡©£©¤ «¤¨¸¯º¡ ¦®.o
26. {p, q} ¤µ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ «¡««¨ ∆ABC-¨ −−→AB = 3p − 4q,−−→

BC = p + 5q
¦® CD «¤¨¸¯º¤ §¸¥°¡ ¦®.o

27. |m| = 5, |n| = 3, (m
∧
, n) = π

6

¦® −−→AB = m + 2n,
−→
AC = m − 3n±¶ÿ¥¦¸§§¨©©¸ ©º¡§§®©¡¨£©¤ E©¸©®®¶®¦¡¸©¹¹°¤ ¥©®©º¡ ¦®.o

28. {p,q, r} ¦¸¥¦¡¦¤©®µ ¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ¦® a = 3p − 12q + 4r±¶ÿ¥¦¸°¤ b = [p − 2r,p + 3q − 4r] ±¶ÿ¥¦¸ ¨¢¢¸¾ E¸¦¶ÿ¬¯º¡ ¦®.o
29. {p,q, r} ¦¸¥¦¡¦¤©®µ ¤¦¸¹²®¦¡¨£¦¤ £§§¸µ «¡««¨ a = p − 3q + r,

b = 2p + q− 3r, c = p + 2q + r ±¶ÿ¥¦¸§§¨©©¸ ©º¡§§®©¡¨£©¤ E©¸©®à®¶®¦E¯E¶¨¯º¤ ¢´®¢¾³³¤¯º¡ ¦®.o
30. a, b ±¶ÿ¥¦¸§§¨ ¾©¸¡©®´©¤ {0; 1; 1}, {1; 1; 0} ÿ¦¦¸¨¯¤©¥¥©º. Ü¢¸¢±

|c| = 1, a⊥c, (c
∧
, b) = π

4

¦®
c ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥°¡ ¦®.o

31. a = 2e1 −e2 +αe3, b = −e1 +βe2 +5e3 (e1, e2, e3) £§§¸µ ±¶ÿ¥¦¸§§¨«¡£«¤ ©º¡. α, β-
¯º¤ �¹©¸ §¥¡©¤¨ a‖b ©º¾ ±¢?r���.

1. �) a↑↑b, +) a ↑↓ b, ]) a ⊥ b, �) a↑↓b, /) a↑↓b © |a| = |b|, Z) a↑↑b 2.�) |a| = |b|, +) |a| = |b| 27.
�©¸©®¶®¦¡¸©¹¹ ¹«¤ 28. (−1

2 , 3) 29.
xc = m1x1+m2x2

m1+m2
, yc = m1y1+m2y2

m1+m2
, zc = m1z1+m2z2

m1+m2
31. β = 1

2 , α = −10
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4.1. ¬�9���
� ����&� ���������
ôõôö÷ôøùôùú

. OXY
òÇòÆÏÄ ÐÁÍ ` �ÔÓÅÄÉÊ ÈÁÓÌÌÐF (x, y) = 0 ÆÁÓ�ÇÆ�ÓÁÎÇÖÓ ÍÅÊÓÅü, ` �ÔÓÅÄÅÊ ÐÁÁÂ ÒÂ�ÇÍÓÌÖ ÈÁÓÌÌÐ ÁÊÁ ÆÁÓ�ÇÆÓÁÎÇÖÓ ÍÅÊ�ÓÅÍÓÌÖ ËÒÎ F (x, y) = 0 ÆÁÓ�ÇÆÓÁÎÇÖÓ ` �ÔÓÅÄÉÊ ÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ. ·¤¢¥¢¡ª¯¥¡¢®¨ ¦¸» ©º¡©© x, y ¾§±µ£©¡² ¤µ ` ª§¡©¹°¤ ¨§¸°¤ ¬¢¡¯º¤ ÿ¦¦¸à¨¯¤©¥.l§¡©¹°¤ ²©¤©¸§§¨°¡ ©ª¯¡®©¤ ª§¡©¹°¤ ¨§¸°¤ ¬¢¡¯º¤ ÿ¦¦¸¨¯¤©¥ x, y-³³¨¯º¤ ¾¦¦¸¦¤¨ ¾¦®¦¦ ¾©¹©©¸©® ¥¦¡¥¦¦¾°¡ ª§¡©¹°¤ ¥¢¡ª¯¥¡¢® ¯²®¢¢¡¢» �¸µ¨©¡.ØÙÚÛÛ

4.1.
P¦¦¸¨¯¤©¥°¤ ¢¾ ¨¢¢¸ ¥«±¥¢º r ¸©¨¯§£¥©º ¥¦º¸¡¯º¤ ¥¢¡ª¯¥à¡¢® ¯².1ÒÐÒÎÆ. 0¦º¸¦¡ ¤µ ¥«± ¡¢» ¤¢¸®¢¡¨¢¾ «¡£«¤ ¬¢¡¢¢£ ¯»¯® ´©º¨ ¦¸ª¯¾¾©±¥¡©º¤ ¬¢¡³³¨¯º¤ ¦®¦¤®¦¡. 0¦º¸¡¯º¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯²¯¾¯º¤ ¥§®¨¢¤¢ ¥¦º¸¦¡ ¨¢¢¸ ¦¸ª¯¾ ¨§¸°¤ M(x, y) ¬¢¡ ©±¤©. �¢¢¸¾ ¥¦¨¦¸¾¦º®¦®¥°¡©ª¯¡®©¤ x, y-¯º¤ ¾¦¦¸¦¤¨ ¾©¹©©¸©® ´¦¾¯¦¤¦.

-
O

r

M(x, y)

x

y

�

6

�����
20

·¤¢ ¥¦º¸¡¯º¡ (0, r) ¡¢» ¥¢¹¨¢¡®¢¶. 0¢¡±¢® ∀M(x, y) ∈
(0, r) ¥§® |−−→OM | = r

©º¤©. 0¢¡±¢® |−−→OM | =
√

x2 + y2 =
r
©º¾ © x2 + y2 = r2

¦®¤¦. ·¤¨ ¦¸£¦¤ x, y ¤µ (0, r)¥¦º¸¡¯º¤ ¨§¸°¤ ¬¢¡¯º¤ ÿ¦¦¸¨¯¤©¥ §²¸©©£ (0, r) ¨¢¢¸¦¸ª¯¾ �¹©¸ ² ¬¢¡ x2 + y2 = r2 ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¤©.
|−−→OM | < r, |−−→OM | > r

©º¾ ¬¢¡³³¨ ¢¤¢ ¥¢¡ª¯¥¡¢®¯º¡¾©¤¡©¾¡³º. �º¹¨ (0, r) ¥¦º¸¡¯º¤ ¥¢¡ª¯¥¡¢® x2 + y2 =
r2
©º¤©.R¤©®¯¥¯ÿ ¡¶¦¹¶¥¸¥ ª§¡©¹°¤ ²©¤©¸§§¨°¡ ¥³³¤¯º ¥¢¡ª¯¥¡¢®¯º¤ ²©¤©¸°¡£§¨®©¾ ©£§§¨®©©¸ ¨©¹»§§®» £§¨®©¤©.R¤©®¯¥¯ÿ ¡¶¦¹¶¥¸¥ F (x, y) = 0 ¥¢¡ª¯¥¡¢® «¡«¡¨®«« ¡¢¨¡¯º¡ F (x, y) = 0ª§¡©¹ «¡«¡¨®«« ¡¢» ¦º®¡¦¤¦.

OXY ¨¶ÿ©¸¥°¤ £¯£¥¶¹¨ F (x, y) = 0 ¥¢¡ª¯¥¡¢® ³¸ �¹©¸ ¤¢¡ ª§¡©¹ ¨³¸£®¢¾©®©¡³º. ×¯ª¢¢®¢®: x2 + y2 + 3 = 0 ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¾ ¦¨¯¥ x, y§¥¡© ¦®¨¦¾¡³º. �º¹¨ x2 + y2 + 3 = 0 ¥¢¡ª¯¥¡¢® �¹©¸ ¤¢¡¢¤ ª§¡©¹°¡¨³¸£®¢¾¡³º. Ü©¸¯¤ x2 + y2 = 0 ¥¢¡ª¯¥¡¢®¯º¡ ¡©¤¬¾©¤ (0, 0) ¬¢¡ ¾©¤¡©¾¥§® ¢¤¢ ¥¢¡ª¯¥¡¢® ¡©¤¬ O(0, 0) ¬¢¡¯º¡ ¨³¸£®¢¤¢. x2 − y2 = 0 ¥¢¡ª¯¥à¡¢®¯º¡ (x−y)(x+y) = 0 ¡¢» ¯²±¢® ÿ¦¦¸¨¯¤©¥ ¤µ x−y = 0
§½§ x+y = 0¥¢¡ª¯¥¡¢®³³¨¯º¡ ¾©¤¡©¾ ¬¢¡³³¨ x2−y2 = 0 ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¤©. �º¹¨

x2 − y2 = 0 ¥¢¡ª¯¥¡¢® ¤µ y = x, y = −x ¡¢£¢¤ ¾¦Ý¸ ª§®§§¤°¡ ¨³¸£®¢¤¢.
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P¦¦¸¨¯¤©¥ ¤µ F (x, y) = 0 ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¾ ¬¢¡³³¨¯º¤ ¦®¦¤®¦¡¯º¡
F (x, y) = 0 ¥¢¡ª¯¥¡¢®¢¢¸ ¥¦¨¦¸¾¦º®¦¡¨¦¾ ¡¶¦¹¶¥¸¯º¤ ¨³¸£ ¡¢¤¢.
4.2. ®��4���
� ���� N� ����������
� ���������
ôõôö÷ôøùôùú

. OXY Z
òÇòÆÏÄÐ ËÅÖÓÅÅ S ÓÅÐÅÂÓÔÔ ÐÁÁÂ ÒÂ�ÇÍ ÐÔÂÉÊÈÁÓÇÖÊ þÒÒÂÐÇÊÅÆÔÔÐ ÍÅÊÓÅÐÅÓ, ÓÅÐÅÂÓÔÔ ÐÁÁÂ ÒÂ�ÇÍÓÌÖ ËÅÖÓÅÅ ÈÁÓÇÖÊþÒÒÂÐÇÊÅÆÔÔÐ ÍÅÊÓÅÍÓÌÖ ËÅÖÍ F (x, y, z) = 0 ÆÁÓ�ÇÆÓÁÎÇÖÓ ÓÅÐÅÂÓÔÔÓÇÖÊÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ. ·¤¢ ¥¢¡ª¯¥¡¢®¨ ©º¡©© x, y, z ¤µ S ¡©¨©¸¡§§¡¯º¤ ¨§¸°¤¬¢¡¯º¤ ÿ¦¦¸¨¯¤©¥. 6

-
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��=

p

x

z

y
o �
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�

��>
�
���

M(x, y, z)

C

�����
21

ØÙÚÛÛ
4.2.

0¢¡ª «¤¬«¡¥ ¨¶ÿ©¸¥°¤
OXY Z £¯£¥¶¹¨ C(x0, y0, z0)

¬¢¡ ¨¢¢¸
¥«±¥¢º a ¸©¨¯§£¥©º «¹«®«¡¯º¤ ¥¢¡ª¯¥à¡¢®¯º¡ ¯² (´§¸©¡ 21).1ÒÐÒÎÆ. ·¤¢ «¹«®«¡ ¨¢¢¸ ¦¸ª¯¾ ¨§¸°¤
M(x, y, z) ¬¢¡ ©±3�. 0¢¡±¢® |−−→CM | = a©º¤©. −−→

CM =
−−→
OM − −−→

OC,
−−→
OM = (x, y, z),−−→

OC = (x0, y0, z0)
©º¾ ¥§® −−→

CM = (x −
x0, y − y0, z − z0)

¦®¤¦. �º¹¨
|−−→CM | =

√

(x− x0)2 + (y − y0)2 + (z − z0)2 = a

§½§
(x− x0)

2 + (y − y0)
2 + (z − z0)

2 = a2

©º¤©. ·¤¢ ¥¢¡ª¯¥¡¢® ¤µ OXY Z £¯£¥¶¹ ¨¢¾ «¹«®«¡¯º¤ ¥¢¡ª¯¥¡¢®.
z

y

x

o
-6�

��:Mo

M(x, y, z)

�����
22

ØÙÚÛÛ
4.3. á©º¡§§®©¡² ¤µ OZ ¥¢¤¾®¢¡¥¢ºE©¸©®®¶®µ R ¸©¨¯§£¥©º ª§®§§¤ ¨§¡§º ¬¯®¯¤à¨¸¯º¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯².1ÒÐÒÎÆ. OZ ¥¢¤¾®¢¡¢¢£ R ´©º¨ ¦¸ª¯¾ ³¾¬¢¡³³¨¯º¤ ¦®¦¤®¦¡ ¤µ ¢¤¢ OZ ¥¢¤¾®¢¡¥¢º E©¸à©®®¶®µ ©º¡§§®©¡²¥©º ¨§¡§º ¬¯®¯¤¨¸¯º¡ ³³£à¡¢¤¢ (´§¸©¡ 22).

0¢¡ª¯¥¡¢®¯º¡ ¤µ ¯²¯¾¬¯®¯¤¨¸¯º¡ S ¡¢» ¥¢¹¨¢¡®¢¶. ·¤¨ S-
¯º¤

¥¢¡ª¯¥¡¢®¯º¡ ¯²¯¾¯º¤ ¥§®¨
1. ∀M(x, y, z) ∈ S ©±¤©.
2. M ¬¢¡¯º¤ OZ ¨¢¢¸¾ E¸¦¶ÿ¬ M0(0, 0, z)-

¯º¡ ¦®¤¦.
3.

−−−→
M0M = (x− 0, y − 0, z − z)

−−−→
M0M = (x, y, 0) ±¶ÿ¥¦¸°¡ ©º¡§§®3�.

4. |−−−→MM0| = R ⇒
√

x2 + y2 = R⇒ x2 +y2 = R2 ¦®¤¦. ·¤¨ x, y ¤µ ∀M ∈ S¬¢¡¯º¤ ÿ¦¦¸¨¯¤©¥ §²¸©©£ x2 + y2 = R2 ¤µ S-
¯º¤ ¥¢¡ª¯¥¡¢® ¹«¤.

Ü¢¸¢± M 6∈ S
¦® x2 + y2 6= R2 ©º¤©.
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4.4. x2 + y2 = 25 ¬¯®¯¤¨¸ ¡©¨©¸¡§§ ¨¢¢¸ B(1, 2,−3), M(4,−3, 1)¬¢¡³³¨ ¦¸ª¯¾ ¢£¢¾¯º¡ ¥¦¡¥¦¦.1ÒÐÒÎÆ. 12 + 22 6= 25.
�º¹¨ B(1, 2,−3) ¬¢¡ x2 + y2 = 25 ¡©¨©¸¡§§ ¨¢¢¸¦¸ª¯¾¡³º. 42 + (−3)2 = 25
©º¡©© §²¸©©£ M(4,−3, 1) ¬¢¡ x2 + y2 = 25¡©¨©¸¡§§¡¯º¤ ¬¢¡ ¹«¤.ØÙÚÛÛ

4.5. OXY Z ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¯º¤ OXY ÿ¦¦¸¨¯¤©¥°¤ ¾©±¥à¡©º¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯².1ÒÐÒÎÆ. z = 0 ¥¢¡ª¯¥¡¢®¯º¡ OXY ¾©±¥¡©º ¨¢¢¸ ¦¸ª¯¾ ¨§¸°¤ (x, y, 0)¾©¤¡©¤©. Ü©¸¯¤ OXY ¾©±¥¡©º ¨¢¢¸ ¦¸ª¯¾¡³º (x, y, z) ¬¢¡³³¨ ¢¤¢ ¥¢¡ª¯¥à¡¢®¯º¡ ¾©¤¡©¾¡³º. �º¹¨ ÿ¦¦¸¨¯¤©¥°¤ OXY ¾©±¥¡©º¤ ¥¢¡ª¯¥¡¢® z = 0¦®¤¦.
OXY Z £¯£¥¶¹¨ F1(x, y, z) = 0, F2(x, y, z) = 0 ¡¢£¢¤ ¥¢¡ª¯¥¡¢®¥¢º S1, S2¡©¨©¸¡§§¤§§¨ «¡²¢¢ ¡¢¶. ·¤¢ ¾¦Ý¸ ¥¢¡ª¯¥¡¢®¯º¡ ´¢¸¢¡ ¾©¤¡©¾ ¬¢¡³³¨¯º¤¦®¦¤®¦¡ ¤µ

{
F1(x, y, z) = 0
F2(x, y, z) = 0

(4.1)

£¯£¥¶¹¯º¡ ¾©¤¡©¤©.2¡¥¦¸¡§º¤ ª§¡©¹°¡ ¾¦Ý¸ ¡©¨©¸¡§§¡¯º¤ ¦¡¥¦®¬¦® ¡¢» ¦º®¡¦¤¦. 0¢¡±¢®
(4.1) £¯£¥¶¹¯º¡ ¾©¤¡©¡² ¬¢¡³³¨ ¤µ S1, S2

¡©¨©¸¡§§¡¯º¤ ¦¡¥®¦®¬®°¤ ª§¡©¹¨¢¢¸ ¦¸ª¯¾ ¬¢¡³³¨ ©º¤©. �º¹¢¢£ S1, S2
¡©¨©¸¡§§¡¯º¤ ¦¡¥®¦®¬¦®¨ ³³£¢¾ª§¡©¹ ¤µ

{
F1(x, y, z) = 0
F2(x, y, z) = 0¡¢£¢¤ ¥¢¡ª¯¥¡¢®¥¢º ©º¤©.ØÙÚÛÛ

4.6.
0¢¡ª «¤¬«¡¥ ¨¶ÿ©¸¥°¤ ÿ¦¦¸¨¯¤©¥°¤ OXY Z £¯£¥¶¹¨ ÿ¦¦¸à¨¯¤©¥°¤ ¢¾ ¨¢¢¸ ¥«±¥¢º, ÿ¦¦¸¨¯¤©¥°¤ OXY ¾©±¥¡©º ¨¢¢¸ ¾¢±¥¢¾ a ¸©à¨¯§£¥©º ¥¦º¸¡¯º¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯².1ÒÐÒÎÆ. �º¹ ¥¦º¸¦¡ ¤µ ÿ¦¦¸¨¯¤©¥°¤ ¢¾ ¨¢¢¸ ¥«±¥¢º a ¸©¨¯§£¥©º «¹à«®«¡ © ÿ¦¦¸¨¯¤©¥°¤ OXY ¾©±¥¡©º¤ ¦¡¥®¦®¬¦® ¡¢» ³´¤¢. P¦¦¸¨¯¤©¥°¤

OXY ¾©±¥¡©º ¤µ z = 0 ¥¢¡ª¯¥¡¢®¥¢º, «¹«®«¡ ¤µ x2 + y2 + z2 = a2

¥¢¡ª¯¥¡¢®¥¢º §²¸©©£ ¥¢¡ª¯¥¡¢®¯º¡ ¤µ ¯²¯¾ ¥¦º¸¦¡ ¤µ
{
z = 0
x2 + y2 + z2 = a2

¥¢¡ª¯¥¡¢®¥¢º ©º¤©.
R®¡¶¸¯º¤{ F1(x, y, z) = 0

F2(x, y, z) = 0
£¯£¥¶¹ «¡«¾«¨ ¢¤¢ £¯£¥¶¹¯º¡ ¾©¤¡©¨©¡ ¬¢¡³³-¨¯º¤ ¦®¦¤®¦¡ ¤µ ¦¡¥¦¸¡§º¤ �¹©¸ ¤¢¡ ª§¡©¹°¡ ¨³¸£®¢¤¢.
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4.3. �������� N� 	�9���
� ����&� 9O;�4� ���������
Ü©±¥¡©º¤ OXY ¨¶ÿ©¸¥°¤ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¨ ` ª§¡©¹ (´§¸©¡ 23) «¡«¡¨-£«¤ ©º¡. ·¤¢ ª§¡©¹°¤ ¨§¸°¤M ¬¢¡¯º¤ ¸©¨¯§£ ±¶ÿ¥¦¸°¡ r ¡¢» ¥¢¹¨¢¡®¢¶.
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�����
25ôõôö÷ôøùôùú

. ` �ÔÓÅÄ ÐÁÁÂ ÒÂ�ÇÍ ÐÔÂÉÊ ÈÁÓÇÖÊ ÂÅÐÇÔò ÃÏþÆÒÂ ÍÅÊ�ÓÅü ËÅÖÍ ÁÊÁ ` �ÔÓÅÄ ÐÁÁÂ ÒÂ�ÇÍÓÌÖ ËÅÖÓÅÅ ÈÁÓÌÌÐÇÖÊ ÂÅÐÇÔò ÃÏþÆÒÂÍÅÊÓÅÍÓÌÖ ËÅÖÍ F (r) = 0 ÍÁÎËÁÂÇÖÊ ÆÁÓ�ÇÆÓÁÎÇÖÓ ` �ÔÓÅÄÉÊ ÃÏþÆÒÂÍÁÎËÁÂÆÁÖ ÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ. ×¯ª¢¢®¢®: ÿ¦¦¸¨¯¤©¥°¤ ¢¾ ¨¢¢¸ ¥«±¥¢º
a ¸©¨¯§£¥©º ¥¦º¸¡¯º¤ ±¶ÿ¥¦¸ ¥¢¡ª¯¥¡¢® ¤µ |r| = a

©º¤© (´§¸©¡ 24).

OXY Z £¯£¥¶¹¨ S ¡©¨©¸¡§§ «¡²¢¢ ¡¢¶ (´§¸©¡ 25). S ¡©¨©¸¡§§¡¯º¤ ¨§¸°¤¬¢¡¯º¤ ¸©¨¯§£ ±¶ÿ¥¦¸°¡ r ¡¢» ¥¢¹¨¢¡®¢¶.ôõôö÷ôøùôùú
. S ÓÅÐÅÂÓÔÔÓÇÖÊ ÐÔÂÉÊ ÈÁÓÇÖÊ ÂÅÐÇÔò ÃÏþÆÒÂ ÍÅÊÓÅÐÅÓ,

S ÐÁÁÂ ÒÂ�ÇÍÓÌÖ ÈÁÓÇÖÊ ÂÅÐÇÔò ÃÏþÆÒÂ ÍÅÊÓÅÍÓÌÖ ËÅÖÍ F (r) = 0 (OXY ZòÇòÆÏÄÐ) ÆÁÓ�ÇÆÓÁÎÇÖÓ S ÓÅÐÅÂÓÔÔÓÇÖÊ ÃÏþÆÒÂ ÍÁÎËÁÂÆÁÖ ÆÁÓ�ÇÆÓÁÎÓÁÊÁ. ×¯ª¢¢®¢®: ÿ¦¦¸¨¯¤©¥°¤ ¢¾ ¨¢¢¸ ¥«±¥¢º a ¸©¨¯§£¥©º «¹«®¡¯º¤±¶ÿ¥¦¸ ¾¢®¢¸¥¢º ¥¢¡ª¯¥¡¢® ¤µ |r| = a
©º¤©.

4.4. y���&� ����O�� N� ����O����
 9O;�4� ���������
¯.����� a����Z����) ]Z«��� ���^����*.
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�¶ÿ©¸¥°¤ OXY Z £¯£¥¶¹¨ ` ª§¡©¹ «¡²¢¢¡¢¶ (´§¸©¡ 26). ·¤¢ ` ª§¡©¹°¤ ¨§¸°¤¬¢¡¯º¤ ©º¸®©® ¤µ ¥³³¤¯º ¸©¨¯§£ ±¶ÿ¥¦¸
r =

−−→
OM -¢¢¸ ¥¦¨¦¸¾¦º®¦¡¨¦¤¦. M ¬¢¡ `ª§¡©¹°¤ ¨©¡§§ ¾«¨®«¾«¨ ¥³³¤¯º ¸©¨¯§£ ±¶ÿà¥¦¸ r ««¸²®«¡¨«¤«. ·¤¢ ««¸²®«¡¨«» ©º¡©©

r ¸©¨¯§£ ±¶ÿ¥¦¸°¡ �¹©¸ ¤¢¡ £ÿ©®�¸ E©¸©¹¶¥¸
t-¢¢¸ ¯®¢¸¾¯º®¢®

r = r(t) (4.2)

¦®¤¦.
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ôõôö÷ôøùôùú

. (4.2) ÆÁÓ�ÇÆÓÁÎÇÖÓ ÒÓÆÒÂÓÔÖÊ ` �ÔÓÅÄÉÊ DÅÂÅÄÏÆÂ-ÆÁÖ ÃÏþÆÒÂ ÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ.
ß³¤¥¢º ©¨¯®©©¸ ¾¢±¥¡©º ¨¢¢¸ ¨¶ÿ©¸¥°¤ OXY £¯£¥¶¹ ¨¢¾ ª§¡©¹°¤ E©¸©-¹¶¥¸¥¢º ±¶ÿ¥¦¸ ¥¢¡ª¯¥¡¢®¯º¡ ¥¦¨¦¸¾¦º®¤¦.¯.����� a����Z�� ���^����*. 2¡¥¦¸¡§º¤ ` ª§¡©¹ (4.2) ¥¢¡ª¯¥à¡¢®¥¢º ½¹ ¡¢¶. Ü¢¸¢± (x, y, z) ¤µ r ¸©¨¯§£ ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥ ¡¢±¢® (4.2)¥¢¡ª¯¥¡¢® ¤µ

x = x(t), y = y(t), z = z(t) (4.3)

¥¢¡ª¯¥¡¢®¥¢º ¥¢¤¬³³ ²©¤©¸¥©º.ôõôö÷ôøùôùú
. (4.3) ÆÁÓ�ÇÆÓÁÎÇÖÓ ` �ÔÓÅÄÉÊOXY Z òÇòÆÏÄ ÐÁÍ DÅÂÅ-ÄÏÆÂ ÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ.ÀÁÂÁÃ ` ÍÅÃÆÓÅÖÊ �ÔÓÅÄ ËÒÎ

x = x(t), y = y(t) (4.4)

ÊÑ ÍÅÃÆÓÅÖÊ ` �ÔÓÅÄÉÊ DÅÂÅÄÏÆÂ ÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ.
(4.3) ¥¢¡ª¯¥¡¢®³³¨¢¢£ t E©¸©¹¶¥¸¯º¡ ´©º®§§®©® F (x, y) = 0 ¥¢¡ª¯¥¡¢®¡©¸©¾ © ¢¤¢ ¤µ ¾©±¥¡©º¤ ª§¡©¹°¡ ¨³¸£®¢¤¢.
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ØÙÚÛÛ
4.7.

�¶ÿ©¸¥°¤ OXY £¯£¥¶¹¨ ÿ¦¦¸-¨¯¤©¥°¤ ¢¾ ¨¢¢¸ ¥«±¥¢º a ¸©¨¯§£¥©º ¥¦º¸¡¯º¤E©¸©¹¶¥¸¥¢º ±¶ÿ¥¦¸, E©¸©¹¶¥¸ (´§¸©¡ 27)¥¢¡ª¯¥¡¢®³³¨¯º¡ ¯².1ÒÐÒÎÆ. 0¦º¸¦¡ ¨¢¢¸ ¦¸ª¯¾ ¨§¸°¤M ¬¢¡¯º¤¸©¨¯§£ ±¶ÿ¥¦¸°¡ r =
−−→
OM ¡¢¶. r ±¶ÿ¥¦¸°¤

OX ¥¢¤¾®¢¡¥¢º ³³£¡¢¾ «¤¬¡¯º¡ t, −→
OA = r1,−−→

AM = r2
¡¢» ¥¢¹¨¢¡®¢¶. 0¢¡±¢® r = r1 + r2© r1 = (a cos t)i r2 = (a sin t)j ¡¢¨¡¢¢£

r = (a cos t)i + (a sin t)j (4.5)¦®¤¦. (4.5) ¥¢¡ª¯¥¡¢® ¤µ ¥¦º¸¡¯º¤ E©¸©¹¶¥¸¥¢º ±¶ÿ¥¦¸ ¥¢¡ª¯¥¡¢®©º¤©. ·¤¢ ¥¦º¸¡¯º¤ E©¸©¹¶¥¸ ¥¢¡ª¯¥¡¢® ¤µ
x = a cos t y = a sin t¦®¤¦. ·¤¢ £³³®²¯º¤ ¥¢¡ª¯¥¡¢®¢¢£ t E©¸©¹¶¥¸¯º¡ ´©º®§§®©® x2+y2 = a2

¥¢¡ª¯¥¡¢® ¦®¤¦. ·¤¢ ¤µ ¥¦º¸¡¯º¤ ÿ¦¦¸¨¯¤©¥°¤ ¾¢®¢¸¥¢º ¥¢¡ª¯¥¡¢®.
4.5. °��ON��
� ���� N� ��������
ôõôö÷ôøùôùú

.
ÀÁÂÁÃ ` �ÔÓÅÄ ÊÑ OXY òÇòÆÏÄÐ ÅÎÓÏËÂÇÖÊ ÆÁÓ�ÇÆ�ÓÁÎÁÁÂ ÐÌÂòÎÁÓÐÁü ËÅÖÃÅÎ ` �ÔÓÅÄÉÓ ÅÎÓÏËÂÇÖÊ �ÔÓÅÄ ÓÁÊÁ.
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Ü¦Ý¸ ¾§±µ£©¡²¥©º ©®¡¶¸¯º¤ ¥¢¡ª¯¥¡¢®¯º¤ ¶¸«¤¾¯º ¾¢®¢¸ ¤µ
k∑

i=1

Aix
miyni = 0 (4.6)

©º¤©. ·¤¨ Ai
¤µ ¦¨¯¥ ¥¦¦, mi, ni

¤µ ¢¶¸¢¡ ³¾¢® ¥¦¦.ôõôö÷ôøùôùú
. Aj 6= 0, mj + nj = s ÊÑ mi + ni i = 1, k ÆÒÒÊÔÔÐÉÊÍÅÄÓÇÖÊ ÇÍ ËÒÎ S-Ó (4.6)

ÅÎÓÏËÂÇÖÊ �ÔÓÅÄÉÊ ÁÂÁÄËÁ ÓÁÊÁ. ×¯ª¢¢®¢®:
x3+y3−3xy = 0 ¤µ ¡§¸©±¨§¡©©¸ ¢¸¢¹¯º¤ ©®¡¶¸¯º¤ ª§¡©¹°¤ ¥¢¡ª¯¥¡¢®©º¤©.FôöFG

4.1. Ü¢¸¢± ` ª§¡©¹ ¤µ OXY ¨¶ÿ©¸¥°¤ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¨ S¢¸¢¹¯º¤ ©®¡¶¸¯º¤ ª§¡©¹ ¦® ¨§¸°¤ ««¸ ¨¶ÿ©¸¥°¤ ÿ¦¦¸¨¯¤©¥°¤ £¯£à¥¶¹¨ ` ª§¡©¹ ¤µ ¹«¤ S ¢¸¢¹¯º¤ ©®¡¶¸¯º¤ ª§¡©¹ ©º¤©.1ÅÆÅÎÓÅÅ. ` ª§¡©¹ ¤µ OXY £¯£¥¶¹¨ (4.6) ¥¢¡ª¯¥¡¢®¥¢º ¡¢¶. OXY ¨¶ÿ©¸à¥°¤ £¯£¥¶¹¯º¡ a(x0, y0)
±¶ÿ¥¦¸oop E©¸©®®¶®µ ´««», ¨©¸©© ¤µ ϕ «¤¬¡««¸¢¸¡³³®» O′X ′Y ′ £¯£¥¶¹¯º¡ ¡©¸¡©£©¤ ¦® ÿ¦¦¸¨¯¤©¥°¡ ¾§±¯¸¡©¾¥¦¹3Ý¦ ¤µ

x = x′ cosϕ− y′ sinϕ+ x0, y = x′ sinϕ+ y′ cosϕ+ y0©º¨©¡. �º¹¨ ` ª§¡©¹ ¤µ O′X ′Y ′ £¯£¥¶¹¨
k∑

i=1

Ai(x
′ cosϕ− y′ sinϕ+ x0)

mi(x′ sinϕ+ y′ cosϕ+ y0)
ni = 0

¥¢¡ª¯¥¡¢®¥¢º ¦®¤¦. Ü©©®¥°¡ ¤¢¢» ¥«£««¥¢º ¡¯ª³³¨¯º¡ ¢¹¾¢¥¡¢±¢®
k∑

i=1

Aix
′mi

i y′ni = 0 (4.7)

¦®¤¦. ·¤¢ ¥¢¡ª¯¥¡¢® ¤µ S-¢¢£ ¾¢¥¸¢¾¡³º ¢¸¢¹¯º¤ ©®¡¶¸¯º¤ ¥¢¡ª¯¥¡¢®.
(4.7) ¥¢¡ª¯¥¡¢®¨

x′ = x cosϕ+ y sinϕ− x0, y′ = −x sinϕ+ y′ cosϕ− y0

¡¢£¢¤ ¦¸®§§®¡© ¾¯º±¢® (4.6) ¥¢¡ª¯¥¡¢®¨ ª¯®»¯¤¢. �º¹¨ ` ª§¡©¹ ¤µ
O′X ′Y ′ £¯£¥¶¹¨ ©®¡¶¸¯º¤ ª§¡©¹ ©º¤©. N

·¤¢ ¥¶¦¸¶¹¦¦£ E©¸©®®¶®µ ´««®¥, ¢¸¡³³®¢®¥ ¾§±¯¸¡©®¥§§¨©©¸ ©®¡¶¸¯º¤ª§¡©¹°¤ ¢¸¢¹¢ ««¸²®«¡¨«¾¡³º ¡¢¨¢¡ ¤µ ¾©¸©¡¨©» ©º¤©.ôõôö÷ôøùôùú
.
ÀÁÂÁÃ F ÓÅÐÅÂÓÔÔ ÊÑ OXY Z òÇòÆÏÄÐ

k∑

i=1

Aix
miynizpi = 0 (4.8)
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ÆÁÓ�ÇÆÓÁÎÆÁÖ ËÒÎ F ÓÅÐÅÂÓÔÔÓ ÅÎÓÏËÂÇÖÊ ÓÅÐÅÂÓÔÔ ÓÁÊÁ. <ÊÐAi ∈ R,mi,
ni, pi-
ÁÏÂÁÓ ËÌÍÁÎ ÆÒÒÊÔÔÐ.

Aj 6= 0 ËÅ mj + nj + pj = s ÊÑ mi + ni + pi (i = 1, k) ÆÒÒÊÔÔÐÉÊ ÍÅÄÓÇÖÊÇÍ ÊÑ ËÒÎ s-Ó ÅÎÓÏËÂÇÖÊ ÓÅÐÅÂÓÔÔÓÇÖÊ ÁÂÁÄËÁ ÓÁÊÁ.R®¡¶¸¯º¤ ¡©¨©¸¡§§¡¯º¤ ¾§±µ¨ ¥¶¦¸¶¹ 3.6 ¾³²¯¤¥¢º.
4.6. ®��4���
 ��	V 	�9���
 N� ������& O�8�	�
 ������z���
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OXY Z £¯£¥¶¹¨ α ¾©±¥¡©º ©±² ³´µ¶.ôõôö÷ôøùôùú
. M0(r0) ∈ α, ËÅ n ⊥ α

ÃÏþ�ÆÒÂ ÕÓÕÓÐòÕÊÕÕÂ α ÍÅÃÆÓÅÖÊ ËÅÖÂÎÅÎ ËÌÂÁÊÆÒÐÒÂÍÒÖÎÒÓÐÒÊÒ. ÀÅÃÆÓÅÖÐ DÏÂDÏÊÐÇþÔÎ5ÂÆÁÓÁÁò 5ÎÓÅÅÆÅÖ n
ÃÏþÆÒÂÉÓ ÁÊÁ ÍÅÃÆÓÅÖÊÊÒÂÄÅÎÑ ÃÏþÆÒÂ ÓÁÊÁ (´§¸©¡ 28).

α ¾©±¥¡©º¤ ¨§¸°¤ M(r) ¬¢¡¯º¤ ¾§±µ¨−−−→
M0M = r − r0

±¶ÿ¥¦¸ n ±¶ÿ¥¦¸¥ E¶¸àE¶¤¨¯ÿ§®�¸ ©º¤© (n ⊥ α,
−−−→
M0M ⊂ α ⇒−−−→

M0M ⊥ n).
�º¹¨

(n, r − r0) = 0 (4.9)©º¤©. (4.9) ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¨©¡ ³¾ M(r) ¬¢¡³³¨ �¹©¸ ¤¢¡ ¾©±¥¡©º¡¨³¸£®¢¤¢ (n, r0
¢¾¢®£¢¤ ¥¢¡¢¢£ �®¡©©¥©º ±¶ÿ¥¦¸§§¨).

ß¤¢¤¨¢¢ (4.9) ¥¢¡ª¯¥¡¢® ¤µ n, r− r0
±¶ÿ¥¦¸§§¨°¤ ¦¸¥¦¡¦¤©®µ ©º¡©©¡ ´©à©¤©. ·¤¢ ¤µ (4.9) ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©» ©º¡©© ³¾ r ±¶ÿ¥¦¸°¤ ¾§±µ¨ r − r0±¶ÿ¥¦¸§§¨ ¤¢¡ ¾©±¥¡©º ¨¢¢¸ (n ±¶ÿ¥¦¸¥ E¶¸E¶¤¨¯ÿ§®�¸ ¾©±¥¡©º ¨¢¢¸) ¦¸-ª¯¤¦ ¡¢¨¡¯º¡ ¾©¸§§®» ©º¤©. �º¹¨M(r) ¬¢¡³³¨ ¤¢¡ ¾©±¥¡©º ¨¢¢¸ ¦¸ª¯¤¦.·¤¢ ¤µ (4.9) ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¨©¡ ¬¢¡³³¨ ¤¢¡ ¾©±¥¡©º¡ ¨³¸£®¢¤¢ ¡¢¨¡¯º¡¾©¸§§®» ©º¤©.

(4.9) ¥¢¡ª¯¥¡¢® ¤µM0
¬¢¡¯º¡ ¨©º¸£©¤ n ±¶ÿ¥¦¸¥ E¶¸E¶¤¨¯ÿ§®�¸ ¾©±¥¡©º¤±¶ÿ¥¦¸ ¾¢®¢¸¥¢º ¥¢¡ª¯¥¡¢® ©º¤©.

Ü¢¸¢± n(A,B,C), r0(x0, y0, z0), r(x, y, z)
¦® (4.9) ¥¢¡ª¯¥¡¢®

A(x− x0) +B(y − y0) + C(z − z0) = 0 (4.10)

¾¢®¢¸¥¢º ¦®¤¦. n 6= 0 ¡¢¨¡¢¢£ |A| + |B| + |C| 6= 0
©º¤©.ôõôö÷ôøùôùú

. (4.10) ÆÁÓ�ÇÆÓÁÎÇÖÓ M0(x0, y0, z0)
ÈÁÓÇÖÓ ÐÅÖÂòÅÊ

n(A,B,C)
ÃÏþÆÒÂÆ DÏÂDÏÊÐÇþÔÎ5Â ÍÅÃÆÓÅÖÊ þÒÒÂÐÇÊÅÆÉÊ ÍÁÎËÁÂ ÐÁÍ ÆÁÓ-�ÇÆÓÁÎ ÓÁÊÁ. ×¯ª¢¢®¢®: (2,−1,−3) ¬¢¡¯º¡ ¨©º¸£©¤ n(3, 2,−4) ±¶ÿ¥¦¸¥E¶¸E¶¤¨¯ÿ§®�¸ ¾©±¥¡©º¤ ¥¢¡ª¯¥¡¢® ¤µ 3(x − 2) + 2(y + 1) − 4(z + 3) = 0©º¤©.
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ôõôö÷ôøùôùú
.
ÀÁÂÁÃ−(Ax0 +By0 +Cz0) = D ÓÁü ÆÁÄÐÁÓÎÁÃÁÎ (4.10)ÆÁÓ�ÇÆÓÁÎÇÖÓ

Ax+By + Cz +D = 0 (4.11)ÓÁü ËÇIÇÍ ËÅ ÁÊÁ ÆÁÓ�ÇÆÓÁÎÇÖÓ ÍÅÃÆÓÅÖÊ ÏÂÕÊÍÇÖ ÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ.�¢¢¸¾ (4.11) ¥¢¡ª¯¥¡¢®¢¢£ �¹©¸ ² ¾©±¥¡©º ¤µ ¥¢¡ª «¤¬«¡¥ ¨¶ÿ©¸¥°¤ ÿ¦¦¸à¨¯¤©¥°¤ £¯£¥¶¹¨ ¡§¸±©¤ ¾§±µ£©¡²¥©º ¤¢¡¨³¡¢¢¸ ´¢¸¡¯º¤ ©®¡¶¸¯º¤ ¥¢¡ª¯¥à¡¢®¢¢¸ ¨³¸£®¢¡¨¨¢¡ ¦®¦¾ ¤µ ¾©¸©¡¨©» ©º¤©. Ax + By + Cz + D = 0¥¢¡ª¯¥¡¢®¯º¡ (4.9) ¾¢®¢¸¥ ª¯®»³³®» ¦®¦¾ ¥§® ¡§¸±©¤ ¾§±µ£©¡²¥©º¤¢¡¨³¡¢¢¸ ´¢¸¡¯º¤
Ax+By + Cz +D = 0

(¢¤¨ |A|+|B|+|C| 6= 0) ¥¢¡ª¯¥¡¢® ³¾¢¤OXY Z £¯£¥¶¹¨ ¾©±¥¡©º ¨³¸£®¢¤¢.
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�º¹¨ α ¾©±¥¡©º¡ «¡«¾ (α ¾©±¥¡©º ¦®¦¾) ¤µ
Ax + By + Cz + D = 0 ¥¢¡ª¯¥¡¢® «¡«¾¥¢º
(¦®¦¾¥¦º) ©¨¯® ½¹. OXY £¯£¥¶¹¨ ` ª§®§§¤«¡£«¤ ©º¡ (´§¸©¡ 29). M0

¬¢¡¯º¡ ¨©º¸£©¤, n±¶ÿ¥¦¸¥ E¶¸E¶¤¨¯ÿ§®�¸ ª§®§§¤° ±¶ÿ¥¦¸ ¾¢®à¢¸¥¢º ¥¢¡ª¯¥¡¢® ¤µ (4.9) ¥¢¡ª¯¥¡¢®¥¢º ¯»¯®¾¢®¢¸¥¢º ©º¤©. 0§¾©º®©® r − r0 =
−−−→
M0M ⊂

` ⇒ −−−→
M0M ⊥ n ⇒ (

−−−→
M0M , n) = 0 ⇒ (r −

r0,n) = 0. ·¤¢ ¥¢¡ª¯¥¡¢®¯º¡ n ¤¦¸¹©®µ ±¶ÿà¥¦¸¥©º, M0(r0) ¬¢¡¯º¡ ¨©º¸£©¤ ª§®§§¤° ±¶ÿ¥¦¸ ¾¢®¢¸¥¢º ¥¢¡ª¯¥¡¢®¡¢¤¢.ôõôö÷ôøùôùú
.
ÀÁÂÁÃM0(x0, y0) ∈ `, ` ⊥ n, n = (A,B) ËÒÎ

(r− r0,n) = 0 ⇒ A(x− x0) +B(y − y0) = 0<ÊÁ ÆÁÓ�ÇÆÓÁÎÇÖÓ �ÔÎÔÔÊÉ þÒÒÂÐÇÊÅÆÉÊ ÍÁÎËÁÂÆÁÖ ÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ.
C = −(Ax0 + By0)

ÓÁü ÆÁÄÐÁÓÎÁÃÁÎ �ÔÎÔÔÊÉ þÒÒÂÐÇÊÅÆÉÊ ÍÁÎËÁÂÆÁÖÆÁÓ�ÇÆÓÁÎ ÊÑ
Ax+By + C = 0, |A| + |B| 6= 0ËÒÎÊÒ. QÌÊÇÖÓ ÍÅÃÆÓÅÖÊ �ÔÎÔÔÊÉ ÏÂÕÊÍÇÖ ÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ.

·¤¨¢¢£ ¾©±¥¡©º¤ ª§®§§¤ ³¾¢¤ ¾¦Ý¸ ¾§±µ£©¡²¥©º ¤¢¡¨³¡¢¢¸ ´¢¸¡¯º¤ ©®à¡¶¸¯º¤ ¥¢¡ª¯¥¡¢®¢¢¸ ¨³¸£®¢¡¨¢¤¢ ¡¢¨¢¡ ¤µ ¾©¸©¡¨©» ©º¤©. ¿«¤ ³³¤¯º§¸±§§ «¡³³®¢¸: ¾¦Ý¸ ¾§±µ£©¡²¥©º ¤¢¡¨³¡¢¢¸ ´¢¸¡¯º¤ ©®¡¶¸¯º¤Ax+By+
C = 0, |A| + |B| 6= 0 ¥¢¡ª¯¥¡¢® ³¾¢¤ OXY £¯£¥¶¹¨ �¹©¸ ¤¢¡ ª§®§§¤°¡¨³¸£®¢¤¢ ¡¢¨¢¡ ¤µ ³¤¢¤.
4.7. y�����& ����O����
 9O;�4� ���������
2¡¥¦¸¡§º¤ (¾©±¥¡©º¤) ` ª§®§§¤ «¡£«¤ ¡¢¶. 0 ¥¢¡ª «¤¬«¡¥ ¨¶ÿ©¸¥°¤ ÿ¦¦¸à¨¯¤©¥°¤ £¯£¥¶¹¯º¤ ¢¾ (´§¸©¡ 3.25).
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ôõôö÷ôøùôùú

. ` �ÔÎÔÔÊÉ M0(r0) ÈÁÓ, ` �ÔÎÔÔÊÆÅÖ DÅÂÅÎÏÎÑ ÆÁÓÁÁò5ÎÓÅÅÆÅÖ s
ÃÏþÆÒÂ ÕÓòÊÕÕÂ ` �ÔÎÔÔÊÉ ËÅÖÂ ËÌÂÁÊ ÆÒÐÒÂÍÒÖÎÒÓÐÒÊÒ. sÃÏþÆÒÂÉÓ ` �ÔÎÔÔÊÉ IÇÓÎÌÌÎÁÓI ÃÏþÆÒÂ ÓÁÊÁ.
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` ª§®§§¤° ¨§¸°¤ M(r) ¬¢¡¯º¤ ¾§±µ¨ −−−→
M0M =

r − r0 ⊂ `
© s,

−−−→
M0M

±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸.�º¹¢¢£ r− r0 = ts
§½§
r = r0 + ts (4.12)

·¤¨ t-¦¨¯¥ E©¸©¹¶¥¸. �¤¡¢» ¦¡¥¦¸¡§º¤ (¾©±¥à¡©º¤) ` ª§®§§¤¨ ¥³³¤¯º ¬¢¡³³¨ ¾©¤¡©¾ (4.12)¥¢¡ª¯¥¡¢® ¾©¸¡©®´©» ©º¤©.
ß³¤¯º §¸±§§ «¡³³®¢¸: (4.12) ¾¢®¢¸¯º¤ (r0, s 6= 0

¢¾¢®£¢¤ ±¶ÿ¥¦¸§§¨
∀t ∈ R) ¥¢¡ª¯¥¡¢®¨ ¦¡¥¦¸¡§º¤ (¾©±¥¡©º¤) ª§®§§¤ ¾©¸¡©®´©¤© ¡¢¨¢¡ ¤µ³¤¢¤.ôõôö÷ôøùôùú

. (4.12) ÆÁÓ�ÇÆÓÁÎÇÖÓ �ÔÎÔÔÊÉ DÅÂÅÄÏÆÂÆÁÖ ÃÏþÆÒÂÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ.
4.8. y�����& 	£�N�� N� ����O�� 	��N����
 ���������.¡����
� ;4������O����
 ������& ���������
2¡¥¦¸¡§º¤ ¥¢¡ª «¤¬«¡¥ ¨¶ÿ©¸¥°¤ ÿ¦¦¸¨¯¤©¥°¤OXY Z £¯£¥¶¹¨ ` ª§®§§¤«¡£«¤ ©º¡ (´§¸©¡ 3.25).

Ü¢¸¢± r0(x0, y0, z0), s(m,n, p)
¦® ` ª§®§§¤° E©¸©¹¶¥¸¥¢º ±¶ÿ¥¦¸ ¥¢¡ª¯¥à¡¢® (4.12)-

¯º¡
x = x0 +mt y = y0 + nt, z = z0 + pt (4.13)¾¢®¢¸¥¢º ¯²¯» ¦®¤¦.ôõôö÷ôøùôùú

. (4.13) ÆÁÓ�ÇÆÓÁÎÇÖÓ ÒÓÆÒÂÓÔÖÊ �ÔÎÔÔÊÉ DÅÂÅÄÏÆÂÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ. ×¯ª¢¢®¢®: (2,−1, 7) ¬¢¡¯º¡ ¨©º¸£©¤ s(−5, 3, 4) ±¶ÿà¥¦¸¥ E©¸©®®¶®µ ª§®§§¤° E©¸©¹¶¥¸ ¥¢¡ª¯¥¡¢® ¤µ
x = 2 − 5t, y = −1 + 3t, z = 7 + 4t

¦®¤¦.
(4.13) ¥¢¡ª¯¥¡¢®¢¢£ t E©¸©¹¶¥¸¯º¡ ¦®¦®

x− x0

m
=
y − y0

n
=
z − z0

p
(4.14)

©º¤©.ôõôö÷ôøùôùú
. (4.14) ÆÁÓ�ÇÆÓÁÎÇÖÓ ÒÓÆÒÂÓÔÖÊ �ÔÎÔÔÊÉ Í5ÎËÅÂ ÆÁÓ-�ÇÆÓÁÎ ÓÁÊÁ.
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m, n, p ¥¦¦¤§§¨°¤ ¤¢¡ §½§ ¾¦Ý¸ ¤µ ² ¥¢¡ ©º» ¦®¤¦. ·¤¢ ¥¦¾¯¦®¨¦®¨ª§®§§¤° ¥¢¡ª¯¥¡¢®¯º¡ (4.14) ¾¢®¢¸¥¢º ¯²¯» ¦®¤¦.
Ü¢¸¢± ` ª§®§§¤ ¤µ ¾©±¥¡©º¤ ¨¶ÿ©¸¥°¤ ¥¢¡ª «¤¬«¡¥ ÿ¦¦¸¨¯¤©¥°¤ OXY£¯£¥¶¹¨ «¡£«¤ ¦® E©¸©¹¶¥¸ ¥¢¡ª¯¥¡¢® ¤µ

x = x0 +mt, y = y0 + nt

¾�®©¸ ¥¢¡ª¯¥¡¢® ¤µ
x− x0

m
=
y − y0

n
(4.15)

¾¢®¢¸¥¢º ©º¤©. ·¤¨M0(x0, y0) ∈ `, m, n ¤µ ²¯¡®³³®¢¡² ±¶ÿ¥¦¸°¤ ÿ¦¦¸à¨¯¤©¥.
Ü¢¸¢± ª§®§§¤ OY ¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ ¯ª ¦® (4.15) ¥¢¡ª¯¥¡¢®¯º¡
y − y0 = n

m
(x − x0)

¾¢®¢¸¥¢º ¯²¯» ¦®¤¦. ·¤¨ m
n

= tg α = k (¢¤¨
α ¤µ ` ª§®§§¤° Ox ¥¢¤¾®¢¡¯º¤ ¢¶¸¢¡ ²¯¡®¢®¥¢º ³³£¡¢£¢¤ «¤¬«¡) ¡¢»¥¢¹¨¢¡®¢±¢® ª§®§§¤° ¥¢¡ª¯¥¡¢® y − y0 = k(x− x0)

¦®¤¦ (´§¸©¡ 31).

k = tg α-Ó ` �ÔÎÔÔÊÉ ÕÊÈÓÇÖÊ þÒÁ��ÇÈÇÏÊÆ ÓÁÊÁ.

�����
31
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Z
Z
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Z
Z

ZZ}

0

y

s `

α

s

y

x

s

s

0

α

×¯ª¢¢®¢®: (−2, 3) ¬¢¡¯º¡ ¨©º¸£©¤, OX ¥¢¤¾®¢¡¥¢º α = 3π
4
«¤¬«¡ ³³£à¡¢£¢¤ ª§®§§¤° ¥¢¡ª¯¥¡¢® ¤µ

y − 3 = tg
3π

4
(x+ 2) ⇒ y − 3 = −1(x+ 2) ⇒ x+ y − 1 = 0

¦®¤¦.
4.9. ®��4���
� ������& O�8�	�
 ���������0¢¡ª «¤¬«¡¥ ¨¶ÿ©¸¥°¤ OXY Z £¯£¥¶¹¨ E©¸©®¶®µ ¯ª

α1 : A1x+B1y + C1z +D = 0, α2 : A2x+B2y + C2z +D = 0

¾©±¥¡©º¤§§¨ ©±² ³´µ¶.
α1 : A1x+B1y + C1z +D1 = 0
α2 : A2x+B2y + C2z +D2 = 0

}
N1(A1, B1, C1) ⊥ α1

N2(A2, B2, C2) ⊥ α2
(4.16)
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·¤¢ (4.16) £¯£¥¶¹ ¤µ ¥«¡£¡«®¡³º ¦®¦¤ ª¯º¨¥¢º. ·¤¢ ª¯º¨³³¨¯º¤ ¦®¦¤®¦¡¤µ ¦¡¥¦¸¡§º¤ ª§®§§¤°¡ ¨³¸£®¢¤¢.ôõôö÷ôøùôùú

. (4.16) ÆÁÓ�ÇÆÓÁÎÇÖÓ ÒÓÆÒÂÓÔÖÊ �ÔÎÔÔÊÉ ÏÂÕÊÍÇÖ ÆÁÓ-�ÇÆÓÁÎ ÓÁÊÁ.
(4.16) ¥¢¡ª¯¥¡¢®¢¢£ (4.14) ¾�®©¸ ¥¢¡ª¯¥¡¢®¨ ª¯®»¯¾¨¢¢ ¢¤¢ ª§®§§¤°
M0(x0, y0, z0)

¬¢¡¯º¡ «.¾. (4.16) £¯£¥¶¹¯º¤ ¤¢¡ ª¯º¨ (x0, y0, z0)-
¯º¡, ¹«¤²¯¡®³³®¢¡² s(m,n, p) ±¶ÿ¥¦¸°¡ ¦®¤¦.�¯¡®³³®¢¡² ±¶ÿ¥¦¸ s ¤µ n1(A1, B1, C1), n2(A2, B2, C2)

±¶ÿ¥¦¸§§¨©¨ ¾¦Ý§à®©¤¨ ¤µ E¶¸E¶¤¨¯ÿ§®�¸ ¥§® s ¤µ [n1,n2] ±¶ÿ¥¦¸¥¦º ÿ¦®®¯¤¶©¸. �¤¡¢¾®¢¢¸
s-¢¢¸ [n1,n2] ±¶ÿ¥¦¸°¡ (s = [n1,n2]) ©±¤©.ØÙÚÛÛ

4.8.
2 · x− 3 · y + 5 · z − 4 = 0

3 · x+ 4 · y − z − 6 = 0

}

l§®§§¤° ¶¸«¤¾¯º ¥¢¡ª¯¥¡¢®¯º¡ ¾�®©¸ ¥¢¡ª¯¥¡¢®¨ ª¯®»³³®.1ÒÐÒÎÆ. (2, 0, 0) ¤µ ¢¤¢ ª§®§§¤° ¬¢¡³³¨¯º¤ ¤¢¡ ¹«¤. n1 = (2,−3, 5),
n2 = (3, 4,−1) ¥§®
S = [n1,n2] = [2i−3j+5z, 3i+4j−z] =

∣
∣
∣
∣
∣
∣

i j k

2 −3 5
3 4 −1

∣
∣
∣
∣
∣
∣

= −17i+ 17j + 17k

�º¹¨ ¢¤¢ ª§®§§¤° ¢¡¢® ¥¢¡ª¯¥¡¢® ¤µ x− 2

−17
=

y − 0

17
=

z − 0

17

§½§
x− 2

−1
=
y

1
=
z

1

©º¤©.
4.10. ¬4�� ����
� ��
���� ������& ���������
OXY Z £¯£¥¶¹¨ M1(x1, y1, z1), M2(x2, y2, z2)

¬¢¡ «¡£«¤ ©º¡. ·¤¢ ¾¦Ý¸¬¢¡¯º¡ ¨©º¸£©¤ ª§®§§¤° ¥¢¡ª¯¥¡¢®¯º¡ ¯²µ¶.
ß³¤¯º ¥§®¨ ¥¢¡ª¯¥¡¢®¯º¡ ¤µ ¯²¯¾ ` ª§®§§¤° ¨§¸°¤M(x, y, z) ¬¢¡ ©±3�.−−−−→
M1M2(x2 − x1, y2 − y1, z2 − z1),

−−−→
M1M(x − x1, y − y1, z − z1)

±¶ÿ¥¦¸§§¨°¡©º¡§§®3�. −−−−→
M1M2,

−−−→
M1M

±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ©º¤©. �º¹¨ ¦®¦¾ ` ª§à®§§¤° ¥¢¡ª¯¥¡¢® ¤µ
x− x1

x2 − x1
=

y − y1

y2 − y1
=

z − z1

z2 − z1¦®¤¦.
Ü¢¸¢±M1(x1, y1), M2(x2, y2)

¬¢¡³³¨ ¾©±¥¡©º¤OXY £¯£¥¶¹¨ ¦¸ª¯¾ ¬¢¡³³¨¦® M1,M2
¬¢¡³³¨¯º¡ ¨©º¸©¾ ª§®§§¤° ¥¢¡ª¯¥¡¢® ¤µ

x− x1

x2 − x1
=

y − y1

y2 − y1©º¤©.
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4.11. ���9�� ����
� ��
���� 	�9���
� ���������
OXY Z £¯£¥¶¹¨ M1(r1), M2(r2), M3(r3) ¡¢£¢¤ ¤¢¡ ª§®§§¤ ¨¢¢¸ ¦¸ª¯¾¡³º¬¢¡³³¨ «¡£«¤ ©º¡. ·¤¢ ¡§¸±©¤ ¬¢¡¯º¡ ¨©º¸§§®©¤ ¬¦¸ ¡©¤¬ ¾©±¥¡©º ¥©¥©»¦®¨¦¡¯º¡ ¯¨ ¹¢¨¤¢. ·¤¢ ¾©±¥¡©º¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯²µ¶ (´§¸©¡ 32).
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y

�����
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0¢¡ª¯¥¡¢®¯º¡ ¤µ ¯²¯¾ ¾©±¥¡©º¡ α ¡¢»¥¢¹¨¢¡®¢¶. ∀M(r) ∈ α ©±3�. −−−→
M1M = r − r1,−−−−→

M1M2 = r2 − r1,
−−−−→
M1M3 = r3 − r1

±¶ÿ¥¦¸§à§¨°¡ ©º¡§§®3�. −−−→M1M ,
−−−−→
M1M2,

−−−−→
M1M3

±¶ÿ¥¦¸§§¨
α ¾©±¥¡©º ¨¢¢¸ ¾¢±¥¢¾ ¥§® ¥¢¨¡¢¢¸¯º¤ ¾¦®¯¹¦¡³¸»±¢¸ ¥¢¡¥¢º ¥¢¤¬¢¤¢.

(r − r1, r2 − r1, r3 − r1) = 0 (4.17)

ôõôö÷ôøùôùú
. (4.17) ÆÁÓ�ÇÆÓÁÎÇÖÓ ÓÔÂÃÅÊ ÈÁÓÇÖÓ ÐÅÖÂòÅÊ ÍÅÃÆÓÅÖÊÃÏþÆÒÂ ÍÁÎËÁÂÆÁÖ ÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ.ôõôö÷ôøùôùú
.
ÀÁÂÁÃ ÈÁÓÌÌÐ M1(x1, y1, z1), M2(x2, y2, z2), M3(x3, y3, z3)ÓÁü þÒÒÂÐÇÊÅÆÅÅÂÅÅ ÕÓÕÓÐòÕÊ ËÒÎ (4.17) ÆÁÓ�ÇÆÓÁÎ ÊÑ

∣
∣
∣
∣
∣
∣

x− x1 y − y1 z − z1
x2 − x1 y2 − y1 z2 − z1
x3 − x1 y3 − y1 z3 − z1

∣
∣
∣
∣
∣
∣

= 0

ÍÁÎËÁÂÆÁÖ ËÒÎÊÒ. QÌÊÇÖÓ ÓÔÂÃÅÊ ÈÁÓÇÖÓ ÐÅÖÂòÅÊ ÍÅÃÆÓÅÖÊ þÒÒÂÐÇÊÅÆÉÊÍÁÎËÁÂÆÁÖ ÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ.
4.12. ¬�9���
����&� 	44�4��4	 8��8�. ¬�9���
� �����-����&� 	44�4��4	 8��8�. ³�����O�V N� �O��O���;�-�£� N�
	 �8	�8�

α1 : A1x+B1y + C1z +D1 = 0
α2 : A2x+B2y + C2z +D2 = 0

α1, α2
¾©±¥¡©º¡ ©±² ³´µ¶. α1, α2

¾©±¥¡©º¤ ¦¡¥®¦®¬¦®¨ ³³£¢¾ ϕ1
«¤¬«¡

n1(A1, B1, C1), n2(A2, B2, C2)
±¶ÿ¥¦¸§§¨°¤ ¾¦¦¸¦¤¨ ³³£¢¾ ϕ «¤¬«¡¥¢º ¥¢¤-¬³³ ¢£±¢® π − ϕ «¤¬«¡¥¢º ¥¢¤¬³³ (ϕ1 = ϕ

§½§ ϕ1 = π − ϕ).0¢¡±¢®
cosϕ = ±(n1,n2)

|n1||n2|
= ± A1A2 +B1B2 + C1C2

√

A2
1 +B2

1 + C2
1

√

A2
2 +B2

2 + C2
2

(4.18)

¦®¤¦. (4.18) ¥¦¹3Ý¦¤¦¦£ ¾©±¥¡©º¤§§¨°¤ E©¸©®¶®µ © E¶¸E¶¤¨¯ÿ§®�¸ ©º¾¤«¾¬®³³¨ ¡©¸¤©.
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1. α1 ‖ α2

¦®
n1,n2

±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ©º¤©. ¿«¤ n1,n2
±¶ÿ¥¦¸§§¨ÿ¦®®¯¤¶©¸ ¦® α1 ‖ α2

©º¤©. �º¹¨
A1

A2
=
B1

B2
=
C1

C2
(4.19)

¤µ α1, α2
¾©±¥¡©º¤ E©¸©®¶®µ ©º¾ ¤«¾¬«® ¦®¤¦.

2. α1 ⊥ α2 ⇔ n1 ⊥ n2
©º¤©. �º¹¨ ϕ = π

2 ¥§® (4.18)-©©£
A1A2 +B1B2 + C1C2 = 0 (4.20)

¡¢» ¡©¸¤©. ·¤¢ ¤µ α1 ⊥ α2
©º¾ ¤«¾¬«® ¦®¤¦. �«¸««¸ ¾¢®¢®

α1 ⊥ α2 ⇔ A1A2 +B1B2 + C1C2 = 0

ØÙÚÛÛ
4.9. α-

¯º¤ �¹©¸ §¥¡©¤¨ α1 : 2x+ 3y + αz + 1 = 0, α2 : x+ 6y +
3z − 2 = 0 ¾©±¥¡©º¤§§¨ a) E©¸©®¶®µ, +) E¶¸E¶¤¨¯ÿ§®�¸ ©º¾ ±¢?1ÒÐÒÎÆ. a) α1 ‖ α2

§²¸©©£ 2
4 = 3

6 = α
3 ⇒ α = 3

2

©º¤©.+) (4.20) ⇔ α1 ⊥ α2
§²¸©©£ 2 · 4 + 3 · 6 + 3 · α = 0 ⇒ α = 26

3 .

`1 : A1x+B1y+C1 = 0, `2 : A2x+B2y+C2 = 0 ¡¢£¢¤ ¾©±¥¡©º¤ ¾¦Ý¸ ª§®§§-¤° ¾¦¦¸¦¤¨¦¾ «¤¬«¡ ϕ ¤µ n1(A1, B1), n2(A2, B2)
±¶ÿ¥¦¸§§¨°¤ ¾¦¦¸¦¤¨¦¾«¤¬¡««¸ ¥¦¨¦¸¾¦º®¦¡¨¦¤¦. �º¹¨

cosϕ =
A1A2 +B1B2

√

A2
1 +B2

1 ·
√

A2
2 +B2

2

(4.21)

©º¤©. `1, `2
ª§®§§¤§§¨ E©¸©®¶®µ ¦® ¤¦¸¹©®µ ±¶ÿ¥¦¸§§¨ n1, n2

¤µÿ¦®®¯¤¶©¸ ©º¤©. �º¹¢¢£
`1 ‖ `2 ⇔ A1

A2
=
B1

B2¦®¤¦. ¿«¤ `1 ⊥ `2 ⇔ n1 ⊥ n2
©º¾ §²¸©©£

`1 ⊥ `2 ⇔ A1A2 +B1B2 = 0

¦®¤¦.
4.13. ¬£�N�� ������������ 8��8� 	4�� ������& 	44�4��4	8��8�. ³�����O�V N� �O��O���;��£� N�
	 �8	�8�
Oxyz £¯£¥¶¹¨

`1 :
x− x1

m1
=
y − y1

n1
=
z − z1

p1
, `2 :

x− x2

m2
=
y − y2

n2
=
z − z2

p2
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6
�

���
s1s2

ϕϕ
π − ϕ

`1`2 �����
33

¾¦Ý¸ ª§®§§¤ «¡«¡¨£«¤ ©º¡. ·¨¡¢¢¸ª§®§§¤§§¨°¤ ¾¦¦¸¦¤¨ ³³£¢¾ «¤¬¡³³-¨¯º¤ ¤¢¡ ϕ ¤µ s1(m1, n1, p1),
s2(m2, n2, p2)

±¶ÿ¥¦¸§§¨°¤ ¾¦¦¸¦¤¨¦¾«¤¬«¡ ϕ-¥¢º ¥¢¤¬³³. Þ«¡«« «¤¬«¡ ¤µ
π − ϕ-¥¢º ¥¢¤¬³³ ©º¤©. �º¹¨

cosϕ = ± m1m2 + n1n2 + p1p2
√

m2
1 + n2

1 + p2
1 ·

√

m2
2 + n2

2 + p2
2

(4.22)

©º¤©. (4.22) ¥¦¹3Ý¦¤¦¦£ ª§®§§¤° E©¸©®¶®µ © E¶¸E¶¤¨¯ÿ§®�¸ ©º¾ ¤«¾à¬«® ¹«¸¨«¤ ¡©¸¤©.
1. `1 ‖ `2 ⇔ s1, s2

ÿ¦®®¯¤¶©¸ ©º¾ ½¹. �º¹¨
`1 ‖ `2 ⇔ m1

m2
=
n1

n2
=
p1

p2©º¤©.
2. `1 ⊥ `2 ⇔ s1, s2

±¶ÿ¥¦¸§§¨ ¦¸¥¦¡¦¤©®µ ©º¾ ½¹. �º¹¨
`1 ⊥ `2 ⇔ (s1, s2) = 0

§½§
`1 ⊥ `2 ⇔ m1m2 + n1n2 + p1p2 = 0©º¤©. Ü©±¥¡©º¤

`1 :
x− x1

m1
=
y − y1

n1
, `2 :

x− x2

m2
=
y − y2

n2

ª§®§§¤§§¨°¤ ¾¦¦¸¦¤¨¦¾ «¤¬¡¯º¡
cosϕ = ± m1m2 + n1n2

√

m2
1 + n2

1

√

m2
2 + n2

2

¥¦¹3Ý¦¡¦¦¸ ¦®¤¦. ·¤¢ ¥¦¹3Ý¦¤¦¦£ `1, `2 ª§®§§¤° E©¸©®¶®µ © E¶¸E¶¤¨¯-ÿ§®�¸ ©º¾ ¤«¾¬®³³¨ ¡©¸¤©. ·¤¢ ¤µ
`1 ‖ `2 ⇔ m1

m2
=
n1

n2

`1 ⊥ `2 ⇔ m1m2 + n1n2 = 0

©º¤©.
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4.14. ¬�9���
 ������& 	44�4��4	 8��8� ������O�V N� �O�z�O���;��£� N�
	 �8	�8�0¢¡ª «¤¬«¡¥ ¨¶ÿ©¸¥°¤ OXY Z £¯£¥¶¹¨

α : Ax+By + Cz +D = 0, n(A,B,C) ⊥ α

` :
x− x0

m
=
y − y0

n
=
z − z0

p
, s(m,n, p) ‖ `

¾©±¥¡©º, ª§®§§¤°¡ ©±² ³´µ¶.l§®§§¤ ¾©±¥¡©º¤ ¾¦¦¸¦¤¨¦¾ ϕ «¤¬«¡¯º¡ ¤µ n, s ±¶ÿ¥¦¸§§¨°¤ ¾¦¦¸¦¤¨¦¾«¤¬«¡ ψ-¢¢¸ ±(π
2 − ψ) ¡¢» ¥¦¨¦¸¾¦º®¦¤¦ (´§¸©¡ 34).

�º¹¨

�����
34






�6

n

α

s

ϕ

ψ

?







�

α

s

n

ψ

φ

6
ψ

cosψ = cos(
π

2
± ϕ) = ± sinϕ

sinϕ =

∣
∣
∣
∣

(n, s)

|n||s|

∣
∣
∣
∣
=

∣
∣
∣
∣

Am+Bn+ Cp√
A2 +B2 + C2

√

m2 + n2 + p2

∣
∣
∣
∣

(4.23)

Ü©±¥¡©º © ª§®§§¤° E©¸©®¶®µ ©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ
n, s ±¶ÿ¥¦¸§§¨ ¦¸¥¦¡¦¤©®µ ©º¾ ½¹. �º¹¨

` ‖ α ⇔ (n, s) = 0
§½§ ` ‖ α ⇔ Am+Bn+ Cp = 0.

α ⊥ ` ⇔ s, n ±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ©º¤©. �º¹¨ α ⊥ ` ⇔ A

m
=
B

n
=
C

p
.

4.15. ¶����� 	�9���
 	 ��	 U�
, ������	�9���
� ������ 	 ��	 U�
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�����
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Oxyz £¯£¥¶¹¨ α : (n, r − r0) = 0 ¾©±¥¡©º,
M1(r1)

¬¢¡ «¡£«¤ ©º¡. M1
¬¢¡¢¢£ α ¾©±¥¡©º¾³¸¢¾ ´©º d-¡ ¦®3Ý (´§¸©¡ 35). M1
¬¢¡¢¢£ α ¾©±¥à¡©º¨ E¶¸E¶¤¨¯ÿ§®�¸ §§®¡©» £§§¸¯º¤ ¬¢¡¯º¡ N -¢¢¸ ¥¢¹¨¢¡®¢±¢®−−−→

NM1 = r1 − rN , rN = r0 +
−−−→
M0N ⇒

−−−→
NM1 = r1 − r0 −−−−→

M0N (4.24)
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(4.24)-
¯º¤ ¾¦Ý¸ ¥©®°¡ n

|n| = n0-©©¸ £ÿ©®�¸ ³¸»³³®¢®
(
−−−→
NM1,n0) = (r1 − r0,n0) − (

−−−→
M0N,n0)

¦®¤¦.
(
−−−→
NM1,n0) = ±d, (r1 − r0,n0) =

(r1 − r0,n)

|n| , (
−−−→
M0N,n0) = 0

¡¢¨¡¯º¡ ©¤¾©©¸±©® ¤µ
±d =

(r1 − r0,n)

|n|
§½§ d =

|(r1 − r0,n)|
|n| (4.25)

¦®¤¦. (4.25)-¡ ÿ¦¦¸¨¯¤©¥°¤ ¾¢®¢¸¥ ¯²µ¶.Ü¢¸¢± α : Ax+By + Cz +D = 0
© M1(x1, y1, z1)

¦®
d =

|Ax1 +By1 + Cz1 +D|√
A2 +B2 + C2

(4.26)

©º¤©.ØÙÚÛÛ
4.10. (2,−1, 3) ¬¢¡¢¢£ 3x− 4y+ 12z + 6 = 0 ¾©±¥¡©º ¾³¸¥¢®¾ ´©º¡¦®.1ÒÐÒÎÆ. (4.26) ¥¦¹3Ý¦¡¦¦¸

d =
|3 · 2 − 4 · (−1) + 12 · 3 + 6|

√

32 + (−4)2 + 122
= 4

Ü¢¸¢± ¾©±¥¡©º¤OXY £¯£¥¶¹¨ ` : Ax+By+C = 0 ¥¢¡ª¯¥¡¢®¥¢º ` ª§®§§¤,
M1(x1, y1)

¬¢¡ «¡£«¤ ©º¡. 0¢¡±¢® M1
¬¢¡¢¢£ ` ª§®§§¤ ¾³¸¥¢®¾ ´©º¡

d =
|Ax1 +By1 + C|√

A2 +B2
(4.27)

¥¦¹3Ý¦¡¦¦¸ ¦®¤¦.
4.16. k�����
ôõôö÷ôøùôùú

. ¸ÒþÔò ÓÁü ÊÁÂÎÁÓÐÁÍ ÕÓòÕÊ ÍÒûÂ ÈÁÓ ÍÌÂÆÁÎÍ óÅÖÊ ÊÇÖÎ�ËÁÂ ÆÒÓÆÄÒÎ ËÅÖÍ ÈÁÓÌÌÐÇÖÊ ÒÎÒÊÎÒÓÇÖÓ ÁÎÎÇDò ÓÁÊÁ.¹¦ÿ§£§§¨°¡ F1, F2,
C¦ÿ§£§§¨°¤ ¾¦¦¸¦¤¨¦¾ ´©º¡ 2c, ¢®®¯E£¯º¤ ¨§¸°¤ ¬¢¡¢¢£C¦ÿ§£§§¨ ¾³¸¥¢®¾ ´©º¤ ¤¯º®¢¸¯º¡ 2a ¡¢» ¥¢¹¨¢¡®¢¶. 0¦¨¦¸¾¦º®¦®¥¦¦£³´¢¾¢¨ a > c

©º¤©.
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-

6

0

y

F2(−c, 0) F1(c, 0)

M(x, y)

x

�����
36

�¶ÿ©¸¥°¤ OXY £¯£¥¶¹¯º¤ OX ¥¢¤¾®¢¡¯º¡
F1, F2

C¦ÿ§£§§¨°¡ ¨©º¸£©¤, ÿ¦¦¸¨¯¤©¥°¤¢¾¯º¡ C¦ÿ§£§§¨°¤ ¨§¤¨©» ¬¢¡ ©º¾©©¸ ©±²
OXY £¯£¥¶¹¯º¡ £¦¤¡¦Ý (´§¸©¡ 36).

0¢¡±¢®
F1(+c, 0), F2(−c, 0)

©º¤©. 0¦¨¦¸¾¦º®¦®¥¦¦¸¢®®¯E£¯º¤ ¨§¸°¤M(x, y) ¬¢¡¯º¤ ¾§±µ¨
|MF2| + |MF1| = 2a (4.28)

¥¢¤¬¢® ¯¶®¤¢. |MF2| =
√

(x+ c)2 + y2, |MF1| =
√

(x− c)2 + y2¢¨¡¢¢¸¯º¡ (4.28)-¨ ¦¸®§§®©®
√

(x+ c)2 + y2 +
√

(x− c)2 + y2 = 2a (4.29)

¦®¤¦. (4.29)-
¯º¡ ¢®®¯E£ ¨¢¢¸ ¦¸ª¯¾ ¨§¸°¤ ¬¢¡¯º¤ ÿ¦¦¸¨¯¤©¥ ¾©¤¡©»,¢®®¯E£ ¨¢¢¸ ¦¸ª¯¾¡³º ¬¢¡¯º¤ ÿ¦¦¸¨¯¤©¥§§¨ ¾©¤¡©¾¡³º ¥§® (4.29) ¤µ ¢®à®¯E£¯º¤ ¥¢¡ª¯¥¡¢® ¦®¤¦. (4.29) ¥¢¡ª¯¥¡¢®¯º¡ ¨©¸©©¾ ©º¨®©©¸ ¾�®©¸à²¯®3�.

(4.29) ⇒
√

(x+ c)2 + y2 = 2a−
√

(x− c)2 + y2 (4.30)

ß³¤¯º¡ ÿ±©¨¸©¥ ´¢¸¢¡¥ ¨¢±ª³³®» ¢¹¾¥¡¢±¢®
a
√

(x− c)2 + y2 = a2 − cx

a2(x2 − 2xc+ c2 + y2) = a4 − 2a2cx+ c2x2

(a2 − c2)x2 + a2y2 = a2(a2 − c2) (4.31)

a > c ⇒ (a2 − c2) > 0 ³³¤¯º¡ a2 − c2 = b2 ¡¢» ¥¢¹¨¢¡®¢» (4.31)-¨¦¸®§§®©®
b2x2 + a2y2 = a2b2, a 6= 0, b 6= 0

¦®¦¾ © ¾¦Ýp ¥©®°¡ ¤µ a2b2-¨ ¾§±©©±©®
x2

y2
+
y2

b2
= 1 (4.32)

¦®¤¦.
(4.29) ¥¢¡ª¯¥¡¢®¯º¡ ¾¦Ý¸ ¨©¾¯¤ ÿ±©¨¸©¥ ´¢¸¢¡¥ ¨¢±ª³³®» (4.32)-¡ ¡©¸à¡©£©¤ ¥§® (4.32) ¤µ (4.29)-¥¢º ¥¢¤¬³³ ²©¤©¸¥©º ©º¾ ¤µ ¯®¢¸¾¯º ¯ª ©º¤©.�º¹¨ (4.32)-¡ ¢®®¯E£¯º¤ ¥¢¡ª¯¥¡¢® ¹«¤ ¦®¦¾°¡ ©¥©®3�.
(4.32) ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¾M(x, y) ¬¢¡¯º¤ ¾§±µ¨ (4.28)

¯¶®¢¾¯º¡ ©¥©®3�.
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·¤¢ M(x, y) ¬¢¡¯º¤ ¾§±µ¨ y = ± b
a

√
a2 − x2

©º¾ ©

|MF1| =
√

(x− c)2 + y2 =

√

(x− c)2 +
b2

a2
(a2 − x2) =

=

√

x2 − 2xc+ c2 + b2 − b2

a2
x2 =

=

√

c2x2 − 2xca2 + a2c2 + a2(a2 − c2)

a
=

√

(a2 − xc)2

a
=

|a2 − cx|
a

c < a, |x| ≤ a ¡¢¨¡¢¢£ a2 − cx ¤µ ¢¶¸¢¡ ©º¤©. �º¹¨
|MF1| =

a2 − cx

a³³¤¥¢º ©¨¯®©©¸
|MF2| =

a2 + cx

a¦®¤¦. ·¤¨¢¢£
|MF1| + |MF2| =

a2 − cx

a
+
a2 + cx

a
=

2a2

a
= 2a

�¤¡¢» (4.32) ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¨©¡ M ¬¢¡ ¤µ ¢®®¯E£¯º¤ ¬¢¡ ¹«¤ ¡¢»©¥®©¡¨©±.ôõôö÷ôøùôùú
. (4.32) ÆÁÓ�ÇÆÓÁÎÇÖÓ ÁÎÎÇDòÇÖÊ Í5ÎËÅÂ ÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ.

a
ÁÎÎÇDòÇÖÊ ÇÍ ÍÅÓÅò ÆÁÊÍÎÁÓ, b ÁÎÎÇDòÇÖÊ ËÅÓÅ ÍÅÓÅò ÆÁÊÍÎÁÓ ÓÁÊÁ. <Î�ÎÇDòÇÖÊ Í5ÎËÅÂ ÆÁÓ�ÇÆÓÁÎ ÊÑ x, y ÍÔÃÑòÅÓIÇÖÊ ÍÔÃÑÐ ÍÒûÂ óÁÂÓÇÖÊ ÅÎÓÏ�ËÂÇÖÊ ÆÁÓ�ÇÆÓÁÎ ËÅÖÊÅ. ÀÒûÂÐÔÓÅÅÂ óÁÂÓÇÖÊ ÅÎÓÏËÂÇÖÊ ÆÁÓ�ÇÆÓÁÎÁÁÂÐÌÂòÎÁÓÐÁÍ �ÔÓÅÄÉÓ ÍÒûÂÐÔÓÅÅÂ ÁÂÁÄËÇÖÊ ÄÔÂÔÖ ÓÁü ÊÁÂÎÁÊÁ.0¢¡¢¾®¢¢¸ ¢®®¯E£ ¤µ ¾¦Ý¸¨§¡©©¸ ¢¸¢¹¯º¤ ¹§¸§º ©º¤©.

4.17. k������
� N�
�����	
·®®¯E£¯º¤

x2

a2
+
y2

b2
= 1 (0 < b < a)

¾�®©¸ ¥¢¡ª¯¥¡¢®¯º¡ ©±² ³´µ¶.
·®®¯E£¯º¤ ¥¢¡ª¯¥¡¢®¨ ¾§±µ£©¡² x, y ¤µ ¥¢¡ª ´¢¸¢¡¥¢º ©º¡©© ¥§® (x, y)¬¢¡ ¢®®¯E£¯º¤ ¬¢¡ ¦® (−x, y), (x,−y), (−x,−y) ¬¢¡³³¨ ¢®®¯E£¯º¤ ¬¢¡³³¨¦®¤¦. �º¹¨ ¢®®¯E£ ¤µ Ox,Oy ¥¢¤¾®¢¡ ¹«¤ ÿ¦¦¸¨¯¤©¥°¤ ¢¾¯º¤ ¾§±µ¨¥¢¡ª ¾¢¹¥¢º ©º¸®©¤©. �º¹¢¢£ ¢®®¯E£¯º¡ ÿ¦¦¸¨¯¤©¥°¤ I ¹«²¯¨ ©º¡§§-®3�.
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Ü�®©¸ ¥¢¡ª¯¥¡¢®¢¢£ y-¡ ¦®¦®

y =
b

a

√

a2 − x2

¦®¤¦. ·¤¢ C§¤ÿ¬¯º¤ ¥¦¨¦¸¾¦º®¦¡¨¦¾ ¹§» ¤µ 0 ≤ x ≤ a
©º¤©. �º¹¨

x > a
©º¾ ¬¢¡ ¢®®¯E£¯º¤ ¬¢¡ ¯ª ©º¤©. x «£«¾«¨ y §§¸² ©º¤©. x = a³¶¨ y = 0. x = 0 ³¶¨ y = b

¦®¦¾ © (a, 0), (0, b) ¬¢¡³³¨ ¤µ ¢®®¯E£¯º¤ ¬¢¡.·¤¢ ²©¤©¸§§¨°¡ ©ª¯¡®©¤ ¢®®¯E£¯º¡ I ¹«²¯¨ ´§¸3� (´§¸©¡ 37).

-

6

x

y

(a, 0)

(0, b)

0

6

-pp
F2 F1 A1(a, 0)

A2(−a, 0)

B1(0, b)

B2(0,−b)

0s s

�����
37

�����
38·®®¯E£ ¤µ ÿ¦¦¸¨¯¤©¥°¤ ¥¢¤¾®¢¡³³¨, ÿ¦¦¸¨¯¤©¥°¤ ¢¾¯º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹-¥¢º ¡¢¨¡¯º¡ ¥¦¦¬¦¦®» ¢®®¯E£¯º¡ ´§¸¤© (´§¸©¡ 38).ôõôö÷ôøùôùú

.
<ÎÎÇDòÇÖÊ ÆÁÓ� ÍÁÄÇÖÊ ÆÁÊÍÎÁÓÌÌÐÇÖÊ ÒÓÆÎÒÎÈÎÉÊ ÈÁ-ÓÇÖÓ ÁÎÎÇDòÇÖÊ ÆÕÃ ÓÁÊÁ. <ÎÎÇDòÇÖÊ ÆÁÓ�ÇÆÓÁÎ ÊÑ Í5ÎËÅÂ ÆÁÓ�ÇÆ�ÓÁÎ ËÅÖÍ ÆÒÍÇÒÎÐÒÎÐ þÒÒÂÐÇÊÅÆÉÊ ÁÍ ÊÑ ÆÕÃ ËÒÎÊÒ. A1(a, 0), A2(−a, 0),

B1(0, b), B2(0,−b) ÈÁÓÌÌÐÇÖÓ ÁÎÎÇDòÇÖÊ ÒÂÒÖÊ ÈÁÓÌÌÐ ÓÁÊÁ. |A1A2| = 2aÔÂÆÆÅÖ A1A2
ÍÁÂIÄÇÖÓ ÁÎÎÇDòÇÖÊ ÇÍ ÆÁÊÍÎÁÓ, 2b ÔÂÆÆÅÖ B1B2

ÍÁÂIÄÇÖÓÁÎÎÇDòÇÖÊ ËÅÓÅ ÆÁÊÍÎÁÓ ÓÁÊÁ.
6

-

r
r
F1

F2

A1(a, 0)

B2(−b, 0)

A2(−a, 0)

B1(0, b)

y

x

�����
39

c < a §²¸©©£ F1, F2
C¦ÿ§£§§¨ ¤µ OX¥¢¤¾®¢¡ ¨¢¢¸ A1, A2
¦¸¦º¤§§¨°¤ ¾¦¦¸¦¤¨©º¸®©¤©. x2

a2 + y2

b2
= 1 b > a

¦® ¢®®¯Eà£¯º¤ C¦ÿ§£§§¨ ¤µ OY ¥¢¤¾®¢¡ ¨¢¢¸ («.¾.¯¾ ¥¢¤¾®¢¡ ¤µ OY ¥¢¤¾®¢¡ ¨¢¢¸ ©º¤©)©º¸®©¤© (´§¸©¡ 39).

Ü¢¸¢± a = b
¦® ¢®®¯E£¯º¤ ¾�®©¸

¥¢¡ª¯¥¡¢®

x2 + y2 = a2

¾¢®¢¸¥¢º ¦®¤¦. ·¤¢ ¤µ O(0, 0) ¥«±¥¢º
a ¸©¨¯§£¥©º ¥¦º¸¡¯º¤ ¥¢¡ª¯¥¡¢® ©º¤©.
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4.18. ���O�N4�
ôõôö÷ôøùôùú

. ¸ÒþÔò ÓÁü ÊÁÂÎÁÓÐÁÍ ÕÓòÕÊ ÍÒûÂ ÈÁÓ ÍÌÂÆÁÎÍ óÅÖÊ 5Î�ÓÅÃÂÉÊ ÄÒÐÔÎÑ ÊÑ ÆÒÓÆÄÒÎ ËÅÖÍ ÈÁÓÌÌÐÇÖÊ ÒÎÒÊÎÒÓ (ÓÏÒÄÏÆÂÇÖÊ ËÅÖÂ)-ÇÖÓ ÓÇDÏÂËÒÎ ÓÁÊÁ.¹¦ÿ§£§§¨°¡ F1, F2, |F1, F2| = 2c, ||MF1| − |MF2|| = 2a ¡¢» ¥¢¹¨¢¡®¢¶.0¦¨¦¸¾¦º®¦®¥¦¦£ 0 < a < c
©º¾ ¤µ ¾©¸©¡¨©» ©º¤©.

6

-
F2(−c, 0) F1(c, 0)

M(x, y)

x

y

0

�����
40

P¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¯º¡ £¦¤¡¦¾¨¦¦ F1, F2C¦ÿ§£§§¨ ©£¬¯££ ¥¢¤¾®¢¡ ¨¢¢¸ ¢¾¯º¤ ¾§±µ¨¥¢¡ª ¾¢¹¥¢º ©º¾©©¸ £¦¤¡¦Ý. 0¢¡±¢® F1(c, 0),
F2(−c, 0)

©º¤©. B¯E¶¸¦®°¤ ¨§¸°¤ M(x, y)¬¢¡¯º¤ ¾§±µ¨ ¡§¸±©®»¤° ¥¢¤¬¢® ¯ª¢¢¸ 2a <
2c ⇒ a < c

©º¤©. ||MF1| − |MF2|| = 2a

|MF1| − |MF2| = ±2a (4.33)

|MF1| =
√

(x− c)2 + y2,

|MF2| =
√

(x+ c)2 + y2 ©º¾ ©
√

(x− c)2 + y2 −
√

(x+ c)2 + y2 = ±2a

¥¢¤¬¢® ¯¶®¤¢.
·®®¯E£¯º¤ ¾�®©¸ ¥¢¡ª¯¥¡¢®¯º¡ ¡©¸¡©£©¤¥©º ©¨¯® ³º®¨®¢¢¸ ¯¸¸©¬¯¦¤©à®¯©£ ²«®««®«®

(a2 − c2)x2 + a2y2 = a2(a2 − c2)¦®¤¦. a < c, c2 − a2 > 0 §²¸©©£ c2 − a2 = b2 ¡¢» ¥¢¹¨¢¡®¢±¢®
−b2x2 + a2y2 = −a2c2 ⇒ x2

a2
− y2

b2
= 1 (4.34)

¥¢¡ª¯¥¡¢® ¡©¸¤©. (4.34) ¤µ ¡¯E¶¸¦®°¤ ¾�®©¸ ¥¢¡ª¯¥¡¢®.P¦¦¸¨¯¤©¥ ¤µ (4.34) ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¾ M(x, y) ¬¢¡ ¡¯E¶¸¦®°¤ ¬¢¡©º¤© ¡¢¨¡¯º¡ ©¥©®3�.
ß³¤¯º ¥§®¨ (4.34) ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¾ M(x, y) ¬¢¡ (4.33) ¤«¾¬®¯º¡ ¾©¤à¡©¤© ¡¢» ¾©¸§§®¤©. P¦¦¸¨¯¤©¥ ¤µ (4.34)-¡ ¾©¤¡©¾ M(x, y) ¬¢¡¯º¤ ¾§±µ¨
y = ± b

a

√
x2 − a2

©º¾ ©
|MF1| =

√

(x− c)2 + y2 =

√

(x− c)2 +
b2

a2
(x2 − a2) =

∣
∣
∣
∣

cx− a2

a

∣
∣
∣
∣

¦®¦¾ © a < c
© a < x ¥§® cx− a2 > 0 ⇒ |cx− a2| = cx− a2 ©º¤©. �º¹¨

|MF1| =
cx− a2

a

¦®¤¦. ß³¤¥¢º ©¨¯®©©¸ |MF2| =
cx+ a2

a
¡¢» ¡©¸¡©¤©.
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·¤¨¢¢£

∣
∣
∣
∣
|MF1| − |MF2|

∣
∣
∣
∣
=

∣
∣
∣
∣

cx− a2

a
− cx+ a2

a

∣
∣
∣
∣
=

∣
∣
∣
∣

−2a2

a

∣
∣
∣
∣
= 2a

�¤¡¢» (4.34) ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¾ M(x, y) ¬¢¡ (4.33) ¥¢¤¬®¯º¡ ¾©¤¡©±.�º¤¾³³ ÿ¦¦¸¨¯¤©¥ ¤µ (4.34) ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¨©¡ M ¬¢¡ ¡¯E¶¸¦®°¤¬¢¡ ¦®¦¾ ¤µ ©¥®©¡¨©±. N

4.19. ���O�N4�&� N�
�����	
B¯E¶¸¦®°¤ ¥¢¡ª¯¥¡¢®¨ ¾§±µ£©¡² ¤µ ¥¢¡ª ´¢¸¢¡¥¢º ¦¸£¦¤ ©º¡©© §²¸©©£
M(x, y) ¬¢¡ ¡¯E¶¸¦®°¤ ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©±©® (−x, y), (x,−y), (−x,−y)ÿ¦¦¸¨¯¤©¥¥©º ¬¢¡³³¨ ¡¯E¶¸¦®°¤ ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¤©. �º¹¨ ¡¯E¶¸¦®¤µ ÿ¦¦¸¨¯¤©¥°¤ ¥¢¤¾®¢¡³³¨ © ÿ¦¦¸¨¯¤©¥°¤ ¢¾¯º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º©º¸®©¤©. �¤¡¢¾®¢¢¸ ¡¯E¶¸¦®°¤ ¡¸©C¯ÿ¯º¡ ´«±¾«¤ ÿ¦¦¸¨¯¤©¥°¤ I ¹«²¯¨©º¡§§®3�. (4.34) ¥¢¡ª¯¥¡¢®¢¢£ y-¡ ¦®¦®

y = ± b
a

√

x2 − a2, y =
b

a

√

x2 − a2

¦®¤¦. ·¤¢ C§¤ÿ¬¯º¤ ¥¦¨¦¸¾¦º®¦¡¨¦¾ ¹§» ¤µ x ∈]−∞;−a]∪ [a;∞[
©º¤©.

x = a
¦® y = 0, x = −a ¦® y = 0

©º¤©. A1(a, 0), A2(−a, 0) ¡¯E¶¸à¦®°¤ ¦¸¦º¤ ¬¢¡ ¡¢¤¢. B¯E¶¸¦®°¤ ¥¢¡ª¯¥¡¢®¢¢£ ] − a, a[ ´©±£©¸¥ ¡¯E¶¸à¦®°¤ ¬¢¡³³¨ ¦®¨¦¾¡³º (
©º¾¡³º) ©º¾ ¤µ ¾©¸©¡¨©» ©º¤©. �º¹¢¢£ (4.34)¥¢¡ª¯¥¡¢®¥¢º ¡¯E¶¸¦® OY ¥¢¤¾®¢¡¯º¡ ¦¡¥®¦¾¡³º. x ∈ [a,∞[ ´©±£©¸¥«£«¾«¨ y-¯º¤ §¥¡© «£² ©º¤©. �«¸««¸ ¾¢®¢® ¡¯E¶¸¦®°¤M(x, y) ¬¢¡ OX,

OY ¥¢¤¾®¢¡³³¨¢¢£ ¥«¡£¡«®¡³º ¾¦®¨¦¤¦.
y C§¤ÿ¬¯º¤ II ¢¸¢¹¯º¤ §®©¹»®©®°¤ ©ª¯¡®©¤ x ∈ [a,∞[ ´©±£©¸¥ y C§¤ÿ¬
(¡¸©C¯ÿ ¡³¨¡¢¸) ¡³¨¡¢¸¢¢¸ «£«» ©º¡©©¡ ¾©¸§§®» ¦®¤¦ (´§¸©¡ 41).

6

-

6

-
F1(c, 0)F2(−c, 0)

0

(0, b)

(0, b)

A1 A1 x

y

x

y

A2 A1

rr rr

�����
41

�����
42P¦¦¸¨¯¤©¥°¤ ¥¢¤¾®¢¡³³¨ © ÿ¦¦¸¨¯¤©¥°¤ ¢¾¯º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º ¡¢¨-¡¯º¡ ¾©¸¡©®´©¤ ¡¯E¶¸¦®°¡ ´§¸¤© (´§¸©¡ 42). B¯E¶¸¦® ¤µ ¡¯E¶¸¦®°¤©¸§§¤ ´³³¤ £©®©© (¹«²¯¸) ¡¢» ¤¢¸®¢¡¨¢¾ ¾¦Ý¸ ¾¢£¡¢¢£ ¥¦¡¥¦¤¦.
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B

B2

p

p

F1

F2

y

-

6

x

�����
43

ôõôö÷ôøùôùú
. OX, OY ÆÁÊÍÎÁÓÌÌÐÇÖÓ ÆÁÓ�ÍÁÄÇÖÊ ÆÁÊÍÎÁÓ ÓÁÍ ËÅ ÆÁÓ� ÍÁÄÇÖÊ ÆÁÊÍÎÁÓÌÌÐÇÖÊÒÓÆÎÒÎÉÊ ÈÁÓÇÖÓ ÓÇDÏÂËÒÎÉÊ ÆÕÃ ÓÁÊÁ. (4.34) Í5ÎËÅÂÆÁÓ�ÇÆÓÁÎÆÁÖ ÓÇDÏÂËÒÎÉÊ ÆÕÃ ÊÑ þÒÒÂÐÇÊÅÆÉÊ ÁÍ

O(0, 0) ËÅÖÊÅ. |A1A2| = 2a ÔÂÆÆÅÖ A1A2
ÍÁÂIÄÇÖÓÓÇDÏÂËÒÎÉÊ ËÒÐÇÆ ÆÁÊÍÎÁÓ (ÕÕÂÕÕÂ ÍÁÎËÁÎ ÓÇDÏÂËÒÎÉÊ�ÒþÔòÔÔÐ ËÅÖÂÎÅÍ ÆÁÊÍÎÁÓÇÖÓ ËÒÐÇÆ) a-Ó ËÒÐÇÆ ÍÅÓÅòÆÁÊÍÎÁÓ ÓÁÊÁ. 2b ÔÂÆÆÅÖ B1B2

ÍÁÂIÄÇÖÓ ÓÇDÏÂËÒÎÉÊÍÔÔÂÄÅÓ ÆÁÊÍÎÁÓ, b-Ó ÍÔÔÂÄÅÓ ÍÅÓÅò ÆÁÊÍÎÁÓ ÓÁÊÁ.
Ü¢¸¢± ¡¯E¶¸¦®°¤ ¾�®©¸ ¥¢¡ª¯¥¡¢® ¤µ

y2

b2
− x2

a2
= 1

¾¢®¢¸¥¢º ©º±©® ¦¨¯¥ ¥¢¤¾®¢¡ ¤µOY ¥¢¤¾®¢¡ ¨¢¢¸ (2b), C¦ÿ§£§§¨ ¤µ ¹«¤
OY ¥¢¤¾®¢¡ ¨¢¢¸ ©º¸®©¤© (´§¸©¡ 43). B1(0, b), B2(0,−b) ¦¸¦º, F1(0, c),
F2(0,−c) C¦ÿ§£ ¦®¤¦.ôõôö÷ôøùôùú

.
ÀÁÂÁÃ a = b ËÒÎ (4.34) ÊÑ x2 − y2 = a2 ËÒÎÊÒ. <ÊÁÆÒÍÇÒÎÐÒÎÐ ÓÇDÏÂËÒÎÉÓ ÅÐÇÎ ÆÅÎÆ ÓÇDÏÂËÒÎ ÓÁÊÁ.

4.20. ���O�N4�&� J���  ���J (�����4�)

-

6
y

0

`

y = f(x)

M
M

M x

�����
44

ôõôö÷ôøùôùú
. y = f(x)

ÄÔÂÔÖÊ ÐÅÓÔÔ M ÈÁÓþÒÒÂÐÇÊÅÆÉÊ ÁÍÁÁò ÆÕÓòÓÕÎÓÌÖ ÍÒÎÐÒÍÒÐ (x →
±∞) M ÈÁÓÁÁò ` �ÔÎÔÔÊ (

ÕÓòÕÊ) ÍÌÂÆÁÎÍ óÅÖÆÁÓ ÂÌÌ ÆÁÄÌÌÎü ËÅÖÃÅÎ ` �ÔÎÔÔÊÉÓ y = f(x)ÄÔÂÔÖÊ IÇÓÎÌÌÎÁÓI (
ÅòÇÄDÆÒÆ) ÓÁÊÁ (óÔÂÅÓ 44).

¿§¸§º ³¾¢¤ ²¯¡®³³®¢¡²¥¢º ©º¾ ©®©¡³º,¾©¸¯¤ ¥«¡£¡«®¡³º ¹«²¯¸ ³¾¯º ¹§¸§º ¢¤¢ ²©à¤©¸°¡ ©¡§§®©¾ ¤µ ¯º.
x2

a2
− y2

b2
= 1

¥¢¡ª¯¥¡¢®¥¢º ¡¯E¶¸¦® ©±² ³´µ¶.B¯E¶¸¦® ¤µ ¥«¡£¡«®¡³º ¹«²¯¸¥¢º ¥§® ²¯¡®³³®¢¡²¥¢º ©º» ¦®¤¦.
y = ± b

a
x (4.35)

ª§®§§¤ ¡¯E¶¸¦®°¤ ²¯¡®³³®¢¡² ¤µ ¦®¦¾°¡ ©¥©®3�. ¼«±¾«¤ ÿ¦¦¸¨¯à¤©¥°¤ I ¹«²¯¨ ¦¸ª¯¾ ¡¯E¶¸¦®°¤ £©®©©¤° (¹«²¸¯º¤) ¾§±µ¨ ©¥©®¡©©¡¾¯º¾¢¨ ¾³¸¢®¬¢¢¥¢º.
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y = b

a

√
x2 − a2 ¡¯E¶¸¦® ¨¢¢¸ ¦¸ª¯¾M0(x0, y0)

¬¢¡ ©±3�. M0(x0, y0)
¬¢¡¢¢£

y = b
a
x (bx− ay = 0) ª§®§§¤ ¾³¸¥¢®¾ ´©º¡ ¦®¦®

d =
|bx0 − ay0|√
a2 + b2

(4.36)

M0(x0, y0)
¬¢¡¯º¤ ÿ¦¦¸¨¯¤©¥§§¨°¤ ¾§±µ¨ y0 = b

a

√

x2
0 − a2

©º¤©. ß³¤¯º¡
(4.36)-¨ ¦¸®§§®©®

d =
|bx0 − b

√

x2
0 − a2|√

a2 + b2
=

|b|√
a2 + b2

|x0 −
√

x2
0 − a2|

¦®¤¦. A³³®²¯º¤ ¥¢¤¬®¯º¡ |x0 +
√

x2
0 − a2|-©©¸ ³¸»³³®» ¾§±©©¾©¨

d =
|b|√
a2 + b2

· a2

|x0 +
√

x2
0 − a2|

M0
¬¢¡ ÿ¦¦¸¨¯¤©¥°¤ ¢¾¢¢£ ¡¯E¶¸¦® ¨©¡§§ ¥«¡£¡«®¡³º ¾¦®¨¦¾¦¨ ««¸««¸¾¢®¢® x0 → ±∞ ³¶¨ d → 0 ¤µ ¾©¸©¡¨©» ©º¤© (£³³®²¯º¤ ¥¢¤¬®¢¢£).

·¤¨¢¢£ y = ± b
a
x ¤µ x2

a2
− y2

b2
= 1 ¡¯E¶¸¦®°¤ ²¯¡®³³®¢¡² ¦®¦¾ ¤µ ©¥®©¡à¨©±. NB¯E¶¸¦®°¡ ¥¢¡ª¯¥¡¢®¢¢¸ ¤µ ©º¡§§®©¾¨©© ¢¾®¢¢¨ ²¯¡®³³®¢¡²¢¢ ©º¡§§à®©¾ ¤µ ´¦¾¯¹»¥¦º.

4.21. ³���N4�
ôõôö÷ôøùôùú

. ¸ÒþÔò ÓÁü ÊÁÂÎÁÓÐÁÍ ÕÓòÕÊ ÈÁÓ ÍÌÂÆÁÎÍ óÅÖ ÊÑ, ÐÇÂÏþÆ-ÂÇò ÓÁü ÊÁÂÎÁÓÐÁÍ ÕÓòÕÊ �ÔÎÔÔÊ ÍÌÂÆÁÎÍ óÅÖÆÅÖ ÆÁÊÈÌÌ ËÅÖÍ ÍÅÃÆÓÅÖÊÈÁÓÌÌÐÇÖÊ ÒÎÒÊÎÒÓÇÖÓ DÅÂÅËÒÎ ÓÁÊÁ.

-

6

pp
x

y

M(x, y)

F (p

2
, 0)0

N(p

2
, y)

x = − p

2 �����
45

¹¦ÿ§£©©£ ¨¯¸¶ÿ¥¸¯£ ¾³¸¢¾ ´©º¡ p > 0 ¡¢¶.�©¸©¦®°¤ ¾�®©¸ ¥¢¡ª¯¥¡¢®¯º¡ ¡©¸¡©¾°¤¥§®¨ ÿ¦¦¸¨¯¤©¥°¤ OX ¥¢¤¾®¢¡¯º¡ ¨¯¸¶ÿ¥¸¯£¥E¶¸E¶¤¨¯ÿ§®�¸, C¦ÿ§£ ¤µ OX ¨¢¢¸ ©º¸®©-¾©©¸, ÿ¦¦¸¨¯¤©¥°¤ ¢¾¯º¡ C¦ÿ§£ ¨¯¸¶ÿ¥¸¯£¯º¤¾¦¦¸¦¤¨¦¾ ´©º¡ ¾©¡©£®©¤ ¾§±©©» ©º¾©©¸ ©±3�
(´§¸©¡ 45).

0¢¡±¢® ¨¯¸¶ÿ¥¸¯£¯º¤ ¥¢¡ª¯¥¡¢® ¤µ
x = −p

2

§½§ x+ p
2 = 0.

¹¦ÿ§£ ¤µ x = p
2 , y = 0ÿ¦¦¸¨¯¤©¥¥©º ©º¤©. �©¸©¦®°¤ ¨§¸°¤M(x, y) ¬¢¡¯º¤ ¾§±µ¨

|MF | = |MN |, |MF | =

√

(x− p

2
)2 + y2, |MN | =

√

(x+
p

2
)2
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©º¾ ©
√

(x− p

2
)2 + y2 =

√

(x+
p

2
)2 (4.37)

¥¢¤¬¢® ¯¶®¤¢. ·¤¢ ¥¢¡ª¯¥¡¢®¯º¤ ¾¦Ý¸ ¥©®°¡ ÿ±©¨¸©¥ ´¢¸¢¡¥ ¨¢±ª³³®¢®
y2 = 2px (4.38)

¡©¸¤©.ôõôö÷ôøùôùú
.
<ÊÁ (4.38) ÆÁÓ�ÇÆÓÁÎÇÖÓ DÅÂÅËÒÎÉÊ Í5ÎËÅÂ ÆÁÓ�ÇÆ�ÓÁÎ ÓÁÊÁ. r-Ó DÅÂÅÄÏÆÂ ÓÁÊÁ. 0¢¡ª¯¥¡¢®¢¢£ ¤µ ¾©¸©¾©¨ E©¸©¦® ¤µ 2-¸¢¸¢¹¯º¤ ¹§¸§º ©º¤©.

4.22. ³���N4�&� N�
�����	
y2 = 2px, p > 0 ¥¢¡ª¯¥¡¢®¥¢º E©¸©¦®°¡ ©º¡§§®3�. 0¢¡ª¯¥¡¢®¨ y-¯º¤ÿ±©¨¸©¥ ´¢¸¢¡¥ ¦¸£¦¤ §²¸©©£ (x, y), (x,−y) ÿ¦¦¸¨¯¤©¥¥©º ¬¢¡³³¨ E©¸©¦®°¤¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¤©. ·¤¨¢¢£ y2 = 2px ¥¢¡ª¯¥¡¢®¥¢º ¹§¸§º ¤µ OX¥¢¤¾®¢¡¯º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º ©º¤©. �º¹¨ y2 = 2px ¹§¸§º¤ OX ¥¢¤¾®¢-¡¢¢£ ¨¢¢ª ¦¸ª¯¾ ¾¢£¡¯º¤ ¡¸©C¯ÿ¯º¡ ©º¡§§®3� (««¸««¸ ¾¢®¢® y =

√
2px¥¢¡ª¯¥¡¢®¢¢¸ ©º¡§§®¤©).

(4.38) ¥¢¡ª¯¥¡¢®¢¢£ y-¡ ¦®¦® y = ±√
2px
¦®¤¦. º§® ¹§¸§º¤OX-¢¢£ ¨¢¢ª¦¸ª¯¾ ¾¢£¡¯º¡ ©º¡§§®©¾ ¥§® y =

√
2px, p > 0 ¥¢¡ª¯¥¡¢®¯º¡ ©±² ³´µ¶.·¤¢ C§¤ÿ¬¯º¤ ¥¦¨¦¸¾¦º®¦¡¨¦¾ ¹§» ¤µ x ∈ [0,∞[

©º¤©. x «£«¾«¨ y «£¤«.
y =

√
2px C§¤ÿ¬¯º¤ 2-¸ ¢¸¢¹¯º¤ §®©¹»®©® ©ª¯¡®©¤ [0,∞[ ´©±£©¸ ¨¢¢¸§¡ ¹§¸§º ¡³¨¡¢¸¢¢¸ «£«¾¯º¡ ¥¦¡¥¦¦» ¦®¤¦ (´§¸©¡ 46). OX ¥¢¤¾®¢¡¯º¤¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º ¡¢¨¡¯º¡ ©ª¯¡®©¤ y2 = 2px ¹§¸§º¡ ©º¡§§®¤© (´§¸©¡

47).

-
6

6

-

6

-

6

x

y

0 0 x

y

F (p
2 , 0) x

y

0F (−p
2 , 0)

x = −p
2�����

46
�����

47
�����

48ôõôö÷ôøùôùú
. �ÅÂÅËÒÎ ÊÑ ÓÅÊÈ ÆÁÓ� ÍÁÄÇÖÊ ÆÁÊÍÎÁÓÆÁÖ ÆÔÎ ÆÕÃÓÌÖÄÔÂÔÖ. �ÅÂÅËÒÎÉÊ ÆÁÓ� ÍÁÄÇÖÊ ÆÁÊÍÎÁÓÆÁÖ ÒÓÆÎÒÎÈÒÍ ÈÁÓÇÖÓ DÅÂÅËÒ-ÎÉÊ ÒÂÒÖÊ ÈÁÓ ÓÁÊÁ. y2 = 2px DÅÂÅËÒÎÉÊ ÒÂÒÖÊ ÈÁÓ ÊÑ þÒÒÂÐÇÊÅÆÉÊ ÁÍ

O(0, 0) ËÅÖÊÅ. y2 = 2px DÅÂÅËÒÎÉÊ �ÒþÔò ÊÑ OX ÆÁÊÍÎÁÓ ÐÁÁÂ ËÅÖÊÅ.
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y2 = −2px, p > 0 ¥¢¡ª¯¥¡¢® ¤µ ÿ¦¦¸¨¯¤©¥°¤ ¢¾ ¨¢¢¸ ¦¸¦º¥¦º, OX ¥¢¤¾-®¢¡¯º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º E©¸©¦®°¡ ¥¦¨¦¸¾¦º®¤¦. −2px, p > 0 ¤µ x < 0³¶¨ ¢¶¸¢¡ ¥¢¹¨¢¡¥¢º ©º¾ ¥§® y2 = −2px, p > 0 E©¸©¦® ¤µ ÿ¦¦¸¨¯¤©¥°¤
II, III ¹«²¯¨ ´§¸©¡¨©¤© (´§¸©¡ 48).

x2 = ±2py p > 0 ¥¢¡ª¯¥¡¢® ¤µ ¹«¤ E©¸©¦®°¡ ¨³¸£®¢¤¢ (´§¸©¡ 49). ¹¦ÿ§£¤µ OY ¥¢¤¾®¢¡ ¨¢¢¸ ©º¤©. �©¸©¦® ¤µ ¥«¡£¡«®¡³º ¹«²¯¸¥¢º (£©®©©¥©º)¦®¦±² ²¯¡®³³®¢¡²¡³º ¹§¸§º ½¹.

�����
49

-

6

-

6

x2 = 2py

y

x

y

x
0

x2 = −2py

4.23. k�����, ���O�N4�&� �;��O������O�
ôõôö÷ôøùôùú

.
<ÎÎÇDòÇÖÊ ÍÒûÂ �ÒþÔòÉÊ ÍÒÒÂÒÊÐÒÍ óÅÖÓ ÇÍ ÆÁÊÍÎÁÓÆÍÅÂÑÈÔÔÎòÅÊ ÍÅÂÑÈÅÅÓ ÁþòÈÏÊÆÂÇòÆÏÆ ÓÁÊÁ.

Ü�®©¸ ¥¢¡ª¯¥¡¢®¥¢º ¢®®¯E£ ©±² ³´µ¶.
·ÿ£¬¶¤¥¸¯£¥¶¥¯º¡ ε-¢¢¸ ¥¢¹¨¢¡®¢±¢®

ε =
2c

2a
=
c

a
< 1, 0 ≤ ε < 1 (4.39)

©º¤©. Ü¢¸¢± a = b
§½§ c = 0

¦® ε = 0
©º¤©. c =

√
a2 − b2-¡ (4.39)-¨¦¸®§§®©®

ε =

√

1 − (
b

a
)2
§½§ b

a
=

√

1 − ε2

¦®¤¦. ·¤¨¢¢£ ε ¤µ ¥¢¡¨ ¾¯²¤¢¢¤ ¯¾ ¦º¸¥¦¾ ¥§¥©¹ b
a
¤µ ¤¢¡¨ ¥«¨¯º²¯¤¢¢¦º¸¥¦¤¦ ¡¢» ¾©¸©¡¨©» ©º¤©. ·¤¢ ¤µ ¢®®¯E£¯º¤ ¾¢®¢¸ ¥¦º¸¦¡ ¸§§ ¦º¸¥¦¤¦¡¢£¢¤ ³¡ ½¹. �¤¡¢¾®¢¢¸ ¢ÿ£¬¶¤¥¸¯£¥¶¥ ¤µ ¢®®¯E£¯º¤ ¾¢®¢¸¯º¡ (¢®®¯Eà£¯º¡ ª©¾©¾ ´¢¸¡¯º¡ ´©©¤©) �¹©¸ ¤¢¡ ¾¢¹»¢¢¡¢¢¸ ¥¦¨¦¸¾¦º®» ©º¤©.

Ü¢¸¢± ¢®®¯E£¯º¤ ¾�®©¸ ¥¢¡ª¯¥¡¢®¨ b > a
¦® ε = c

b

©º¤©.ôõôö÷ôøùôùú
.
_ÇDÏÂËÒÎÉÊ �ÒþÔòÔÔÐÉÊ ÍÒÒÂÒÊÐÒÍ óÅÖÓ ËÒÐÇÆ ÆÁÊÍÎÁ-ÓÇÖÊ ÔÂÆ 2a-Ð ÍÅÂÑÈÔÔÎòÅÊ ÍÅÂÑÈÅÅÓ ÓÇDÏÂËÒÎÉÊ ÁþòÈÏÊÆÂÇòÆÏÆ ÓÁÊÁ.

x2

a2
− y2

b2
= 1



4.24. �ííêîë�èé$� éå�ïäåæéåð ²èêèäMäT éåæ� ïå>ëð� éå�ïäåæããîéåð åääë²�,æë²Mêâíä ²èêèâíä 123¥¢¡ª¯¥¡¢®¥¢º ¡¯E¶¸¦®°¤ ¢ÿ£¬¶¤¥¸¯£¥¶¥ ε = 2c
2a

= c
a
> 1
©º¤©. ·ÿ£¬¶¤à¥¸¯£¥¶¥¯º¡ ¾©¡©£ ¥¢¤¾®¢¡³³¨¢¢¸ ¯®¢¸¾¯º®¢®

ε =

√

1 + (
b

a
)2

¦®¤¦. ·¤¨¢¢£ b
a

= ±
√
ε2 − 1

¦®¦¾ © ¢ÿ£¬¶¤¥¸¯£¥¶¥ ¤¢¡¨ ¾¯²¤¢¢¤ ¯¾¦º¸¥¦¾ ¥§¥©¹ b
a
¾©¸µ¬©© ¥¢¡¨ ¥«¨¯º²¯¤¢¢ ¦º¸¥¦¤¦. ·¤¢ ¤µ y = ± b

a
x²¯¡®³³®¢¡²³³¨¯º¤ ¾¦¦¸¦¤¨¦¾ ´©º ¥«¨¯º²¯¤¢¢ ©¡©£©¤© ¡¢£¢¤ ³¡. ·¤¢ ³¾¢¤¡¯E¶¸¦®°¤ £©®©©¤° OX ¥¢¤¾®¢¡¢¢£ ¾¦®¨¦¾ ¦º¸¥¦¾°¡ ¢ÿ£¬¶¤¥¸¯£¥¶¥ ´©à©¤© ¡¢£¢¤ ³¡ ½¹ (´§¸©¡ 50).

-

6

-

6

x

y

x

y

0

0

�����
50

�����
51

·ÿ£¬¶¤¥¸¯£¥¶¥ «£«¾«¨ ¡¯E¶¸¦®°¤ £©®©© ¥¢¤¢¡¢¸ ¦®¤¦ (´§¸©¡ 51).

Ü¢¸¢± ¡¯E¶¸¦® y2

b2
− x2

a2 = 1 ¥¢¡ª¯¥¡¢®¥¢º ©º±©® ε = c
b

©º¤©.�©¸©¦®°¤ ¢ÿ£¬¶¤¥¸¯£¥¶¥ ¤¢¡¥¢º ¥¢¤¬³³ ¡¢» ³´¤¢.
4.24.

~44������&� ���	�����
 �����O�V ���� 	��
� ���	-���  ���
 ������, ���O�N4� ����N4�
O′(x0, y0)

¬¢¡ ¨¢¢¸ ¥«±¥¢º ¥¢¤¾®¢¡³³¨ ¤µ ÿ¦¦¸¨¯¤©¥°¤ ¥¢¤¾®¢¡³³¨¥¢º E©-¸©®®¶®µ ¢®®¯E£¯º¡ ©±² ³´µ¶ (´§¸©¡ 52).

- -

6
6

-

6

-

x

y

x′

y′

0′x′

y′

x

y

00

0′0′

6

�����
52

�����
53

XOY £¯£¥¶¹¯º¤ ¢¾¯º¡ O′ ¬¢¡¥ ©±² ¥¢¤¾®¢¡³³¨¯º¡ E©¸©®®¶®¯©¸ ´««»
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X ′O′Y ′ £¯£¥¶¹ ¡©¸¡©±©® ª¯¤¢ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¯º¤ ¥¢¤¾®¢¡³³¨ O′X ′,
O′Y ′ ¤µ ¢®®¯E£¯º¤ ¥¢¡ª ¾¢¹¯º¤ ¥¢¤¾®¢¡O′(x0, y0)

¤µ ¢®®¯E£¯º¤ ¥«± ¦®¤¦.
X ′O′Y ′ £¯£¥¶¹¨ ¢®®¯E£ ¤µ

x′2

a2
+
y′2

b2
= 1

¾�®©¸ ¥¢¡ª¯¥¡¢®¥¢º ©º¤©.
·¤¢ ¢®®¯E£¯º¤ XOY £¯£¥¶¹ ¨¢¾ ¥¢¡ª¯¥¡¢®¯º¡ ¡©¸¡©¾°¤ ¥§®¨ ÿ¦¦¸¨¯à¤©¥°¡ E©¸©®®¶®µ ´««» ¾§±¯¸¡©¾

x′ = x− x0

y′ = y − y0

}

¥¦¹3Ý¦¡ ¨¢¢¸¾ ¥¢¡ª¯¥¡¢®¨ ¦¸®§§®©®
(x− x0)

2

a2
+

(y − y0)
2

b2
= 1 (4.40)

¡©¸¤©. ·¤¢ ¤µ XOY £¯£¥¶¹ ¨¢¾ ¢®®¯E£¯º¤ ¥¢¡ª¯¥¡¢® ½¹.
ß³¤¥¢º ©¨¯®©©¸ O′(x0, y0)

¬¢¡¥ ¥«±¥¢º ¥¢¡ª ¾¢¹¯º¤ ¥¢¤¾®¢¡³³¨ ¤µ ÿ¦¦¸-¨¯¤©¥°¤ ¥¢¤¾®¢¡³³¨¥¢º E©¸©®®¶®µ ¡¯E¶¸¦®°¤ ¥¢¡ª¯¥¡¢®¯º¡ ¡©¸¡©¤©.á¦¨¯¥ ¥¢¤¾®¢¡ ¤µ OX-¥¢º E©¸©®®¶®µ O′(x0, y0)
¬¢¡¥ ¥«±¥¢º ¡¯E¶¸¦® ¤µ

(x− x0)
2

a2
− (y − y0)

2

b2
= 1 (4.41)

¥¢¡ª¯¥¡¢®¥¢º ©º¤© (´§¸©¡ 53). á¦¨¯¥ ¥¢¤¾®¢¡ ¤µ OY -¥¢º E©¸©®®¶®µ,
O′(x0, y0)

¬¢¡¥ ¥«±¥¢º ¡¯E¶¸¦® ¤µ
(y − y0)

2

b2
− (x− xo)

2

a2
= 1 (4.42)

¥¢¡ª¯¥¡¢®¥¢º ©º¤© (´§¸©¡ 54).

- -
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x′

y′

x′

y′

x

y
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0′0′
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�����
54

�����
55

O′(x0, yo)
¬¢¡ ¨¢¢¸ ¦¸¦º¥¦º ¥¢¡ª ¾¢¹¯º¤ ¥¢¤¾®¢¡ ¤µ OY ¥¢¤¾®¢¡¥¢º E©-¸©®®¶®µ E©¸©¦® ¤µ

y − yo = a(x− x0)
2 (4.43)

¥¢¡ª¯¥¡¢®¥¢º (´§¸©¡ 55).
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-

6

-
x′

y′
y

0

0′

6

x

�����
56

O′(x0, y0)
¬¢¡ ¨¢¢¸ ¦¸¦º¥¦º, ¥¢¡ª ¾¢¹¯º¤¥¢¤¾®¢¡ ¤µOX ¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ E©¸©¦®¤µ
x− xo = a(y − y0)

2 (4.44)

¥¢¡ª¯¥¡¢®¥¢º (´§¸©¡ 56).
(4.43), (4.44) ¥¢¡ª¯¥¡¢®³³¨¢¨ a = ± 1

2p
, p-E©¸©¹¶¥¸ ©º¤©. º¸±§§¡©©¸ (4.40) – (4.44)¥¢¡ª¯¥¡¢®³³¨¢¨ 54-¸ – 56-¸ ´§¸©¡¥ ´§¸©¡¨£©¤¹§¸§º¤§§¨ ¾©¸¡©®´©¤©.

Ü¢¸¢± (4.40) – (4.44) ¥¢¡ª¯¥¡¢®³³¨¯º¤ ¾©©®¥°¡ ¤¢¢» ¥«£««¥¢º ¡¯ª³³¨¯º¡¢¹¾¢¥¡¢±¢®
Ax2 + Cy2 +Dx+ Ey + F = 0 (4.45)

¾¢®¢¸¯º¤ ¥¢¡ª¯¥¡¢® ¡©¸¤©.
(4.45) ¥¢¡ª¯¥¡¢® ¤µ (x, y) ¾¦Ý¸ ¾§±µ£©¡²¥©º ¾¦Ý¸¨§¡©©¸ ´¢¸¡¯º¤ ©®¡¶¸¯º¤

Ax2 +Bxy + Cy2 +Dx+ Ey + F = 0, |A| + |B| + |C| 6= 0 (4.46)

¥¢¡ª¯¥¡¢®¯º¤ ¥§¾©º¤ ¥¦¾¯¦®¨¦® ©º¤©, (B = 0 ³¶¯º¤).
4.25. ¬4�������� ���N�
� ���
� O�8�	�
 ����������
�

xy  �'9�� �������� 
  O� 	£�N��J��	
(4.46) ¥¢¡ª¯¥¡¢®¨ xy ³¸»±¢¸ ©º¾¡³º ©º¤© ¡¢¶ (B = 0).

0¢¡±¢® (4.46) ¤µ
Ax2 + Cy2 +Dx+ Ey + F = 0 (4.47)

¾¢®¢¸¥¢º ¦®¤¦. A,C ÿ¦¢CC¯¬¯¶¤¥§§¨©©£ ¾©¹©©¸©¤ (4.47) ¤µ �¤´ ³¸¯º¤¾¦Ý¸¨§¡©©¸ ¢¸¢¹¯º¤ ¹§¸§º¡ ¨³¸£®¢¤¢.
1. AC > 0, ««¸««¸ ¾¢®¢® A, C ¤µ ¯»¯® ¥¢¹¨¢¡¥¢º. 0¦¨¦¸¾¦º ¦®¡¦¾°¤¥§®¨ A > 0, C > 0 ¡¢¶. (4.47)-¦¦£ x, y-°¤ ¾§±µ¨ ³¥¢¤ ÿ±©¨¸©¥ �®¡©»

A(x− x0)
2 + C(y − y0)

2 = F1 (4.48)

¾¢®¢¸¥ ª¯®»³³®¤¢.
Ü¢¸¢± F1 > 0

¦®
(x− x0)

2

a2
+

(y − y0)
2

b2
= 1 (a2 =

F1

A
, b2 =

F1

C
)

©º¤©. ·¤¢ ¥¦¾¯¦®¨¦®¨ (AC > 0) (4.47) ¥¢¡ª¯¥¡¢® ¢®®¯E£ ¨³¸£®¢¤¢.
Ü¢¸¢± F1 < 0

¦® (4.48)-
¯º¡ ¾©¤¡©¾ ¦¨¯¥ ¬¢¡ ¦®¨¦¾¡³º.
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Ü¢¸¢± F1 = 0

¦® (4.48) ¤µ
A(x− x0)

2 + C(y − y0)
2 = 0

¦®¦¾ © M0(x0, y0)
¡¢£¢¤ ¤¢¡ ¬¢¡¯º¡ ¨³¸£®¢¤¢.

2. AC < 0, ««¸««¸ ¾¢®¢®A,C-³³¨ ««¸ ¥¢¹¨¢¡¥¢º ¡¢¶. 0¦¨¦¸¾¦º ¦®¡¦¾°¤¥§®¨ A > 0, C < 0 ¡¢¶. (4.47)-¦¦£ x, y-¯º¤ ¾§±µ¨ ³¥¢¤ ÿ±©¨¸©¥ �®¡©±©®
A(x− x0)

2 − |C|(y − y0)
2 = F1 (4.49)

¡©¸¤©.
Ü¢¸¢± F1 > 0

¦® (4.49) ¥¢¡ª¯¥¡¢® ¤µ
(x− x0)

2

a2
− (y − y0)

2

b2
= 1

¡¢£¢¤ ¾�®©¸ ¥¢¡ª¯¥¡¢® ¦®¤¦. ·¤¢ ¤µ (4.47) ¥¢¡ª¯¥¡¢® ¡¯E¶¸¦®°¡ ¨³¸£-®¢¤¢ ¡¢¨¡¯º¡ ¾©¸§§®» ©º¤© (
¯¾ ¥¢¤¾®¢¡ ¤µ OX-¥¢º E©¸©®¶®µ).

Ü¢¸¢± F1 < 0
¦® (4.49) ¤µ

(y − y0)
2

b2
− (x− x0)

2

a2
= 1

¡¯E¶¸¦®°¡ ¨³¸£¢®» ©º¤© (
¯¾ ¥¢¤¾®¢¡ ¤µ OY -¥¢º E©¸©®¶®µ).

Ü¢¸¢± F1 = 0
¦® (4.49) ¤µ

m(x− x0) − n(y − y0) = 0
m(x− x0) + n(y − y0) = 0

¡¢£¢¤ M0(x0, y0)
¬¢¡¯º¡ ¨©º¸£©¤ ¦¡¥®¦®¬£¦¤ ¾¦Ý¸ ª§®§§¤°¡ ¨³¸£®¢¤¢.

3. AC = 0, ««¸««¸ ¾¢®¢® A,S-
¯º¤ ©®µ ¤¢¡ ¤µ ¥¢¡¥¢º ¥¢¤¬³³. 0¦¨¦¸¾¦º¦®¡¦¾°¤ ¥§®¨ A > 0, C = 0 ¡¢¶. 0¢¡±¢® (4.47) ¤µ

Ax2 +Dx+ Ey + F = 0

¾¢®¢¸¥¢º ©º¤©. ·¤¨¢¢£ x-¯º¤ ¾§±µ¨ ³¥¢¤ ÿ±©¨¸©¥ �®¡©±©® (4.47) ¤µ
A(x− x0)

2 + Ey = F1

¾¢®¢¸¥¢º ¦®¤¦.
Ü¢¸¢± E 6= 0

¦® £³³®²¯º¤ ¥¢¡ª¯¥¡¢®¯º¡
y − y0 = a(x− x0)

2

¾¢®¢¸¥¢º ¯²¯» ¦®¤¦. ·¤¢ ¤µ ¥¢¡ª ¾¢¹¯º¤ ¥¢¤¾®¢¡ ¤µ OY -¥¢º E©¸©®à®¶®µ E©¸©¦®°¡ ¨³¸£®¢¤¢.



4.25. ´í�êî#æèèê åêå>âëð� >#ê#ð� Mê6�ïëð éåæ�ëéæåäëðæ xy ãê%7åê èæ##»äèèæãð ãMî ï¢äâèêñäèï 127Ü¢¸¢± E = 0, F1 > 0
¦® ¨¢¢¸¾ ¥¢¡ª¯¥¡¢®

A(x− x0)
2 = F1 (4.50)

¾¢®¢¸¥¢º ¦®¤¦. ·¤¢ ¥¢¡ª¯¥¡¢®¯º¡
√
A(x− x0) +

√

F1 = 0,
√
A(x− x0) −

√

F1 = 0

¡¢» ¯²¯» ¦®¤¦. �¤¡¢» (4.50) ¤µ E©¸©®¶®µ ¾¦£ ª§®§§¤°¡ ¨³¸£¢®» ©º¤©.
Ü¢¸¢± E = 0, F1 < 0

¦® (4.50)-
¯º¡ ¾©¤¡©¾ ¦¨¯¥ ¬¢¡ ¦®¨¦¾¡³º.

Ü¢¸¢± E = 0, F1 = 0
¦® (4.50) ¤µ

A(x− x0)
2 = 0

¾¢®¢¸¥¢º ¦®¦¾ © (x − x0) = 0 ¡¢£¢¤ ¨©±¾¬£©¤ ¾¦£ ª§®§§¤°¡ ¨³¸£¢®»©º¤©.
Ü¢¸¢± AC = 0, ¥§¾©º®©® A = 0, C 6= 0 ¡¢±¢® (4.47) ¤µ

Cy2 +Dx+ Ey + F = 0

¾¢®¢¸¥¢º ©º¤©. �¹¤«¾ ¥¦¾¯¦®¨¦®¥©º ©¨¯®©©¸ D 6= 0
¦® ¥¢¡ª ¾¢¹¯º¤¥¢¤¾®¢¡ ¤µ OX ¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ E©¸©¦®°¡ ¨³¸£®¢¤¢. 0¢¡ª¯¥¡¢® ¤µ

x− x0 = a(y − y0)
2

¾¢®¢¸¥¢º ©º¤©.
Ü¢¸¢± D = 0

¦® E©¸©®®¶®µ ¾¦£ ª§®§§¤ (¥§¾©º¤ ¥¦¾¯¦®¨¦®¨ £¦®¯£¦¤),¾¦¦£¦¤ ¦®¦¤®¦¡¯º¡ ¨³¸£®¢¤¢ ¡¢¨¡¯º¡ «¹¤«¾¥¢º ©¨¯® ¾©¸§§®¤©.�º¤¾³³ (4.47) ¥¢¡ª¯¥¡¢® ¤µ ¢®®¯E£ (¥¦º¸¦¡), ¡¯E¶¸¦®, E©¸©¦®, ¾¦£ ª§à®§§¤, ¬¢¡, ¾¦¦£¦¤ ¦®¦¤®¦¡¯º¡ ¨³¸£¢®¨¢¡ ©º¤©.ØÙÚÛÛ
4.11. 9x2 + 4y2 − 18x + 24y + 9 = 0 ¥¢¡ª¯¥¡¢®¯º¡ ¾�®©¸²¯®»�¹©¸ ¹§¸§º ¨³¸£®¢¾¯º¡ ¥©º®©¸®©, ´§¸» ¨³¸£¢®.

-

6

p
x

y

0

O(1, -3)

6

4
-1

�����
57

1ÒÐÒÎÆ. A = 9, C = 4, AC > 0 ¥§® ¢®®¯Eà£®¢¡ ¹§¸§º¡ ¨³¸£®¢¾ ¤µ ¦º®¡¦¹»¥¦º. x, y-¯º¤¾§±µ¨ ³¥¢¤ ÿ±©¨¸©¥ �®¡©±©®
9(x− 1)2 + 4(y + 3)2 = 36

(x− 1)2

4
+

(y + 3)2

9
= 1

O(1,−3) ¬¢¡ ¨¢¢¸ ¥«±¥¢º ¾©¡©£ ¥¢¤¾®¢¡³³¨ ¤µ
2, 3
© C¦ÿ§£ ¤µ OY ¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ ª§à®§§¤ ¨¢¢¸ ©º¤©.
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ØÙÚÛÛ

4.12. x2 +3y2 − 4x− 6y+20 = 0 ¥¢¡ª¯¥¡¢®¯º¡ ¾�®©¸²¯®» �¹©¸¹§¸§º ¨³¸£®¢¾¯º¡ ¥¦¡¥¦¦.1ÒÐÒÎÆ. AC = 3 > 0 ¥§® ¢®®¯E£®¢¡ ¹§¸§º ¨³¸£®¢¾ ¦®¦¹»¥¦º. x, y-¯º¤¾§±µ¨ ³¥¢¤ ÿ±©¨¸©¥ �®¡©±©®
(x− 2)2 + 3(y − 1)2 = −20 + 4 + 3 = −13 < 0

¢¤¢ ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¾ ¬¢¡³³¨¯º¤ ¦®¦¤®¦¡ ¤µ ¾¦¦£¦¤ ¦®¦¤®¦¡ ©º¤©.�¡£«¤ ¥¢¡ª¯¥¡¢® �¹©¸ ² ¦¨¯¥ ¹§¸§º¡ ¨³¸£®¢¾¡³º.ØÙÚÛÛ
4.13. 4x2−y2 +16x+2y+15 = 0 ¥¢¡ª¯¥¡¢®¯º¡ ¾�®©¸²¯®» �¹©¸¹§¸§º ¨³¸£®¢¾¯º¡ ¥¦¡¥¦¦» ´§¸.1ÒÐÒÎÆ. AC = −4 < 0 §²¸©©£ ¢¤¢ «¡£«¤ ¥¢¡ª¯¥¡¢® ¤µ ¡¯E¶¸¦®®¦¡ ¹©�¡¯º¤¹§¸§º¡ ¨³¸£®¢¤¢. x, y-¯º¤ ¾§±µ¨ ³¥¢¤ ÿ±©¨¸©¥ �®¡©±©®

4(x+ 2)2 − (y − 1)2 = −15 + 16 − 1 = 0

2(x+ 2) − (y − 1) = 0
2(x+ 2) + (y − 1) = 0

⇒ 2x− y + 5 = 0
2x+ y + 3 = 0

¦®¤¦. ·¤¢ ¤µ OXY £¯£¥¶¹¨
O′(−2, 1) ¬¢¡¥ ¦¡¥®¦®¬£¦¤ ¾¦Ý¸ ª§®§§¤°¡ ¨³¸£®¢¤¢ (´§¸©¡ 58).

6

-
x

y

-2 x

y

2

6

-
-3

O′

0

�����
58

�����
59ØÙÚÛÛ

4.14. y2 − 4x − 4y − 8 = 0 ¥¢¡ª¯¥¡¢® �¹©¸ ¹§¸§º ¨³¸£®¢¾¯º¡¥¦¡¥¦¦» ´§¸.1ÒÐÒÎÆ. A = 0, C 6= 0 ³¶¨ E©¸©¦®®¦¡ ¹§¸§º¡ ¨³¸£®¢¤¢. y2−4x−4y−8 = 0¥¢¡ª¯¥¡¢®¯º¡
(y − 2)2 − 4x− 12 = 0

§½§ (y − 2)2 = 4(x+ 3)

¡¢» ¯²¤¢. ·¤¢ ¤µ (−3, 2) ¬¢¡ ¨¢¢¸ ¦¸¦º¥¦º, ¥¢¡ª ¾¢¹¯º¤ ¥¢¤¾®¢¡ ¤µ OX¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ ª§®§§¤ ©º¾ E©¸©¦®°¡ ¨³¸£®¢¤¢ (´§¸©¡ 59).
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4.26. k������4��
ôõôö÷ôøùôùú

. OXY Z
òÇòÆÏÄÐ
x2

a2
+
y2

b2
+
z2

c2
= 1 (4.51)

ÆÁÓ�ÇÆÓÁÎÆÁÖ ÓÅÐÅÂÓÔÔÓ ÁÎÎÇDòÒÇÐ ÓÁÊÁ.

-6	o y

x

z

h -
�

�
�

�
��	

y′

x′

z′

a

b

�����
60

2¡¥®¦®°¤ ©¸¡©©¸ ¢®®¯E£¦¯¨°¤ ¾¢®¢¸¯º¡ª¯¤»¯®µ¶. ·®®¯E£¦¯¨°¡ z = h ¾©±¥¡©ºà¡©©¸ ¦¡¥®¦¾¦¨ ¦¡¥®¦®¨ ¤µ
x2

a2 + y2

b2
+ z2

c2
= 1

z = h

}

ª§¡©¹ ³³£¤¢. z = h ¾©±¥¡©º ¨¢¢¸ ÿ¦¦¸à¨¯¤©¥°¤ X ′O′Y ′ £¯£¥¶¹¨ ¦¡¥®¦®¨ ³³££¢¤ª§¡©¹ ¤µ
x′2

a2
+
y′2

b2
= 1 − h2

c2
(4.52)

¡¢£¢¤ ¢®®¯E£ ©º¤©.
Ü¢¸¢± |h| < c

¦® (4.52) ¥¢¡ª¯¥¡¢® ¤µ ¢®®¯E£¯º¡ ¥¦¨¦¸¾¦º®¤¦.
|h| = c

¦® (4.52) ¤µ ¬¢¡¯º¡ ¨³¸£®¢¤¢. Ü¢¸¢± |h| > c
¦® (4.52)-¡ ¾©¤¡©¾¦¨¯¥ ¬¢¡ ¦®¨¦¾¡³º. Ü¢¸¢± h = 0

¦® (4.52) ¤µ ¾©¡©£ ¥¢¤¾®¢¡³³¨ ¤µ a, b©º¾ ¢®®¯E£¯º¡ ¨³¸£®¢¤¢.
ß³¤¥¢º ©¨¯®©©¸ y = m, x = n ¾©±¥¡©º¤§§¨©©¸ ¦¡¥®¦¾¦¨ ¦¡¥®¦®¨ ©£¢®®¯E£ ³³£¢¾¯º¡ ¾©¸§§®» ¦®¤¦.ôõôö÷ôøùôùú

. a, b, c ÆÒÒÊÔÔÐÉÓ ÁÎÎÇDòÒÇÐÉÊ ÍÅÓÅò ÆÁÊÍÎÁÓÌÌÐ ÓÁÊÁ.ÀÁÂÁÃ ÍÒûÂ ÍÅÓÅò ÆÁÊÍÎÁÓ ÊÑ ÆÁÊÈÌÌ ËÒÎ ÁÎÎÇDòÒÇÐÉÊ ÅÎÑ ÊÁÓ ÆÁÊÍÎÁÓÇÖÓÁÎÎÇDò ÆÒÖÂI ÁÂÓÁÍÁÐ ÌÌòÁÍ ÁÂÓÁÎÆÇÖÊ ÁÎÎÇDòÒÇÐ ÓÁÊÁ. ×¯ª¢¢®¢®: X¢¸¢±
a = b
¦® (4.51) ¤µ x2

a2 + y2

a2 + z2

c2
= 1
¦®¦¾ © ¢¤¢ ¡©¨©¸¡§§¡ z = h ¾©±¥¡©ºà¡©©¸ ¦¡¥®¦¾¦¨ ¦¡¥®¦®¨ ¤µ

x2 + y2 = a2(1 − z2

c2
)

z = h

}

ª§¡©¹ ³³£¤¢. z = h ¾©±¥¡©º ¨¢¢¸ X ′O′Y ′ £¯£¥¶¹¨ x′2 + y′2 = a2(1 − h2

c2
),

|h| < c ¥¦º¸¦¡ ³³£² ©º¤©. ·¤¢ ³¶¨ ¢®®¯E£¦¯¨ ¤µ x2 + y2 = a2 ¥¦º¸¦¡ OZ¥¢¤¾®¢¡¯º¡ ¥¦º¸² ¢¸¡¢¾¢¨ ³³££¢¤ ©º¤©.ÀÁÂÁÃ a = b = c ËÒÎ (4.51) ÆÁÓ�ÇÆÓÁÎ ÊÑ ËÕÄËÕÎÕÓ ÓÅÐÅÂÓÔÔÓ ÐÌÂòÎÁÊÁ.
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4.27. ���O�N4�4�����
§ 4.27.1. (�� �Y�/�)� ��aZ�+�*��/
ôõôö÷ôøùôùú

. OXY Z
òÇòÆÏÄÐ
x2

a2
+
y2

b2
− z2

c2
= 1 (4.53)

ÆÁÓ�ÇÆÓÁÎÆÁÖ ÓÅÐÅÂÓÔÔÓ ÊÁÓ ÍÕÊÐÇÖÆ ÓÇDÏÂËÒÎÒÇÐ ÓÁÊÁ.
z

y

x

o
-6� -

6

�

-������

y′′

x′′

�����
61

Þ¢¡ ¾«¤¨¯º¥ ¡¯E¶¸¦®¦¯¨°¡ z = h ¾©±¥¡©ºà¡©©¸ ¦¡¥®¦¾¦¨ ¦¡¥®¦®°¤ ¾©±¥¡©º ¨¢¢¸ ¦¸ª¯¾
O′X ′Y ′ £¯£¥¶¹¨

x′2

a2
+
y′2

b2
= 1 +

h2

c2¡¢£¢¤ ¢®®¯E£ ³³£¤¢. h = 0
¦® ÿ¦¦¸¨¯¤©¥°¤

XOY ¾©±¥¡©º ¨¢¢¸ a, b ¾©¡©£ ¥¢¤¾®¢¡¥¢º ¢®à®¯E£ ³³£¤¢. |h| «£«¾«¨ ¦¡¥®¦®¨ ³³£¢¾ ¢®®¯Eà£¯º¤ ¾©¡©£ ¥¢¤¾®¢¡³³¨ «£¤« (´§¸©¡ 61).

Þ¢¡ ¾«¤¨¯º¥ ¡¯E¶¸¦®¦¯¨°¡ |m| < b, b > 0
©º¾ y = m ¾©±¥¡©º¡©©¸ ¦¡¥à®¦¾¦¨ ¦¡¥®¦®°¤ ¾©±¥¡©º ¨¢¢¸ O′′(0,m, 0) ¬¢¡ ¨¢¢¸ ¥«±¥¢º O′′X ′′, O′′Z ′′¡¢£¢¤ ¥¢¤¾®¢¡³³¨ ¤µ OX, OZ ¥¢¤¾®¢¡³³¨¥¢º ¯»¯® ²¯¡®¢®¥¢º ©º¾ ÿ¦¦¸à¨¯¤©¥°¤ O′′X ′′Y ′′ £¯£¥¶¹¨

x′′2

a2
− z′′2

c2
= 1 − m2

b2
(4.54)

¡¢£¢¤ ¡¯E¶¸¦® ³³£¤¢. ·¤¢ ¡¯E¶¸¦®°¤ ¦¸¦º ¤µ O′′X ′′ ¥¢¤¾®¢¡ ¨¢¢¸ ©º¤©.
|m| = b, b > 0

¦® (4.54) ¤µ ¦¡¥®¦®¬£¦¤ x′′

a
− z′′

c
= 0, x′′

a
+ z′′

c
= 0 ¡¢£¢¤ ¾¦Ý¸ª§®§§¤°¡ ¨³¸£®¢¤¢. |m| > b, b > 0

¦® (4.54) ¥¢¡ª¯¥¡¢® ¤µ ¦¸¦º¤§§¨ ¤µ
O′′Z ′′ ¥¢¤¾®¢¡ ¨¢¢¸ ¦¸ª¯¾ ¡¯E¶¸¦®°¡ ¨³¸£®¢¤¢.
ß³¤¥¢º ©¨¯®©©¸ ¤¢¡ ¾«¤¨¯º¥ ¡¯E¶¸¦®¦¯¨°¡ x = h ¾©±¥¡©º¡©©¸ ¦¡¥¦®»¦¡¥®¦®¨ ¤µ ¦¡¥®¦®¬£¦¤ ¾¦Ý¸ ª§®§§¤, O′′Y ′′ ¥¢¤¾®¢¡ ¨¢¢¸ ¦¸¦º¤§§¨ ¤µ¦¸ª¯¾ ¡¯E¶¸¦® ³³£¢¾¯º¡ ¾©¸§§®» ¦®¤¦. (4.53) ¥¢¡ª¯¥¡¢®¥¢º ¤¢¡ ¾«¤¨¯º¥¡¯E¶¸¦®¦¯¨°¡ (´§¸©¡ 61) ¨³¸£®¢±.ôõôö÷ôøùôùú

.
ÀÁÂÁÃ a = b ËÒÎ

x2

a2
+
y2

a2
− z2

c2
= 1

ÆÁÓ�ÇÆÓÁÎÆÁÖ ÊÁÓ ÍÕÊÐÇÖÆ ÓÇDÏÂËÒÎÒÇÐÉÓ ÁÂÓÁÎÆÇÖÊ ÓÇDÏÂËÒÎÒÇÐ ÓÁÊÁ.<ÊÁ ÊÑ ÓÇDÏÂËÒÎ ÍÔÔÂÄÅÓ ÆÁÊÍÎÁÓÁÁ ÆÒÖÂI ÁÂÓÁÍÁÐ ÌÌòòÁÊ ËÅÖÊÅ.
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OXY Z £¯£¥¶¹¨
x2

a2
− y2

b2
+
z2

c2
= 1,

x2

a2
+
y2

b2
+
z2

c2
= 1

¥¢¡ª¯¥¡¢®¥¢º ¡©¨©¸¡§§¤§§¨ ¤µ ¤¢¡ ¾«¤¨¯º¥ ¡¯E¶¸¦®¦¯¨ ©º¤©. (4.53)¥¢¡ª¯¥¡¢®¥¢º ¡¯E¶¸¦®¦¯¨¥¦º �¡ ©¨¯®¾©¤ ¾¢®¢¸¥¢º ´«±¾«¤ ÿ¦¦¸¨¯¤©¥°¤£¯£¥¶¹ ¨¢¾ ©º¸®©® ¤µ ««¸ ««¸ ©º¾ ½¹.
§ 4.27.2.

r�¼� �Y�/�)� ��aZ�+�*��/
ôõôö÷ôøùôùú

. OXY Z
òÇòÆÏÄÐ
x2

a2
+
y2

b2
− z2

c2
= −1 (4.55)

ÆÁÓ�ÇÆÓÁÎÆÁÖ ÓÅÐÅÂÓÔÔÓ ÍÒûÂ ÍÕÊÐÇÖÆ ÓÇDÏÂËÒÎÒÇÐ ÓÁÊÁ.

-6�

x

y

z

o
-

6

�����
62

Ü¦Ý¸ ¾«¤¨¯º¥ ¡¯E¶¸¦®¦¯¨°¡ z = h, |h| >
c ¾©±¥¡©º¡©©¸ ¦¡¥®¦¾¦¨ ¦¡¥®¦®¨ ¤µ ¢®®¯E£³³£¢¾ © |h| < c

¦® ¦¡¥®¦®¨ ¤µ ¾¦¦£¦¤¦®¦¤®¦¡ ³³£¤¢. Ü¦Ý¸ ¾«¤¨¯º¥ ¡¯E¶¸¦®¦¯¨°¡
(´§¸©¡ 62) ¨³¸£®¢±.
y = n, x = m ¾©±¥¡©º¡©©¸ ¦¡¥®¦¾¦¨ ¦¡¥®¦®¨¡¯E¶¸¦®¦¯¨§§¨ ³³£¤¢. a = b

¦® ¡¯E¶¸¦®¦¨¯¥ ¥¢¤¾®¢¡¢¢ ¥¦º¸² ¢¸¡¢¾¢¨
x2

a2
+
y2

a2
− z2

c2
= −1

¥¢¡ª¯¥¡¢®¥¢º ¢¸¡¢®¥¯º¤ ¾¦Ý¸ ¾«¤¨¯º¥ ¡¯E¶¸¦®¦¯¨ ³³£¤¢.
OXY Z £¯£¥¶¹¨

−x
2

a2
+
y2

b2
+
z2

c2
= −1,

x2

a2
− y2

b2
+
z2

c2
= −1

¥¢¡ª¯¥¡¢®¥¢º ¡©¨©¸¡§§¤§§¨ ¤µ ¾¦Ý¸ ¾«¤¨¯º¥ ¡¯E¶¸¦®¦¯¨ ©º¾ © (4.55)¥¢¡ª¯¥¡¢®¥¢º ¾¦Ý¸ ¾«¤¨¯º¥ ¡¯E¶¸¦®¦¯¨¥¦º �¡ ©¨¯®¾©¤ ¾¢®¢¸¥¢º, ´«±¾«¤ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹ ¨©¾µ ©º¸®©® ¤µ ««¸ ««¸ ©º¤©.
4.28. ³���N4�4�����
§ 4.28.1.

g**�ab*�� a���+�*��/
ôõôö÷ôøùôùú

. OXY Z cÇòÆÏÄÐ
z =

x2

p
+
y2

q
(pq > 0) (4.56)

ÆÁÓ�ÇÆÓÁÎÆÁÖ ÓÅÐÅÂÓÔÔÓ ÁÎÎÇDòÎÁÓ DÅÂÅËÒÎÒÇÐ ÓÁÊÁ.
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z

-

6

�������x

y
h

0

�����
63

z = h ¾©±¥¡©º¡©©¸ ¦¡¥®¦¾¦¨ ¦¡¥®¦®¨ ¤µ ¢®à®¯E£ ³³£¤¢. Ü©¸¯¤ x = m y = n ¾©±¥¡©º¡©©¸¦¡¥®¦¾¦¨ E©¸©¦®§§¨ ³³£¤¢.
63-¸ ´§¸©¡¥ p > 0, q > 0 ¥¦¾¯¦®¨¦®¨¨³¸£®¢±. q = p

¦® ¢®®¯E£®¢¡ E©¸©¦®¦¯¨°¡E©¸©¦® ¥¢¡ª ¾¢¹¯º¤ ¥¢¤¾®¢¡¢¢ ¥¦º¸² ¢¸¡¢¾¢¸¡¢®¥¯º¤ E©¸©¦®¦¯¨ ¡¢¤¢. OXY Z £¯£¥¶¹¨
y =

x2

p
+
z2

q
(pq > 0)

x =
y2

p
+
z2

q
(pq > 0)

¥¢¡ª¯¥¡¢®¥¢º ¡©¨©¸¡§§¤§§¨ ¤µ ¢®®¯E£®¢¡ E©¸©¦®¦¯¨§§¨ ©º¤©.
Ü¢®¢¸ ¤µ (4.56) ¥¢¡ª¯¥¡¢®¥¢º ¢®®¯E£®¢¡ E©¸©¦®¦¯¨¥©º ©¨¯®¾©¤ ¾©¸¯¤ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¨ ©º¸®©® ¤µ ««¸ ««¸ ©º¤© (¥¢¡ª ¾¢¹¯º¤ ¥¢¤¾®¢¡ ¤µ
OY , OX

©º¤©).
§ 4.28.2. ½�aZ�+�**�� a���+�*��/
ôõôö÷ôøùôùú

. OXY Z
òÇòÆÏÄÐ
z = −x

2

p
+
y2

q
(pq > 0) (4.57)

ÆÁÓ�ÇÆÓÁÎÆÁÖ ÓÅÐÅÂÓÔÔÓ ÓÇDÏÂËÒÎÎÒÓ DÅÂÅËÒÎÒÇÐ ÓÁÊÁ.

-6�

x

y

z

o

�����
64

p > 0, q > 0 ³¶¨ x = h ¾©±¥¡©º¡©©¸¡¯E¶¸¦®®¦¡ E©¸©¦®¦¯¨°¡ ¦¡¥¦®3Ý. 2¡¥à®¦®°¤ ¾©±¥¡©º ¨¢¢¸ O′(h, 0, 0) ¬¢¡ ¨¢¢¸¢¾¥¢º O′X ′Y ′ £¯£¥¶¹ ©±3�. O′Y ′, O′Z ′

¥¢¤¾®¢¡³³¨ ¤µ OY , OZ ¥¢¤¾®¢¡³³¨¥¢º
(¾©¸¡©®´©¤) ¯»¯® ²¯¡®¢®¥¢º. O′Y ′Z ′ £¯£à
¥¶¹¨

z′ =
y′2

q
− h2

p
(4.58)

¥¢¡ª¯¥¡¢®¥¢º ¦¡¥®¦®°¤ ª§¡©¹ ³³£¤¢. h-¯º¤ ¨§¸°¤ §¥¡©¤¨ (4.58) ¥¢¡ª¯¥à¡¢® ¤µ E©¸©¦®°¡ ¨³¸£®¢¤¢. Ü¢¸¢± h = 0
¦® ÿ¦¦¸¨¯¤©¥°¤ ¢¾ ¨¢¢¸ ¦¸¦º¥¦º,

OZ ¥¢¤¾®¢¡¯º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º £©®©© ¤µ ¨¢¢ª¢¢ ¾©¸£©¤ E©¸©¦® ©º¤©.B¯E¶¸¦®®¦¡ E©¸©¦®¦¯¨°¡ y = m ¾©±¥¡©º¡©©¸ ¦¡¥®¦¾¦¨ O′′X ′′Z ′′ £¯£¥¶¹¨¦¡¥®¦®°¤ ª§¡©¹ ¤µ
z′′ =

m2

q
− x′′2

p
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¥¢¡ª¯¥¡¢®¥¢º ©º¤©. ·¤¢ ¥¢¡ª¯¥¡¢® ¤µ m-
¯º¤ ¨§¸°¤ §¥¡©¤¨ O′′Z ′′ ¥¢¤¾-®¢¡¯º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º E©¸©¦®°¡ ¨³¸£®¢¤¢. ·¤¢ E©¸©¦®°¤ ¦¸¦º ¤µ

OY Z ¾©±¥¡©º¨ ¦¸ª¯¾ z = y2

b2
E©¸©¦® ¨¢¢¸ ©º¤©. ·¤¢ E©¸©¦®°¤ £©®©©¤µ ¨¦¦ª ¾©¸£©¤ ©º¤©. (4.57) ¥¢¡ª¯¥¡¢®¥¢º ¡¯E¶¸¦®®¦¡ E©¸©¦®¦¯¨°¡

z = h (h 6= 0) ¾©±¥¡©º¡©©¸ ¦¡¥®¦¾¦¨ ¡¯E¶¸¦® ³³£¤¢. z = 0 ¾©±¥¡©º¡©©¸¦¡¥®¦¾¦¨ ¦¡¥®¦®¬£¦¤ 2 ª§®§§¤ ³³£¤¢. (4.57) ¥¢¡ª¯¥¡¢®¥¢º ¡¯E¶¸¦®®¦¡E©¸©¦®¦¯¨°¡ 64-¸ ´§¸©¡¥ ¨³¸£®¢±.
OXY Z £¯£¥¶¹¨

x = −z
2

p
+
y2

q
(pq > 0), y = −z

2

p
+
x2

q
(pq > 0)

¥¢¡ª¯¥¡¢®¥¢º ¡©¨©¸¡§§¤§§¨ ¤µ ¹«¤ ¡¯E¶¸¦®®¦¡ E©¸©¦®¦¯¨ ©º¤©. (4.57)¥¢¡ª¯¥¡¢®¥¢º ¡¯E¶¸¦®®¦¡ E©¸©¦®¦¯¨¥¦º ¾¢®¢¸¢¢¸¢¢ ©¨¯® ÿ¦¦¸¨¯¤©¥°¤£¯£¥¶¹ ¨¢¾ ©º¸®©® ¤µ ««¸ ««¸ ©º¤©.
4.29. ¶������ ��������

a

`

�����
65

-

6

�������x

y

z

0

�����
66

ôõôö÷ôøùôùú
. ¿ÄÅÂ ÊÁÓ ` ÄÔÂÔÖÊ ÐÅÓÔÔ a �Ô�ÎÔÔÊ DÅÂÅÎÎÏÎÇÅÂ �ÇÎüÇÍÁÐ ËÅÖÓÔÔÎÅÓÐÅÍ ÓÅÐÅÂ�ÓÔÔÓ ÈÇÎÇÊÐÂ ÓÅÐÅÂÓÔÔ ÓÁÊÁ. a-�ÔÎÔÔÊÉÓ ËÅÖÓ-ÔÔÎÅÓI, ` ÄÔÂÔÖÓ IÇÓÎÌÌÎÁÓI ÓÁÊÁ.�¯¡®³³®¢¡² ` ¹§¸§º, ©º¡§§®©¡² a ª§®§§¤ «¡£¤««¸¬¯®¯¤¨¸ ¡©¨©¸¡§§ «¡«¡¨®«« ¡¢» ³´¨¢¡.

OXY Z £¯£¥¶¹¨ ¬¯®¯¤¨¸¯º¤ ©º¡§§®©¡² ¤µ
X − x

m
=
Y − y

n
=
Z − z

p
(4.59)

¥¢¡ª¯¥¡¢®¥¢º ²¯¡®³³®¢¡² ¤µ
F1(x, y, z) = 0
F2(x, y, z) = 0

}

(4.60)

¥¢¡ª¯¥¡¢®¥¢º ¡¢¶. ·¤¨ X,Y,Z ¤µ ©º¡§§®©¡²¯º¤¨§¸°¤ ¬¢¡¯º¤ ÿ¦¦¸¨¯¤©¥, M(x, y, z) ¬¢¡³³¨ ¤µ²¯¡®³³®¢¡² ¨¢¢¸ ¾¢±¥¢¾ © ©º¡§§®©¡² ¥³³¤¯º¡ ¨©º¸² ¡©¸©¾ ¬¢¡. (4.59),
(4.60) ¥¢¡ª¯¥¡¢®³³¨¢¢£ (x, y, z)-¡ ´©º®§§®©® ¬¯®¯¤¨¸ ¡©¨©¸¡§§ ¨¢¢¸¦¸ª¯¾ (X,Y,Z) ÿ¦¦¸¨¯¤©¥¥©º ¬¢¡ ¾©¤¡©¾

ϕ(X,Y,Z) = 0

¥¢¡ª¯¥¡¢® ¡©¸¤©. ·¤¢ ¥¢¡ª¯¥¡¢®¢¢¸ ¨³¸£®¢¡¨¢¾ ¡©¨©¸¡§§ ¤µ ¬¯®¯¤¨¸¡©¨©¸¡§§ ©º¤©.
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ØÙÚÛÛ

4.15.
X − x

1
=
Y − y

1
=
Z − z

1
(4.61)©º¡§§®©¡²¥©º.

x2 + y2 + z2 = 1
z = 0

}

(4.62)

²¯¡®³³®¢¡²¥¢º ¬¯®¯¤¨¸ ¡©¨©¸¡§§¡¯º¤ ¥¢¡ª¯¥¡¢® ¯².1ÒÐÒÎÆ. (4.61) ¥¢¡ª¯¥¡¢®¢¢£
X − x = Z − z, Y − y = Z − z

x = X − Z + z, y = Y − Z + z

¡¢» x, y-¯º¡ ¦®» (4.62) ¥¢¡ª¯¥¡¢®¨ ¦¸®§§®©®
(X − Z)2 + (Y − Z)2 = 1¦®¤¦. ·¤¢ ¤µ ¯¨¤¯º ¦®¦¾ ¬¯®¯¤¨¸¯º¤ ¥¢¡ª¯¥¡¢® (´§¸©¡ 3.62).ØÙÚÛÛ

4.16. á©º¡§§®©¡² © ²¯¡®³³®¢¡² ¤µ ¾©¸¡©®´©¤
AX +BY + C = 0, Z = z

y = kz2 x = 0 (4.63)

¥¢¡ª¯¥¡¢®¥¢º ©º¾ ¬¯®¯¤¨¸ ¡©¨©¸¡§§¡¯º¤ ¥¢¡ª¯¥¡¢® ¯².1ÒÐÒÎÆ. á©º¡§§®©¡² ª§®§§¤° ²¯¡®³³®¢¡² ±¶ÿ¥¦¸
s =

∣
∣
∣
∣
∣
∣

i j k

A B 0
0 0 1

∣
∣
∣
∣
∣
∣

= Bi −Aj ⇒ s(B,−A, 0)

©º¤©. �º¹¨ ©º¡§§®©¡² ª§®§§¤ ¤µ
X − x

B
=
Y − y

−A =
Z − z

0
(4.64)

¥¢¡ª¯¥¡¢®¥¢º ¦®¤¦. ·¤¨ ©º¡©© (x, y, z) ¤µ ©º¡§§®©¡² ¨©º¸² ¡©¸©¾²¯¡®³³®¢¡² ¨¢¢¸¾ ¬¢¡¯º¤ ÿ¦¦¸¨¯¤©¥§§¨. (4.64)-««£
Z = z, y = Y +

A

B
(X − x)

¦®» (4.63) ¥¢¡ª¯¥¡¢®¨ ¦¸®§§®©®
Y +

A

B
(X − x) = kZ2, x = 0 ⇒ Y +

A

B
X = kZ2

AX +BY +DZ2 = 0 (4.65)

·¤¨ D = −kB. ·¤¢ (4.65) ¤µ ¯¨¤¯º ¦®¦¾ ¬¯®¯¤¨¸¯º¤ ¥¢¡ª¯¥¡¢® ¦®¤¦.
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4.30.
~44������&� ��V ��� ���	�����
 ������O�V N�
���z���J��
 ������� ��������

OXY Z £¯£¥¶¹¨ ©º¡§§®©¡² ¤µ
X − x

0
=
Y − y

0
=
Z − z

1

¥¢¡ª¯¥¡¢®¥¢º ««¸««¸ ¾¢®¢® OZ ¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ, ²¯¡®³³®¢¡² ¤µ
F (x, y, z) = 0
z = 0

}

©º¾ ¬¯®¯¤¨¸ ¡©¨©¸¡§§ ¤µ F (X,Y ) = 0 ¥¢¡ª¯¥¡¢®¥¢º ©º¤©. ß³¤¯º¡¡©¸¡©¾¨©© «¡£«¤ ¥¢¡ª¯¥¡¢®³³¨¢¢£ x, y, z-¡ ´©º®§§®¤©.P¦¦¸¨¯¤©¥ ¤µ F (x, y) = 0 ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¾ ¦¡¥¦¸¡§º¤ ¬¢¡³³¨¯º¤¦®¦¤®¦¡ ³¾¢¤ ¬¯®¯¤¨¸ ¡©¨©¸¡§§¡ ¨³¸£®¢¾ ©®©¡³º. ×¯ª¢¢®¢®: 2¡à¥¦¸¡§º¨ x2 + y2 + 2 = 0 ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¾ ¦¨¯¥ ¬¢¡³³¨ ¦®¨¦¾¡³º ¥§®¾¦¦£¦¤ ¦®¦¤®¦¡¯º¡ ¨³¸£®¢¤¢. q¹©¸ ² ¬¯®¯¤¨¸¯º¡ ¨³¸£®¢¾¡³º.
Ü¢¸¢± XOY ¾©±¥¡©º ¨¢¢¸ F (x, y) = 0 ¥¢¡ª¯¥¡¢®¨ �¹©¸ ¤¢¡ ` ¹§¸§º ¾©¸à¡©®´¨©¡ ¦® ¢¤¢ ¥¢¡ª¯¥¡¢® ¤µ ¦¡¥¦¸¡§º¨ ` ²¯¡®³³®¢¡²¥¢º, OZ ¥¢¤¾®¢¡¥¢ºE©¸©®¶®µ ©º¡§§®©¡²¥©º ¬¯®¯¤¨¸¯º¡ ¨³¸£®¢¤¢. ×¯ª¢¢®¢® x2

a2 + y2

b2
= 1¥¢¡ª¯¥¡¢® ¤µ OXY Z £¯£¥¶¹¨ ¢®®¯E£®¢¡ ¬¯®¯¤¨¸¯º¡ ¨³¸£®¢¤¢ (´§¸©¡ 67).

x2

a2 − y2

b2
= 1 ¤µ ¡¯E¶¸¦®®¦¡ ¬¯®¯¤¨¸ (´§¸©¡ 68). y2 = 2px (p > 0) ¥¢¡ª¯¥à¡¢® ¤µ E©¸©¦®®¦¡ ¬¯®¯¤¨¸ ¨³¸£®¢¤¢ (´§¸©¡ 69).
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�����
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�����
68

�����
69

ß³¤¥¢º ©¨¯®©©¸ ²¯¡®³³®¢¡² ¤µ Y OZ(XOZ) ¾©±¥¡©º ¨¢¢¸ F (y, z) = 0,
(F (x, z) = 0) ¥¢¡ª¯¥¡¢®¥¢º ¦® ¢¤¢ ¥¢¡ª¯¥¡¢® ¤µ ¦¡¥¦¸¡§º¨ OX (OY )¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ ©º¡§§®©¡² ³¾¯º ¬¯®¯¤¨¸ ¡©¨©¸¡§§¡ ¨³¸£®¢¤¢.
4.31.

~4��� ��������
ôõôö÷ôøùôùú

. �ÁÓ ÌÎ ÍÕÐÎÕÍ ÈÁÓÆÁÖ �ÔÎÔÔÊ 5ÄÅÂ ÊÁÓ ` ÄÔÂÔÖÊ ÐÅÓÔÔ�ÇÎüÇÍÁÐ ÌÌòÁÍ ÓÅÐÅÂÓÔÔÓ (þÒÊÔò) þÒÊÔò ÓÅÐÅÂÓÔÔ ÓÁÊÁ. <ÊÁ �ÇÎüÇü
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ËÅÖÓÅÅ �ÔÎÔÔÊÉÓ ËÅÖÓÔÔÎÅÓI, ` ÄÔÂÔÖÓ IÇÓÎÌÌÎÁÓI, ÌÎ ÍÕÐÎÕÍ ÈÁÓÇÖÓ ÒÂÒÖÊÈÁÓ ÓÁÊÁ (óÔÂÅÓ 70). L

�����
70

�¯¡®³³®¢¡² © ¦¸¦º¤ ¬¢¡ ¹¢¨¢¡¨£¢¤¢¢¸ÿ¦¤§£ ¡©¨©¸¡§§ ³¸¢¤ ¥¦¨¦¸¾¦º®¦¡¨¦¤¦.
OXY Z £¯£¥¶¹¨ ÿ¦¤§£°¤ ²¯¡®³³®¢¡² `¤µ

F1(x, y, z) = 0
F2(x, y, z) = 0

}

(4.66)

¥¢¡ª¯¥¡¢®¥¢º, ¦¸¦º ¤µ M0(x0, y0, z0)
¬¢¡ ¡¢¶. �¯¡®³³®¢¡² ` ¨¢¢¸ ¦¸ª¯¾

(x, y, z) ¬¢¡³³¨¯º¡ ©º¡§§®©¡² ¨©º¸©¤ ¡©¸©¾ ¥§® ©º¡§§®©¡² ¤µ
X − x0

x− x0
=
Y − y0

y − y0
=
Z − z0

z − z0
(4.67)

¥¢¡ª¯¥¡¢®¥¢º ©º¤©. (4.66), (4.67)-©©£ x, y, z-¯º¡ ´©º®§§®©® ϕ(X,Y,Z) =
0 ¥¢¡ª¯¥¡¢® ¡©¸¤©. ·¤¢ ¤µ ÿ¦¤§£°¤ ¥¢¡ª¯¥¡¢® ¦®¤¦.ØÙÚÛÛ

4.17. 2¸¦º¤ ¤µ ÿ¦¦¸¨¯¤©¥°¤ ¢¾, ²¯¡®³³®¢¡² ¤µ

-

6

y

z

��������
x

�����
71

{
x2

a2 + y2

b2
= 1

z = c 6= 0
(4.68)

¥¢¡ª¯¥¡¢®¥¢º ©º¾ ÿ¦¤§£°¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯².1ÒÐÒÎÆ. á©º¡§§®©¡²¯º¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯²±¢®
X

x
=
Y

y
=
Z

z
(4.69)

¦®¤¦. (4.68), (4.69)-©©£ x, y, z-¯º¡ ´©º®§§®©®
X2

a2
+
Y 2

b2
− Z2

c2
= 0

¦®¤¦. (X,Y,Z) ¤µ ÿ¦¤§£°¤ ©º¡§§®©¡²¯º¤ ¨§¸°¤ ¬¢¡ §²¸©©£ £³³®²¯º¤¡©¸£©¤ ¥¢¡ª¯¥¡¢® ¤µ ÿ¦¤§£°¤ ¥¢¡ª¯¥¡¢® ¦®¤¦ (´§¸©¡ 71).

4.32. k������
� ��������
ôõôö÷ôøùôùú

.
ÀÅÃÆÓÅÖÊ 5ÄÅÂ ÊÁÓ ` �ÔÓÅÄ ÆÌÌÊÆÁÖ ÊÁÓ ÍÅÃÆÓÅÖ ÐÁÁÂÒÂ�ÇÍ �ÔÎÔÔÊÉÓ ÆÒÖÂI ÁÂÓÁÍÁÐ ÌÌòÁÍ ÓÅÐÅÂÓÔÔÓ ÁÂÓÁÎÆÇÖÊ ÓÅÐÅÂÓÔÔ ÓÁÊÁ

(óÔÂÅÓ 72).
OXY Z £¯£¥¶¹¯º¤ OY Z ¾©±¥¡©º ¨¢¢¸

F (y, z) = 0 (4.70)
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¥¢¡ª¯¥¡¢®¥¢º ` ª§¡©¹ OZ ¥¢¤¾®¢¡¯º¡ ¥¦º¸² ¢¸¡¢¾¢¨ ³³£¢¾ ¢¸¡¢®¥¯º¤¡©¨©¸¡§§¡¯º¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯²µ¶.
`ª§¡©¹ ¨¢¢¸M(y, z) ¬¢¡ ©±3�. ·¸¡¢®¥¯º¤ ¾©±¥¡©ºOY Z ¤µOZ ¥¢¤¾®¢¡¯º¡¥¦º¸² ¢¸¡¢¾¢¨ M(y, z) ¬¢¡ ¤µ ¥¦º¸¦¡ ´§¸¤© (´§¸©¡ 73). N(X,Y,Z) ¤µ¥¦º¸¡¯º¤ ¨§¸°¤ ¬¢¡ ¡¢¶.
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0
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N(X,Y,Z)

M(y, z)

�����
72

�����
730¢¡±¢®

Z = z, |y| =
√

X2 + Y 2

y = ±
√

X2 + Y 2 z = Z

·¤¢ y, z-¡ (4.70)-¨ ¦¸®§§®©®
F (±

√

X2 + Y 2, Z) = 0

¦®¤¦. ·¤¢ ¥¢¡ª¯¥¡¢® ¤µ ©±² ³´¢» ©º¡©© ¢¸¡¢®¥¯º¤ ¡©¨©¸¡§§¡¯º¤ ¥¢¡ª¯¥à¡¢® ¦®¤¦. ×¯ª¢¢®¢® OY Z ¾©±¥¡©º¨
y2

b2
+
z2

c2
= 1

¥¢¡ª¯¥¡¢®¥¢º ¢®®¯E£OZ ¥¢¤¾®¢¡¯º¡ ¥¦º¸² ¢¸¡¢¾¢¨ ³³£¢¾ ¢¸¡¢®¥¯º¤ ¡©¨©¸à¡§§¡¯º¤ ¥¢¡ª¯¥¡¢® ¤µ
(±

√
X2 + Y 2)2

b2
+
Z2

c2
= 1

X2 + Y 2

b2
+
Z2

c2
= 1¦®¤¦. ·¤¢ ¤µ ¢¸¡¢®¥¯º¤ ¢®®¯E£¦¯¨°¤ ¥¢¡ª¯¥¡¢®.
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4.33. n����� N� N4��4����
o

1. M ¬¢¡¯º¡ ¨©º¸£©¤ −−−−→M1M2-
¨ E¶¸E¶¤¨¯ÿ§®�¸ ª§®§§¤° ¥¢¡ª¯¥¡¢®¯º¡¯².�) M(3; 4), M1(0;−2), M2(3; 5)+) M(−1; 2), M1(3; 3), M2(4; 3).o

2. M(−1; 2) ¬¢¡¯º¡ ¨©º¸£©¤ OX ¥¢¤¾®¢¡¥¢º π
4
«¤¬«¡ ³³£¡¢¾ ª§®§§¤°

¥¢¡ª¯¥¡¢®¯º¡ ¯².o
3.
P¦¦¸¨¯¤©¥°¤ ¥¢¤¾®¢¡³³¨ © 2x+ 3y − 6 = 0 ª§®§§¤©©¸ ©º¡§§®£©¤¡§¸±©®»¤° ¥©®©º¡ ¦®.o

4. a-
¯º¤ �¹©¸ §¥¡©¤¨ (a2 − 4)x+ (2a+ 1)y + a− 8 = 0 ª§®§§¤

a) OX ¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ+) OY ¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ]) ÿ¦¦¸¨¯¤©¥°¤ ¢¾¯º¡ ¨©º¸£©¤ ©º¾ ±¢?o
5. �) M1(−2;−3), M2(0;−4) +) M1(2; 0), M2(−5; 3), ]) M1(1; 5),

M2(0; 0),
�) M1(−4; 1), M2(5;−3) ¬¢¡³³¨¯º¡ ¨©º¸£©¤ ª§®§§¤° ¥¢¡-ª¯¥¡¢® ¯²¯» «¤¬¡¯º¤ ÿ¦¢CC¯¬¯¶¤¥¯º¡ ¦®.o

6. M1(4;−3), M2(0; 1)
¬¢¡¯º¡ ¨©º¸£©¤ ª§®§§¤° ¥¢¡ª¯¥¡¢®¯º¡ ¯².o

7. 3x − 2y + 4 = 0 ª§®§§¤° OY ¥¢¤¾®¢¡¥¢º ¦¡¥®¦®¬£¦¤ ¬¢¡ © M(5; 0)¬¢¡¯º¡ ¨©º¸£©¤ ª§®§§¤° ¥¢¡ª¯¥¡¢® ¯².o
8. A(1;−2), B(5; 4), C(−2; 0) ¦¸¦º¥¦º ¡§¸±©®»¯¤ «¡£«¤ ©º¡.�) B§¸±©®»¤° ¥©®§§¨°¤, «¤¨¸³³¨¯º¤, ¹¶¨¯©¤§§¨°¤, ¯££¶ÿ¥¸¯-£³³¨¯º¤, ¨§¤¨©» ª§¡©¹§§¨°¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯².+) á¯££¶ÿ¥¸¯£, ¹¶¨¯©¤, «¤¨¸¯º¤ §¸¥°¡ ¦®.]) á©¡¥£©¤ © ©¡¥©©£©¤ ¥¦º¸¡¯º¤ ¥¢¡ª¯¥¡¢® ¯².�) B§¸±©®»¤° ¥©®©º¡ ¦®.o
9. M(1;−1) ¬¢¡¥ ¥«±¥¢º R = 2 ¸©¨¯§£¥©º ¥¦º¸¡¯º¤ ±¶ÿ¥¦¸ ¾¢®¢¸¥¢º© ÿ¦¦¸¨¯¤©¥°¤ ¾¢®¢¸¥¢º ¥¢¡ª¯¥¡¢® ¯².o
10. M(2; 3) ¬¢¡¯º¡ ¨©º¸£©¤ s(−2; 4) ±¶ÿ¥¦¸¥¢º E©¸©®®¶®µ ª§®§§¤° ¥¢¡-ª¯¥¡¢® ¯².o
11. M ¬¢¡¯º¡ ¨©º¸£©¤ s ±¶ÿ¥¦¸¥¦º E©¸©®®¶®µ ª§®§§¤° ¥¢¡ª¯¥¡¢®¯º¡¯².�) M(4;−5), s(3; 2) +) M(2; 1), s(0; 4)]) M(3;−1), s =

−−−−→
M1M2, M1(0; 1), M2(−3; 3).o

12. �) M(−1; 1) ¬¢¡¯º¡ ¨©º¸£©¤ OX ¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ, +) M(5; 4)¬¢¡¯º¡ ¨©º¸£©¤ OY ¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ ª§®§§¤° ¥¢¡ª¯¥¡¢®¯º¡¯².o
13. M ¬¢¡¯º¡ ¨©º¸£©¤ n(4;−5) ±¶ÿ¥¦¸¥ E¶¸¶¤¨¯ÿ§®�¸ ©º¾ ª§®§§¤°±¶ÿ¥¦¸ © ÿ¦¦¸¨¯¤©¥°¤ ¾¢®¢¸¥¢º ¥¢¡ª¯¥¡¢® ¯².
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�) M(−3;−2) +) M(0; 1), ]) M(0, 5;−1),�) M(0; 0), /) M(−5;−4), Z) M(−1; 0, 5).o
14. A(3; 2), B(−2;−1), C(4;−2) ¦¸¦º¥¦º ¡§¸±©®»¤°�) ¨¦¥¦¦¨, ¡©¨©©¨ «¤¬¡³³¨¯º¡ ¦®.+) ¡§¸±©®»¤° ¡©¨©©¨, ¨¦¥¦¦¨ «¤¬¡³³¨¯º¤ ¯££¶ÿ¥¸¯£¯º¤ ¥¢¡ª¯¥à¡¢® ¯².]) B ¦¸¦º¡¦¦£ §§®¡©£©¤ «¤¨¸¯º¤ §¸¥°¡ ¦®.�) C ¦¸¦º¡¦¦£ §§®¡©£©¤ «¤¨¸¯º¤ §¸¥°¡ ¦®./) ¦¸¦º¤§§¨°¤ ©®µ ¤¢¡¯º¡ ¨©º¸£©¤ © ¥¢¸ ¦¸¦º¤ ¢£¸¢¡ ¦¸ª¯¾ ¥©®à¥©º E©¸©®®¶®µ ª§®§§¤° (3 ª§®§§¤) ¥¢¡ª¯¥¡¢® ¯².o
15. A(0; 0), B(6; 0), C(0;−4) ¦¸¦º¥¦º ¡§¸±©®»¤° ©¡¥£©¤ © ©¡¥©©£©¤¥¦º¸¡¯º¤ ¥¢¡ª¯¥¡¢® ¯².o
16. �) M(−1; 2) ¬¢¡¯º¡ ¨©º¸£©¤ 2x+ 3y − 1 = 0 ª§®§§¤¥©º E©¸©®®¶®µ,+) M(4; 1) ¬¢¡¯º¡ ¨©º¸£©¤ x − y + 2 = 0 ª§®§§¤¨ E¶¸E¶¤¨¯ÿ§®�¸ª§®§§¤° ¥¢¡ª¯¥¡¢®¯º¡ ¯².o
17. �) M(−1;−2) ¬¢¡¯º¡ ¨©º¸£©¤ x−1

2 = y+3
3
ª§®§§¤¥©º E©¸©®®¶®µ,+)M(0; 3) ¬¢¡¯º¡ ¨©º¸£©¤ x+2

3 = y−1
4
ª§®§§¤¨ E¶¸E¶¤¨¯ÿ§®�¸ª§®§§-¤° ¥¢¡ª¯¥¡¢® ¯².o

18. M(2,−1) ¬¢¡¯º¡ ¨©º¸£©¤
a) 3x− 5y − 7 = 0 ª§®§§¤¨ E¶¸E¶¤¨¯ÿ§®�¸+) 3x− 5y − 7 = 0 ª§®§§¤¥©º E©¸©®®¶®µ ª§®§§¤° ¥¢¡ª¯¥¡¢® ¯².o

19. M(−1; 3) ¬¢¡¯º¡ ¨©º¸£©¤
a) x−1

2 = y+1
3
ª§®§§¤¨ E¶¸E¶¤¨¯ÿ§®�¸+) x−1

2 = y+1
3
ª§®§§¤¥©º E©¸©®®¶®µ ª§®§§¤° ¥¢¡ª¯¥¡¢® ¯².o

20. M(−1;−5) ¬¢¡¯º¤ 4x+ 7y − 26 = 0 ª§®§§¤ ¨¢¢¸¾ E¸¦¶ÿ¬°¡ ¦®.o
21. C(0; 0; 0) ¬¢¡ ¨¢¢¸ ¥«±¥¢º, 3 ¸©¨¯§£¥©º �) OZ ¥¢¤¾®¢¡¥¢º, +) OX¥¢¤¾®¢¡¥¢º, ]) OY ¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ ©º¡§§®©¡²¥©º ¬¯®¯¤¨-¸¯º¤ ¥¢¡ª¯¥¡¢® ¯².o
22.

�©¸©©¾ ª§®§§¤§§¨°¤ ¾¦¦¸¦¤¨¦¾ «¤¬¡¯º¡ ¦®.�) 3x− y + 5 = 0
© x− y + 1 = 0+) x−1

3 = y+2
1

© x+2
7 = y

4]) x+2
−1 = y+4

5

© 2x+ 3y − 1 = 0.o
23. M(2;−5) ¬¢¡¢¢£ 4x− 3y + 25 = 0 ª§®§§¤ ¾³¸¥¢®¾ ´©º¡ ¦®.o
24. x− 12y + 52 = 0, 16x− 24y − 39 = 0 ª§®§§¤§§¨°¤ ¾¦¦¸¦¤¨¦¾ ´©º¡¦®.o
25. M(a; b; 6) ¬¢¡ ¨¢¢¸ ¥«±¥¢º R ¸©¨¯§£¥©º «¹«®¡¯º¤ ±¶ÿ¥¦¸ © ÿ¦¦¸à¨¯¤©¥°¤ ¾¢®¢¸¥¢º ¥¢¡ª¯¥¡¢®¯º¡ ¯².o
26. M(2;−1; 3) ¬¢¡¯º¡ ¨©º¸£©¤ n(4; 2;−5) ±¶ÿ¥¦¸¥ E¶¸E¶¤¨¯ÿ§®�¸ ¾©±¥à
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¡©º¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯².o

27. M(4;−3; 0) ¬¢¡¯º¡ ¨©º¸£©¤ −−−−→M1M2
±¶ÿ¥¦¸¥ E¶¸E¶¤¨¯ÿ§®�¸ ¾©±¥¡©º¤¥¢¡ª¯¥¡¢® ¯². ·¤¨ M1(2;−2; 1), M2(3; 0;−2).o

28.
�©¸©©¾ ¥¢¡ª¯¥¡¢®¥¢º ¾©±¥¡©º¤§§¨°¡ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¨ ©º¡§§®.�) 2x+3y+ z = 0, +) 3y− z = 0, ]) 2x+3z− 5 = 0, �) y− 5 = 0.o

29. M ¬¢¡¯º¡ ¨©º¸£©¤ s1
© s2 ±¶ÿ¥¦¸§§¨¥©º E©¸©®®¶®µ ¾©±¥¡©º¤ ¥¢¡-ª¯¥¡¢®¯º¡ ¯².�) M(3; 1;−1), s1(−1; 0; 2), s2(3;−1; 1)+) M(2;−2; 0), s1(3;−4; 1), s2(0;−2; 0)]) M(4; 3;−2), s1(0; 0;−2), s2(0; 5; 0).o

30. M ¬¢¡¯º¡ ¨©º¸£©¤ s ±¶ÿ¥¦¸¥¦º E©¸©®¶®µ ª§®§§¤° ¥¢¡ª¯¥¡¢® ¯².�) M(2; 0; 1), s(3;−1; 1) +) M(−3; 2;−2) s(0; 1;−1).o
31. M(3;−4; 1) ¬¢¡¯º¡ ¨©º¸©¤ ¡©¸©¾ ¨©¸©©¾ ª§®§§¤° ¥¢¡ª¯¥¡¢® ¯².

a) OZ ¥¢¤¾®¢¡¥¢º E©¸©®®¶®µ+) 2x+ 3y − 7 = 0 ¾©±¥¡©º¨ E¶¸E¶¤¨¯ÿ§®�¸]) OXY ¾©±¥¡©º¨ E¶¸E¶¤¨¯ÿ§®�¸.o
32.

�©¸©©¾ ª§®§§¤° ¾�®©¸ ¥¢¡ª¯¥¡¢®¯º¡ ¯².
�)







x = 2t+ 1
y = 7t
z = 3t+ 1

+)






x = 3
y = −4
z = 2t− 5

]) {
2x− y + z + 1 = 0
x+ y + z − 2 = 0o

33. M1, M2
¬¢¡³³¨¯º¡ ¨©º¸£©¤ ª§®§§¤° ¥¢¡ª¯¥¡¢® ¯².

a) M1(1;−2; 1), M2(3; 4;−7)

+) M1(−1; 0; 1), M2
¤µ







x = t+ 1
y = 2t− 1
z = 2 − t

ª§®§§¤, x + 2y − z − 3 = 0

¾©±¥¡©º¤ ¦¡¥®¦®°¤ ¬¢¡.]) M1(0; 0; 0), M2
¤µ x+1

2 = y+2
−1 = z−1

1
ª§®§§¤° 2x−3y+ z−13 = 0¾©±¥¡©º¥©º ¦¡¥®¦®¬¦¾ ¬¢¡.�) M1(1; 1; 1), M2

¤µ {
2x− y + 10z − 1 = 0
3x+ 4y + z − 7 = 0

ª§®§§¤° XOY ¾©±¥à¡©º¥©º ¦¡¥®¦®¬£¦¤ ¬¢¡.o
34. M1(3;−1; 2), M2(−2; 0; 1), M3(1; 1; 0)

¬¢¡³³¨¯º¡ ¨©º¸£©¤ ¾©±¥¡©º¤¥¢¡ª¯¥¡¢®¯º¡ ¯².o
35. M(3; 2; 1) ¬¢¡ © x+3y−2z−6 = 0 ¾©±¥¡©º¤ OX, OY ¥¢¤¾®¢¡³³¨¥¢º¦¡¥®¦®¬£¦¤ ¬¢¡³³¨¯º¡ ¨©º¸£©¤ ¾©±¥¡©º¤ ¥¢¡ª¯¥¡¢® ¯².o
36. M1, M2, M3, M4

¬¢¡³³¨ ¤¢¡ ¾©±¥¡©º ¨¢¢¸ ¦¸ª¯¾ ¢£¢¾¯º¡ ª©®¡©.
a) M1(3; 0; 0), M2(4;−2; 1), M3(0; 1; 0), M4(−2; 1; 0)+) M1(0; 0; 0), M2(1;−2; 3), M3(2;−1;−2), M4(3;−3; 1).o

37. M(−1; 0; 2) ¬¢¡¯º¡ ¨©º¸£©¤ 2x + 3y − z = 0 ¾©±¥¡©º¥©º E©¸©®®¶®µ
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¾©±¥¡©º¤ ¥¢¡ª¯¥¡¢® ¯².o
38. M1(2;−1; 0), M2(1;−3; 2) ¬¢¡³³¨¯º¡ ¨©º¸£©¤ x + y + z − 1 = 0¾©±¥¡©º¨ E¶¸E¶¤¨¯ÿ§®�¸ ¾©±¥¡©º¤ ¥¢¡ª¯¥¡¢® ¯².o
39. M(−3; 1; 2) ¬¢¡¯º¡ ¨©º¸£©¤ «¡««¨ 2x+3y−z−4 = 0, 3x−4y+7z−1 =

0 ¾©±¥¡©º¤§§¨©¨ E¶¸E¶¤¨¯ÿ§®�¸ ¾©±¥¡©º¤ ¥¢¡ª¯¥¡¢® ¯².o
40. M1(2;−1; 3), M2(−4; 0; 5) ¬¢¡³³¨¯º¡ ¨©º¸£©¤ OY Z ¾©±¥¡©º¨ E¶¸àE¶¤¨¯ÿ§®�¸ ¾©±¥¡©º¤ ¥¢¡ª¯¥¡¢® ¯².o
41. M(−1; 2; 3) ¬¢¡¯º¡ ¨©º¸£©¤ x−1

2 = y+2
3 = z−3

−1
ª§®§§¤¥©º E©¸©®®¶®µª§®§§¤° ¥¢¡ª¯¥¡¢® ¯².o

42. M(2; 0;−3) ¬¢¡¯º¡ ¨©º¸£©¤ {
2x− 3y + z + 1 = 0
x+ y − z − 1 = 0

ª§®§§¤¥©º E©-¸©®®¶®µ ª§®§§¤° ¥¢¡ª¯¥¡¢® ¯².
o

43. M(1; 2; 0) ¬¢¡¯º¡ ¨©º¸£©¤






x = 2t− 1
y = t+ 2
z = t− 1

©






x = 3t+ 1
y = 2t− 2
z = −5t+ 1ª§®§§¤§§¨©¨ E¶¸E¶¤¨¯ÿ§®�¸ ª§®§§¤° ¥¢¡ª¯¥¡¢® ¯².o

44.
�©¸©©¾ ¦¡¥¦¸¡§º¤ ª§®§§¤§§¨°¤ ¾¦¦¸¦¤¨¦¾ «¤¬¡¯º¡ ¦®.�) x−1

2 = y−2
−1 = z−3

3

© x+2
3 = y−1

4 = z
−1+) {

2x− 3y + z + 1 = 0
x+ y − z − 1 = 0

© OZ ¥¢¤¾®¢¡.
])







x = 2t+ 3
y = 3t− 4
z = 8t+ 1

© {
2x+ 3y − 1 = 0
2x− y + z + 5 = 0o

45. M1(r1), M2(r2), M3(r3) ¡§¸±©¤ ¬¢¡¯º¡ ©¡§§®£©¤ ¾©±¥¡©º¤ ±¶ÿ¥¦¸¾¢®¢¸¥¢º ¥¢¡ª¯¥¡¢® ¯². r1(x1; y1; z1), r2(x2; y2; z2), r3(x3; y3; z3)ÿ¦¦¸¨¯¤©¥¥©º ¤«¾¬«®¨ ¢¤¢ ¾©±¥¡©º¤ ÿ¦¦¸¨¯¤©¥°¤ ¾¢®¢¸¥¢º ¥¢¡ª¯¥à¡¢® ¯².o
46. M0(r0) ¬¢¡¯º¡ ©¡§§®£©¤ «¡««¨ a1, a2

±¶ÿ¥¦¸§§¨¥©º E©¸©®®¶®µ ¾©±¥à¡©º¤ ¥¢¡ª¯¥¡¢® ¯².o
47. M1(r1) ¬¢¡¯º¡ ©¡§§®£©¤ r = r0 − at ª§®§§¤ E¶¸¶¤¨¯ÿ§®�¸ ©º¾¾©±¥¡©º¤ ±¶ÿ¥¦¸ ¾¢®¢¸¥¢º ¥¢¡ª¯¥¡¢® ¯².o
48.

�©¸©©¾ ª§®§§¤ © ¾©±¥¡©º¤ ¾¦¦¸¦¤¨¦¾ «¤¬¡¯º¡ ¦®.�) x−1
2 = y+1

−3 = z−4
5 , 2x+ 3y − 5z − 1 = 0

+)






x = 2t− 1
y = 3t+ 5
z = −4t− 1

, 3x+ 4y − 2z = 0

]) {
x+ y − z − 1 = 0
2x− y + 4z + 5 = 0

, 5x− y − z + 2 = 0.o
49. M(0; 3; 10) ¬¢¡¯º¡ ¨©º¸£©¤ x−y+2z−4 = 0 ¾©±¥¡©º¨ E¶¸E¶¤¨¯ÿ§®�¸
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ª§®§§¤° ¥¢¡ª¯¥¡¢® ¯².o

50. M(1;−4; 3) ¬¢¡¯º¤ 2x− y − z − 1 = 0 ¾©±¥¡©º ¨¢¢¸¾ E¸¦¶ÿ¬°¡ ¦®.o
51. M(−1;−3; 2) ¬¢¡¥¢º 2x+3y−z−1 = 0 ¾©±¥¡©º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º©º¾ ¬¢¡¯º¡ ¦®.o
52. M(−1; 5; 8) ¬¢¡¯º¡ ¨©º¸£©¤ x−3

2 = y+5
4 = z

4
ª§®§§¤¨ E¶¸E¶¤¨¯ÿ§®�¸©º¾ ¾©±¥¡©º¤ ¥¢¡ª¯¥¡¢® ¯².o

53. M1(2; 0;−4), M2(0; 3; 5)
¬¢¡³³¨¯º¡ ¨©º¸£©¤ x−4

−1 = y
2 = z+5

0
ª§®§§¤¨E©¸©®®¶®µ ¾©±¥¡©º¤ ¥¢¡ª¯¥¡¢® ¯².o

54. M0(r0) ¬¢¡¯º¡ ©¡§§®£©¤ © rn1 +D1 = 0, rn2 +D2 = 0 ¾©±¥¡©º¤§§¨à¥©º E©¸©®®¶®µ ª§®§§¤° E©¸©¹¶¥¸¥¢º ±¶ÿ¥¦¸ © ÿ¦¦¸¨¯¤©¥°¤ ¾¢®à¢¸¥¢º ¾�®©¸ ¥¢¡ª¯¥¡¢® ¯² r0(x0; y0; z0), n1(A1;B1;C1),
n2(A2;B2;C2).o

55. M(−1; 5; 8) ¬¢¡¯º¡ ¨©º¸£©¤ OZ ¥¢¤¾®¢¡¥ E¶¸E¶¤¨¯ÿ§®�¸ ¾©±¥¡©º¤¥¢ªª¯¥¡¢® ¯².o
56. �)M(−1; 3; 2) ¬¢¡¢¢£ 2x−3y+z = 0 ¾©±¥¡©º, +) ÿ¦¦¸¨¯¤©¥°¤ ¢¾¢¢£

x+ y − z + 5 = 0 ¾©±¥¡©º ¾³¸¢¾ ´©º¡ ¦®.o
57. M1(3; 0; 1), M2(−1; 2; 0), M3(0; 0;−1), M4(2; 3; 1)

¦¸¦º¥¦º E¯¸©¹¯¨«¡²¢¢. M1
¦¸¦º¡¦¦£ M2M3M4 ¥©®£¥ §§®¡©£©¤ «¤¨¸¯º¡ ¦®.o

58. 2x− y + 3z − 5 = 0, 4x− 2y + 6z + 3 = 0 ¾©±¥¡©º¤§§¨°¤ ¾¦¦¸¦¤¨¦¾´©º¡ ¦®.o
59. 3x+ y − 2z − 5 = 0 ¾©±¥¡©º¤ ¾§±µ¨ M(1;−2; 5) ¬¢¡¥¢º ¥¢¡ª ¾¢¹¥¢º©º¾ N ¬¢¡¯º¡ ¦®.o
60. M1(2;−1; 3), M2(2; 1; 3)

¬¢¡³³¨¯º¡ ¨©º¸£©¤ «¡««¨ a(3;−1; 4) ±¶ÿà¥¦¸¥¢º E©¸©®®¶®µ ¾©±¥¡©º¤ ¥¢¡ª¯¥¡¢® ¯².o
61. 1) 2x− 3y + 5z − 7 = 0, 2) 4x+ 2y − 4z + 5 = 0,

3) 4x− 6y + 10z + 3 = 0, 4) 2x+ y + 2z − 1 = 0,
5) x− 3z + 2 = 0, 6) 2x− 5z − 7 = 0¾©±¥¡©º¤§§¨°¤ �) E©¸©®®¶®µ, E¶¸E¶¤¨¯ÿ§®�¸ ¢£¢¾¯º¡ ¥¦¡¥¦¦¾,+) ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¨ ©º¸®©®°¡ ´§¸©¾,]) ÿ¦¦¸¨¯¤©¥°¤ ¢¾¢¢£ ¢¨¡¢¢¸ ¾©±¥¡©º ¾³¸¢¾ ´©º¡ ¦®.o

62. Ü©±¥¡©º¤§§¨°¤ ¾¦¦¸¦¤¨¦¾ «¤¬¡¯º¡ ¦®.
a) x+ 3y − 5z + 1 = 0, 3x− 5y + z − 2 = 0+) 3x− 5z = 0, y + 1 = 0]) 5x− y + 2z + 1 = 0

© OY Z.o
63. M1(0; 0; 0), M2(1;−2; 3), M3(2;−1;−2), M4(−3;−3; 1) ¬¢¡³³¨¯º¡�) ¤¢¡ ¾©±¥¡©º ¨¢¢¸ ¦¸ª¯¾ ¢£¢¾¯º¡ ª©®¡©.+) (M1M2M3), (M2M3M4), (M1M3M4), (M1M2M4)

¾©±¥¡©º¤§§¨°¤¥¢¡ª¯¥¡¢®¯º¡ ¯².



4.33. pè�æèä âè âíîäíæ##î 143

]) M1
¬¢¡¢¢£ (M2M3M4)

¾©±¥¡©º ¾³¸¥¢®¾ ´©º¡ ¦®.�) (M1M2M3M4)
E¯¸©¹¯¨°¤ ¢´®¢¾³³¤¯º¡ ¦¦.o

64.
�©¸©©¾ ¤«¾¬®¯º¡ ¾©¤¡©¾ ¢®®¯E£¯º¤ ¾�®©¸ ¥¢¡ª¯¥¡¢®¯º¡ ¯².
a)
¹¦ÿ§£§§¨°¤ ¾¦¦¸¦¤¨¦¾ ´©º 6,

©¡© ¾©¡©£ ¥¢¤¾®¢¡ 4+) �¾ ¾©¡©£ ¥¢¤¾®¢¡ ¤µ 10, ¢ÿ£¬¶¤¥¸¯£¯¥¶¥ 0.6]) Ü©¡©£ ¥¢¤¾®¢¡³³¨¯º¤ ¤¯º®¢¸ 8, C¦ÿ§£§§¨°¤ ¾¦¦¸¦¤¨¦¾ ´©º 8�) Þ¢¡ C¦ÿ§£©©£ ¯¾ ¥¢¤¾®¢¡¯º¤ ¥«¡£¡«®³³¨ ¾³¸¢¾ ´©º 7; 1.o
65. x2 + 9y2 = 81 ¢®®¯E£¯º¤ ¢ÿ£¬¶¤¥¸¯£¯¥¶¥ © C¦ÿ§£°¡ ¦®.o
66. M1(

√
3;−2) M2(−2

√
3; 1) ¬¢¡³³¨¯º¡ ¨©º¸£©¤ ¢®®¯E£¯º¤ ¾�®©¸ ¥¢¡-ª¯¥¡¢®¯º¡ ¯²¯», ¥³³¤¯º ¢ÿ£¬¶¤¥¸¯£¯¥¶¥¯º¡ ¦®.o

67. 9x2 + 25y2 = 225 ¢®®¯E£ ¨¢¢¸ ¦¸ª¯¾ M ¬¢¡¢¢£ ©¸§§¤ C¦ÿ§£ ¾³¸¢¾´©º ¤µ ´³³¤ C¦ÿ§£ ¾³¸¢¾ ´©º¤©©£ 4 ¨©¾¯¤ ¯¾ ©º¾ M ¬¢¡¯º¡ ¦®.o
68. Ü¢¸¢± ¢®®¯E£¯º¤ ©¡© ¥¢¤¾®¢¡ ¤µ C¦ÿ§£©©£ ¥¢¡ª «¤¬¡««¸ ¾©¸©¡¨¨©¡¦® ¢¤¢ ¢®®¯E£¯º¤ ¢ÿ£¬¶¤¥¸¯£¯¥¶¥¯º¡ ¦®.o
69.

�©¸©©¾ ¤«¾¬®¯º¡ ¾©¤¡©£©¤ ¡¯E¶¸¦®°¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯².
a)
¹¦ÿ§£§§¨°¤ ¾¦¦¸¦¤¨¦¾ ´©º 16, ¦¸¦º¤§§¨°¤ ¾¦¦¸¦¤¨¦¾ ´©º 12+) á¦¨¯¥ ¾©¡©£ ¥¢¤¾®¢¡ ¤µ 3, ε = 5

3]) Ü§§¸¹©¡ ¾©¡©£ ¥¢¤¾®¢¡ ¤µ 2, ¡¯E¶¸¦® ¤µM(2
√

6, 2) ¬¢¡¯º¡ ¨©º¸¤©.o
70. ·®®¯E£¯º¤ ¢ÿ£¬¶¤¥¸¯£¯¥¶¥ ε = 2

3
¢®®¯E£ ¨¢¢¸ ¦¸ª¯¾ M ¬¢¡¯º¤C¦ÿ§£ ¾³¸¢¾ ´©º 10

¦® M ¬¢¡¢¢£ ¥¢¸ C¦ÿ§£°¤ ¥©®¨ ¦¸ª¯¾ ¨¯¸¶ÿ¥-¸¯£ ¾³¸¢¾ ´©º¡ ¦®.o
71. x2

9 + y2

5 = 1 ¢®®¯E£¯º¤M(2;−5
3 ) ¬¢¡¯º¤ C¦ÿ§£°¤ ¸©¨¯§£°¡ ©¡§§®£©¤ª§®§§¤° ¥¢¡ª¯¥¡¢® ¯².o

72.
�©¸©©¾ ¥¦¾¯¦®¨®§§¨©¨ ¢®®¯E£¯º¤ ¥¢¡ª¯¡¢® ¯².�) ¯¾ ¥¢¤¾®¢¡ ¤µ 26, C¦ÿ§£ ¤µ F1(−10; 0), F2(14; 0)+) á©¡© ¥¢¤¾®¢¡ ¤µ 2 C¦ÿ§£ ¤µ F1(−1;−1), F2(1; 1)]) C¦ÿ§£ ¤µ F1(−2; 3

2), F2(2;−3
2 ), ε =

√
3

2�) C¦ÿ§£ ¤µ F1(1; 3), F2(3; 1)
¨¯¸¶ÿ¥¸¯£³³¨¯º¤ ¾¦¦¸¦¤¨¦¾ ´©º 12

√
2.o

73. Ü¢¸¢± ¢®®¯E£¯º¤ ¢ÿ£¬¶¤¥¸¯£¯¥¶¥ ε = 2
3 , C¦ÿ§£ F (2; 1)

© ¢¤¢ C¦ÿ§-£°¤ ¥©®°¤ ¨¯¸¶ÿ¥¸¯£ ¤µ x = 5 ¥¢¡ª¯¥¡¢®¥¢º ¦® ¢®®¯E£¯º¤ ¥¢¡ª¯¥à¡¢® ¯².o
74. x2 − 4y2 = 16 ¡¯E¶¸¦®°¤ C¦ÿ§£, ¢ÿ£¬¶¤¥¸¯£¯¥¶¥, ©£¯¹E¥¦¥°¤¥¢¡ª¯¥¡¢®¯º¡ ¦®» ¡¯E¶¸¦®°¡ ©º¡§§®.o
75. 5x2 + 8y2 = 40 ¢®®¯E£¯º¤ C¦ÿ§£ ¨¢¢¸ ¦¸¦º¤§§¨ ¤µ ¦¸ª¯¾ C¦ÿ§£§§¨¤µ ¢¤¢ ¢®®¯E£¯º¤ ¦¸¦º ¨¢¢¸ ¦¸ª¯¾ ¡¯E¶¸¦®°¤ ¥¢¡ª¯¥¡¢® ¯².o
76. x2 − y2 = 8 ¡¯E¶¸¦® «¡£«¤ ©º¡. K(4; 6) ¬¢¡¯º¡ ¨©º¸£©¤, C¦ÿ§£ ¤µ«¡£«¤ ¡¯E¶¸¦®°¤ C¦ÿ§£¥©º ¨©±¾¬©¾ ¢®®¯E£¯º¤ ¥¢¡ª¯¥¡¢® ¯².o
77.

�¯¡®³³®¢¡² ¤µ 3x ± 4y = 0 ¥¢¡ª¯¥¡¢®¥¢º, C¦ÿ§£§§¨°¤ ¾¦¦¸¦¤¨¦¾
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´©º ¤µ 20-¥¦º ¥¢¤¬³³ ©º¾ ¡¯E¶¸¦®°¤ ¥¢¡ª¯¥¡¢® ¯².o

78. B¯E¶¸¦®°¤ C¦ÿ§£ ¤µ ©£¬¯££ ¥¢¤¾®¢¡ ¨¢¢¸ ÿ¦¦¸¨¯¤©¥°¤ ¢¾¯º¤¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º ©º¸®©¾ ¦® ¨©¸©©¾ ¥¦¾¯¦®¨®§§¨©¨ ¡¯E¶¸¦®°¤¥¢¡ª¯¥¡¢® ¯².�) ¡¯E¶¸¦®°¤M1(6;−1), M2(−8; 2
√

2) ¾¦Ý¸ ¬¢¡ «¡£«¤,+) ¡¯E¶¸¦®°¤M1(−5; 3) ¬¢¡, ε =
√

2,]) M1(
9
2 ;−1)

© ²¯¡®³³®¢¡² ¤µ y = ±2
3x ¥¢¡ª¯¥¡¢®¥¢º,�) ¡¯E¶¸¦®°¤M1(−3; 5

2) ¬¢¡ ¨¯¸¶ÿ¥¸¯£ ¤µ x = ±4
3 ,/) �¯¡®³³®¢¡² ¤µ y = ±3

4x
© ¨¯¸¶ÿ¥¸¯£ ¤µ x = ±16

5 .o
79. B¯E¶¸¦®°¤ ε = 13

12 , C¦ÿ§£ F (0; 13), ¢¤¢ C¦ÿ§£°¤ ¥©®°¤ ¨¯¸¶ÿ¥¸¯£
13y − 144 = 0 ¥¢¡ª¯¥¡¢®¥¢º ¦® ¡¯E¶¸¦®°¤ ¥¢¡ª¯¥¡¢® ¯².o

80. B¯E¶¸¦® ¨¢¢¸M1(1;−2) ¬¢¡ ¦¸ª¯¾ © C¦ÿ§£ F (−2; 2), ¢¤¢ C¦ÿ§£°¤¥©®°¤ ¨¯¸¶ÿ¥¸¯£ ¤µ 2x−y−1 = 0
¦® ¡¯E¶¸¦®°¤ ¥¢¡ª¯¥¡¢® ´¦¾¯¦.o

81. B¯E¶¸¦® ¨¢¢¸ A(−3;−5) ¬¢¡ «¡²¢¢. ¹¦ÿ§£ ¤µ F (−2;−3)
© ¢¤¢C¦ÿ§£°¤ ¥©®°¤ ¨¯¸¶ÿ¥¸¯£ x+ 1 = 0 ¥¢¡ª¯¥¡¢®¥¢º ¦® ¡¯E¶¸¦®°¤¥¢¡ª¯¥¡¢® ¯².o

82.
�©¸©©¾ ¤«¾¬®¯º¡ ¾©¤¡©£©¤ E©¸©¦®°¤ ¾�®©¸ ¥¢¡ª¯¥¡¢® ¯².
a) OX ¥¢¤¾®¢¡¯º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º, M(1;−2) ¬¢¡¯º¡ ¨©º¸£©¤+) OY ¥¢¤¾®¢¡¯º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º, C¦ÿ§£ ¤µ F (0;−3)

©º¾]) OY ¥¢¤¾®¢¡¯º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º, M(5; 3) ¬¢¡¯º¡ ¨©º¸£©¤.o
83. y2 = 24x E©¸©¦®°¤ C¦ÿ§£°¤ ÿ¦¦¸¨¯¤©¥°¡ ¦®», ¨¯¸¶ÿ¥¸¯££¯º¤¥¢¡ª¯¥¡¢® ¯².o
84. y2 = 10x E©¸©¦®°¤ C¦ÿ§£°¡ ¨©º¸§§®©¤ ¥³³¤¯º ¥¢¤¾®¢¡¥ E¶¸àE¶¤¨¯ÿ§®�¸ ¾«±² ¥©¥»¢¢. ·¤¢ ¾«±²¯º¤ §¸¥°¡ ¦®.o
85. OX ¥¢¤¾®¢¡¯º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º, x+y = 0ª§®§§¤ © x2+y2−8y =

0 ¹§¸§º¤ ¦¡¥®¦®°¤ ¬¢¡¯º¡ ¨©º¸£©¤ E©¸©¦®°¤ ¾�®©¸ ¥¢¡ª¯¥¡¢®¯².o
86.

¹¦ÿ§£ ¤µ OX ¥¢¤¾®¢¡ ¨¢¢¸ ÿ¦¦¸¨¯¤©¥°¤ ¢¾¯º¤ ´³³¤ ¥©®¨ ©º¸à®©¾ © E©¸©¹¶¥¸ p ¤µ 4x2 − 9y2 = 36 ¡¯E¶¸¦®°¤ C¦ÿ§£©©£ ¥³³¤¯º²¯¡®³³®¢¡² ¾³¸¢¾ ´©º¥©º ¥¢¤¬³³ ©º¾ E©¸©¦®°¤ ¾�®©¸ ¥¢¡ª¯¥¡¢®¯².o
87.

¹¦ÿ§£§§¨ ¤µ 5x2 + y2 = 20 ¢®®¯E£¯º¤ C¦ÿ§£§§¨¥©º ¨©±¾¬©¾ E©¸©-¦®§§¨°¤ ¾�®©¸ ¥¢¡ª¯¥¡¢® ¯².o
88.

�©¸©©¾ ¥¢¡ª¯¥¡¢®³³¨ �¹©¸ ª§¡©¹ ¨³¸£®¢¾¯º¡ ¥¦¡¥¦¦» ©º¡§§®.�) y = 3 − 4
√
x− 1, +) x = −4 + 3

√
y + 5,]) x = 2 −√

6 − 2y, �) y = −5 +
√
−3x− 21.o

89.
�©¸©©¾ E©¸©¦®§§¨°¤ ¦¸¦º¤ ¬¢¡, C¦ÿ§£°¤ E©¸©¹¶¥¸¯º¡ ¦®.�) y = 1

4x
2 + x+ 2 +) y = 4x2 − 8x+ 7, ]) y = −1

6x
2 + 2x− 7,�) x = 2y2 + 2y + 14, /) x = −1

4y
2 + y, Z) x = −y2 + 2y − 1.
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o
90.

¹¦ÿ§£ ¤µ F (7; 2), ¨¯¸¶ÿ¥¸¯£ ¤µ x− 5 = 0 ¥¢¡ª¯¥¡¢®¥¢º E©¸©¦®°¤¥¢¡ª¯¥¡¢® ¯².o
91.

�©¸©¦®°¤ C¦ÿ§£ ¤µ F (4; 3), ¨¯¸¶ÿ¥¸¯£ ¤µ y + 1 = 0
¦® ¥³³¤¯º¥¢¡ª¯¥¡¢®¯¡ ´¦¾¯¦.o

92.
�©¸©¦®°¤ ¦¸¦º ¤µ A(−2;−1)

© ¨¯¸¶ÿ¥¸¯£ ¤µ x + 2y − 1 = 0
¦®E©¸©¦®°¤ ¥¢¡ª¯¥¡¢® ¯².o

93.
�©¸©¦®°¤ ¦¸¦º A(6;−3), ¨¯¸¶ÿ¥¸¯£ ¤µ 3x−5y+1 = 0

¦® C¦ÿ§£°¡¦®.o
94.

�©¸©¦®°¤ C¦ÿ§£ ¤µ F (2;−1), ¨¯¸¶ÿ¥¸¯£ ¤µ x − y − 1 = 0
¦®E©¸©¦®°¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯².o

95.
�©¸©©¾ ¥¢¡ª¯¥¡¢®³³¨¢¨ �¹©¸ ª§¡©¹ ¨³¸£®¢¾¯º¡ ¥¦¡¥¦¦» ©º¡§§®.�) 3x2 − 4y2 + 18x+ 15 = 0 +) x2 + 2y2 − 2x+ 8y + 7 = 0]) 9x2 − 4y2 − 36x − 24y = 0 �) x2 + y2 + 4x− 10y + 20 = 0/) x2 − 10x+ 9 = 0 Z) x2 + 3y2 + 2x− 18y + 31 = 0¼) x2 + 8x+ y + 15 = 0.o

96.
�©¸©©¾ ¥¢¡ª¯¥¡¢®³³¨ �¹©¸ ¡©¨©¸¡§§ ¨³¸£®¢¾¯º¡ ¦¡¥®¦®°¤ ¥§£à®©¹»¥©º¡©©¸ ¥¦¡¥¦¦» ´§¸¡¯º¡ ´§¸.�) z = x2 + y2 +) 2x2 + y2 + z2 = 4 ]) x2 + y2 − 4z2 = 16�) z = x2 − y2 /) z = 2x2 + y2 + 1 Z) (x− 1)2 + 3y2 = z¼) x = 2 − z2 − y2 �) x2 + 2y2 = (z − 1)2 [) y2 = 2x�) 2x = x2 + y2 «) y2 = x2 + 4z2.o

97. A(2;−1;−3) ¬¢¡¯º¡ ¨©º¸©¤ ¡©¸©¾ C(3;−2; 1) ¬¢¡ ¨¢¢¸ ¥«±¥¢º «¹à«®¡¯º¤ ±¶ÿ¥¦¸ © ÿ¦¦¸¨¯¤©¥°¤ ¾¢®¢¸¥¢º ¥¢¡ª¯¥¡¢® ¯².o
98. x + 2y + 2z + 3 = 0 ¾©±¥¡©º¡ M(1; 1;−3) ¬¢¡¥ ª³¸¡¢£¢¤, r = 3¸©¨¯§£¥©º «¹«®¡¯º¤ ¥¢¡ª¯¥¡¢® ¯².o
99. á©º¡§§®©¡² ¤µ s(2;−3; 4) ±¶ÿ¥¦¸¥¢º E©¸©®®¶®µ, ²¯¡®³³®¢¡² ¤µ

{
x2 + y2 = 9
z = 1

ª§¡©¹ ©º¾ ¬¯®¯¤¨¸¯º¤ ¥¢¡ª¯¥¡¢®¯º¡ ¯².
o

100.
�¯¡®³³®¢¡² ¤µ {

x2 − y2 = z

x+ y + z = 0

© ©º¡§§®©¡² ¤µ ²¯¡®³³®¢¡²¯º¤
¦¸ª¯¾ ¾©±¥¡©º¨ E¶¸E¶¤¨¯ÿ§®�¸ ©º¾ ¬¯®¯¤¨¸¯º¤ ¥¢¡ª¯¥¡¢® ¯².o

101.
�¯¡®³³®¢¡² ¤µ {

x2 + y2 − z2 = 1
x− y + z = 0

© M(3;−1;−2) ¬¢¡ ¨¢¢¸ ¦¸¦ºà
¥¦º ÿ¦¤§£°¤ ¥¢¡ª¯¥¡¢® ¯².o

102.
P¦¦¸¨¯¤©¥°¤ ¢¾ ¨¢¢¸ ¦¸¦º¥¦º ²¯¡®³³®¢¡² ¤µ {

x2 − 2z + 1 = 0
y − z + 1 = 0©º¾ ÿ¦¤§£°¤ ¥¢¡ª¯¥¡¢® ¯².
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1. �) 3x+7y− 37 = 0, +) x+1 = 0 2. x− y+3 = 0 3. 3 ÿ±. ¤¢¡» 4.

a) a = ±2, +) a = −1
2 , ]) a = 8 6. x+ y − 1 = 0 7. 2x+ 5y − 10 = 0

11. �) 2x− 3y− 23 = 0, +) x− 2 = 0, ]) 2x+3y− 3 = 0 12. �) y = 1, +)
x = 5 16. �) 2x+3y− 4 = 0, +) x+ y− 5 = 0 17. a) 3x− 2y− 1 = 0,

+) 3x+4y−12 = 0 18. a) 5x+3y−7 = 0, +) 3x−5y−11 = 0 19. a)

2x+3y−7 = 0, +) 3x−2y+9 = 0 20. (3; 2) 22. �) ϕ = arccos 2√
5
, +)

ϕ = arccos 5√
26

, ]) ϕ = π
4 23. 9,6 24 5,5 26. 4x+ 2y − 5z + 9 = 0

27. x + 2y − 3z + 2 = 0 28. �) Ü©±¥¡©º ÿ¦¦¸¨¯¤©¥°¤ ¢¾¯º¡ ¨©º¸¤©, +)
Ü©±¥¡©º OX ¥¢¤¾®¢¡¯º¡ ¨©º¸¤©, ]) Ü©±¥¡©º OY ¥¢¤¾®¢¡¥¢º E©¸©®¶®µ, �)
OXZ ¾©±¥¡©º¥©º E©¸©®¶®µ 29. �) 2x+7y+z−12 = 0, +) x−3z−2 = 0,

]) x − y = 0 30. �) x−2
3 = y

−1 = z−1
1 , +) x+3

0 = y−2
1 = z+2

−1 31. a)

x−3
0 = y+4

0 = z−1
1 , +) x−3

2 = y+4
3 = z−1

0 , ]) x−3
0 = y+4

0 = z−1
1 32.

�) x−1
2 = y

7 = z−1
3 , +) x−3

0 = y+4
0 = z+5

2 , ]) x+3
2 = y

1 = z−5
3 33. a)

x−1
1 = y+2

3 = z−1
−4 , +) x+1

3 = y
1 = z−1

0 , ]) x
1 = y

−3 = z
2 , �) x−1

0 = y−1
0 = z−1

1

34. y+z−1 = 0 35. x+3y−3z−6 = 0 36. a) ¦¸ª¯¾¡³º, +) ¦¸ª¯¤¦
37. 2x+3y− z+4 = 0 38. 4x− 3y− z− 11 = 0 39. x− y− z+6 = 0

40. 2y − z + 5 = 0 41. x+1
2 = y−2

3 = z−3
−1 42. x−2

2 = y
3 = z+3

5

43. x−1
−7 = y−3

13 = z
1 44. �) ϕ = arccos 1

2
√

91
, +) ϕ = arccos 5√

38
, ])

ϕ = arccos 64
77 47. (r − r1) · a 48. �) ϕ = arcsin 15

19 , +) ϕ = arcsin 26
29 ,

]) ϕ = arcsin 8
9
√

2
49. x

1 = y−3
−1 = z−10

2 50. M ′(1
3 ,−11

3 ,
10
3 ) 51.

N(3, 3, 0) 52. x + 2y + 2z − 25 = 0 53. 18x + 9y + z − 32 = 0

54. r = r0 + (n1 × n2)t,
x− x0

∣
∣
∣
∣

B1 C1

B2 C2

∣
∣
∣
∣

=
y − y0

∣
∣
∣
∣

C1 A1

C2 A2

∣
∣
∣
∣

=
z − z0

∣
∣
∣
∣

A1 B1

A2 B2

∣
∣
∣
∣

55.

z = 8 56. �) 9√
14

, +) 5√
3

57. 11√
66

58. 13
2
√

14
59. N(7, 0, 1)
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60. a) ϕ = arccos 17
35 , +) ϕ = π

2 , ]) ϕ = arccos
√

5
6 64. a) x2

25 + y2

76 = 1,

+) x2

100 + y2

64 = 1, ]) x2

25 + y2

9 = 1, �) x2

16 + y2

7 = 1 65. F1(−6
√

2, 0),

F2(6
√

2, 0), ε = 2
√

2
3 66. x2

15 + y2

5 = 1, ε =
√

2
3 67. M(−15

4 ,±3
√

7
4 )

68.
√

2
2 69. a) x2

36 − y2

28 = 1, +) x2

9 − y2

16 = 0, ]) x2

12 − y2

4 = 1 70.

15 71. 5x + 12y + 10 = 0, x − 2 = 0 74. F1(−2
√

5, 0), F2(2
√

5, 0),

ε =
√

5
2 75. x2

3 − y2

5 = 1 76. x2

64 + y2

48 = 1 77. x2

64 − y2

36 = 1 79.

x2

25 − y2

144 = −1 80. 91x2 − 100xy + 16y2 − 136x + 86y − 47 = 0 81.

x2 − 4y2 − 6x − 24y − 47 = 0 82. a) y2 = 4x, +) x2 = −12y, ]) x2 =

25
3 y 83. F (6, 0), x = −6 84. 10 85. y2 = −4x 86. y2 = −4x

87. x2 = ±16y 90. x = 1
4y

2 − y + 7 91. y = 1
8x

2 − x + 3 92.

4x2−4xy+y2+32x+34y+89 = 0 93. F (9;−8) 94. x2+2xy+y2−6x+

2y+9 = 0 95. �) B¯E¶¸¦®, +) ·®®¯E£, ]) 2¡¥®¦®¬£¦¤ ¾¦£ ª§®§§¤, �)0¦º¸¦¡, /) Ü¦£ E©¸©®¶®µ ª§®§§¤, Z) Ü¦¦£¦¤ ¦®¦¤®¦¡, ¼ �©¸©¦® 96. �)
·¸¡¢®¥¯º¤ E©¸©¦®¦¯¨, +) B§¸±©¤ ¥¢¤¾®¢¡¥¢º ¢®®¯E£¦¯¨, ]) Þ¢¡ ¾«¤¨¯º¥
¡¯E¶¸¦®¦¯¨, �) B¯E¶¸¦®®¦¡ E©¸©¦®¦¯¨, /) ·®®¯E£®¢¡ E©¸©¦®¦¯¨, Z)
·®®¯E£®¢¡ E©¸©¦®¦¯¨, ¼) B¯E¶¸¦®®¦¡ E©¸©¦®¦¯¨, �)

P¦¤§£ ¡©¨©¸¡§§,
[) �©¸©¦®®¦¡ ¬¯®¯¤¨¸, �) �§¡§º ¬¯®¯¤¨¸, «) P¦¤§£ ¡©¨©¸¡§§ 98.

(x − 2)2 + (y − 3)2 + (z + 1)2 = 9, x2 + (y + 1)2 + (z + 5)2 = 9 99.

16x2 + 16y2 + 13z2 − 16xz + 24yz + 16x − 24y − 26z − 131 = 0 100.

x2 − y2 − 2zx+2zy+x+ y = 0 101. 3x2 − 5y2 +7z2 − 6xy− 2yz+10xz−

4y − 12x− 12z + 4 = 0 102. x2 + y2 − z2 = 0.



V �����. �s��t�u ������s�
5.1. y����� 4��4���
, ��� 4��4���
� �4�4�	4
�4��
x, y, z, . . . ¢®¶¹¶¤¥³³¨¯º¤ ¾¦¦£¦¤ ¯ª ¦®¦¤®¦¡ V © ¦¨¯¥ ¥¦¦¤° ¦®¦¤®¦¡
R-
¯º¡ ©±² ³´µ¶. V ¦®¦¤®¦¡¯º¤ (x, y) ¾¦£ ³¸¨ V ¦®¦¤®¦¡¯º¤ ¥¦¨¦¸¾¦º z¢®¶¹¶¤¥¯º¡ ¾©¸¡©®´§§®©¾ ¾§§®µ ¹¢¨¢¡¨£¢¤ ¡¢¶. ·¤¢ ¥¦¾¯¦®¨¦®¨ V ¦®¦¤à®¦¡ ¨¢¢¸ ¤¢¹¢¾ ³º®¨¢® ¡¢» ¤¢¸®¢¡¨¢¾ ¨¦¥¦¦¨ ³º®¨¢® ¥¦¨¦¸¾¦º®¦¡¨®¦¦ ¡¢»�¸¯¤©. z-

¯º¡ x, y ¢®¶¹¶¤¥³³¨¯º¤ ¤¯º®¢¸ ¡¢¾ © z = x + y ¡¢» ¯²¤¢.ß³¤¢¢£ ¡©¨¤© ∀x ∈ V
© ∀α ∈ R

³¸¨ V -
¯º¤ ¥¦¨¦¸¾¦º w ¢®¶¹¶¤¥¯º¡ ¾©¸à¡©®´§§®©¾ ¾§§®µ ¹¢¨¢¡¨¢» ©º±©® V ¨¢¢¸ ¡©¨©©¨ ³º®¨¢® ¥¦¨¦¸¾¦º®¦¡¨®¦¦¡¢¾ © ¢¤¢ V -

¯º¤ ¢®¶¹¶¤¥³³¨¯º¡ α ¥¦¦¡¦¦¸ ³¸»³³®¢¾ ³º®¨¢® ¡¢¤¢. ·®¶à¹¶¤¥ w-
¯º¡ x ¢®¶¹¶¤¥¯º¡ α ¥¦¦¡¦¦¸ ³¸»³³®£¢¤ ³¸»±¢¸ ¡¢» ¤¢¸®¢¢¨ z = ax§½§ z = xα ¡¢» ¥¢¹¨¢¡®¢¤¢.ôõôö÷ôøùôùú

. V ÒÎÒÊÎÒÓ ÐÁÁÂ ÆÒÐÒÂÍÒÖÎÒÓÐòÒÊ ÊÁÄÁÍ ËÅ ÆÒÒÓÒÒÂ ÌÂ�üÌÌÎÁÍ ÌÖÎÐÁÎ ÊÑ
1. x+ y = y + x, ∀x, y ∈ V

2. (x+ y) + z = x+ (y + z) = x+ y + z, x, y, z ∈ V

3. ∀x ∈ V,-ÇÖÊ ÍÔÃÑÐ x + 0 = x ËÅÖÍ 0
ÁÎÏÄÏÊÆ V -Ð ÒÂ�ÇÊ ËÅÖÍ 0 ∈ V .<ÊÁ ÆÁÓ ÁÎÏÄÏÊÆÇÖÓ V -ÇÖÊ ÆÁÓ ÁÎÏÄÏÊÆ ÓÁü ÊÁÂÎÁÊÁ.

4. ∀x ∈ V ËÌÂÐ x-ÇÖÊ ÁòÂÁÓ ÁÎÏÄÏÊÆ ÓÁü ÊÁÂÎÁÓÐÁÍ
x+ (−x) = 0 ÊÕÍÈÎÇÖÓ ÍÅÊÓÅÍ −x ÁÎÏÄÏÊÆ V -Ð ÒÎÐÒÍ
5. ∀x ∈ V , 1 · x = x

6. ∀α, β ∈ R ∀x, y ∈ V -ÇÖÊ ÍÔÃÑÐ α(βx) = (αβ)x
7. α(x+ y) = αx+ αy

8. (α+ β)x = αx+ βxIÅÊÅÂÆÅÖ ËÅÖÃÅÎ V ÒÎÒÊÎÒÓÇÖÓ ËÒÐÇÆ �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖ ËÔ�Ô ÃÏþÆÒÂÒÓÆÒÂÓÔÖ ÓÁÊÁ. <ÐÓÁÁÂ 1-8 IÅÊÅÂÉÓ �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖÊ ÅþòÇÒÄ ÓÁÊÁ.l§¡©¹©¤ ¦¡¥¦¸¡§º ³³£¡¢» ©º¡©© x, y, z, . . . ¢®¶¹¶¤¥³³¨¯º¤ ¦®¦¤®¦¡¯º¡ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ ¢®¶¹¶¤¥ §½§ ±¶ÿ¥¦¸§§¨ ¡¢» ¤¢¸®¢¢¨ x,y, z, . . . ¡¢»¥¢¹¨¢¡®¢¤¢.
ß³¤¥¢º ©¨¯®©©¸ ÿ¦¹E®¶ÿ£ ª§¡©¹©¤ ¦¡¥¦¸¡§º¡ ¥¦¨¦¸¾¦º®» ¦®¤¦. ·¤¨
R-
¯º¤ ¦¸¦¤¨ C-¡ ©±¤©.@©©ª¯¨ ¦¨¯¥ ÿ¦¹E®¶ÿ£ ¡¢» �®¡©¾¡³º¡¢¢¸ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¡¢» ¤¢¸®¢¶.Ü¢¸¢± ¦¨¯¥ © ÿ¦¹E®¶ÿ£ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¡¢» ¦¤¬®¦¤ ´©©¾ ¥¦¾¯¦®¨¦®¡©¸±©® ¦¨¯¥, ÿ¦¹E®¶ÿ£ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¡¢» ¥§£¡©º®©¤ ´©©¤©.l§¡©¹©¤ ¦¡¥¦¸¡§º¤ ¥¦¨¦¸¾¦º®¦®¥¦¦£ ¨©¸©©¾ «¡³³®¢¸ ¹«¸¨«¤ ¡©¸¤©.

1.
l§¡©¹©¤ ¦¡¥¦¸¡§º ´«±¾«¤ ¡©¤¬ ¥¢¡ ¢®¶¹¶¤¥¥¢º (±¶ÿ¥¦¸¥¦º).1ÅÆÅÎÓÅÅ. V ª§¡©¹©¤ ¦¡¥¦¸¡§º 01,02

¡¢£¢¤ 2 ¥¢¡ ¢®¶¹¶¤¥¥¢º ½¹ ¡¢¶.0¢¡±¢® 01 + 02 = 01, 02 + 01 = 02
¦®¦¾ © ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ ¤¢¡¨³¡¢¢¸
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²©¤©¸©©¸ 01 + 02 = 01, 02 + 01 = 02 ⇒ 01 = 02
©º¤©. N

2. V ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ x ¢®¶¹¶¤¥ ³¾¢¤ ´«±¾«¤ ¡©¤¬ ¢£¸¢¡ ¢®¶¹¶¤¥¥¢º.1ÅÆÅÎÓÅÅ. ∀x ∈ V ¢®¶¹¶¤¥ −x1,−x2
¡¢£¢¤ 2 ¢£¸¢¡ ¢®¶¹¶¤¥¥¢º ½¹ ¡¢¶.0¢¡±¢®

x + (−x1) + (−x2) = (x + (−x1)) + (−x2) = 0 + (−x2) = −x2

x + (−x1) + (−x2) = (x + (−x2)) + (−x1) = 0 + (−x1) = −x1·¨¡¢¢¸¯º¤ ¾¦Ý¸ ¥©®°¡ »¯ª¯» ³´±¢® −x1 = −x2. N

3. −x ¢®¶¹¶¤¥¯º¤ ¢£¸¢¡ ¢®¶¹¶¤¥ ¤µ x ©º¤©.
4. ∀x ∈ V ¢®¶¹¶¤¥¯º¡ 0 ∈ R-¢¢¸ ³¸»³³®¢¾¢¨ ¥¢¡ ¢®¶¹¶¤¥ ¡©¸¤©.1ÅÆÅÎÓÅÅ. 0 ·x = 0 ·x+ 0 = 0x+ [x + (−x)] = (0x +x) + (−x) = (0 + 1)x +
(−x) = x + (−x) = 0. N

5. −1 · x = −x.1ÅÆÅÎÓÅÅ. l§¡©¹©¤ ¦¡¥¦¸¡§º¤VII ©ÿ£¯¦¹, 4-¸ ¹«¸¨®«¡««¡ ¾¢¸¢¡®¢¤−1x+
x = (−1 + 1)x = 0 · x = 0

©º¾ © −1x = −x
©º¤©. N

6.
0¢¡ ¢®¶¹¶¤¥ © ¨§¸°¤ α-

¯º¤ ³¸»±¢¸ ¥¢¡ ¢®¶¹¶¤¥ ©º¤©.1ÅÆÅÎÓÅÅ. l§¡©¹©¤ ¦¡¥¦¸¡§º¤ ©ÿ£¯¦¹§§¨°¡ ¾¢¸¢¡®¢±¢®
α · 0 = α(x + (−x)) = α(x + (−1)x) = αx + α(−1)x = αx + (−αx) = 0. N

7. Ü¢¸¢±
αx = 0, α 6= 0 (5.1)¦®

x = 0
©º¤©. N1ÅÆÅÎÓÅÅ. α 6= 0 ⇒ 1

α
· αx = 1

α
0 ⇒ x = 0. N

8. Ü¢¸¢±
αx = 0, x 6= 0 (5.2)¦® α = 0

©º¤©.1ÅÆÅÎÓÅÅ. α 6= 0 ¡¢±¢® 1
α
· αx = 1

α
0 ⇒ x = 0

¦®¦¾ © ¤«¾¬«®¨ (x 6= 0)¾©¸ª¯®¤©. �º¹¨ α = 0. N

x,y ¢®¶¹¶¤¥³³¨¯º¤ �®¡©±¸°¡ x + (−y) ¡¢» ¥¦¨¦¸¾¦º®¦¾ © x − y ¡¢»¯²¤¢.ØÙÚÛÛ
5.1. M3

¤µ ³¾ ²«®««¥ ±¶ÿ¥¦¸§§¨°¤ ¦®¦¤®¦¡ ¡¢¶. �¶ÿ¥¦¸°¤¤¢¹¢¾, ¥¦¦¡¦¦¸ ³¸»³³®¢¾ ³º®¨®¯º¡ ¡§¸©±¨§¡©©¸ ³®¢¡¥ £§¨©®£¤©©¸ ¥¦¨¦¸à¾¦º®¦® M3
¤µ ¦¨¯¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦®¤¦.ØÙÚÛÛ

5.2. ·¸¢¹¢®¢¡¨£¢¤ n ¥¦¦¤° ¦®¦¤®¦¡
Rn = {(x1, x2, . . . , xn)|xi ∈ R}©±² ³´µ¶.

(x1, x2, . . . , xn) + (y1, y2, . . . , yn) = (x1 + y1, . . . , xn + yn) ∈ Rn, ∀α ∈ R-
¯º¤¾§±µ¨ α(x1, x2, . . . , xn) = (αx1, αx2, x1, αx2, . . . , αxn) ∈ Rn ¡¢» ³¸»³³®¢¾³º®¨®¯º¤ ¾§±µ¨ 1-8-¸ ²©¤©¸ ¯¶®¤¢. �º¹¨ Rn ¤µ ¦¨¯¥ ¯¶®¤¢. �º¹¨

Rn ¤µ ¦¨¯¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦®¤¦. Rn-
¯º¡ ©¸¯C¹¶¥¯ÿ ¦¡¥¦¸¡§º ¡¢»¤¢¸®¢¶.
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ØÙÚÛÛ

5.3. m× n ¢¸¢¹¯º¤ ¦¨¯¥ ¹©¥¸¯¬§§¨°¤ ¦®¦¤®¦¡ Rm×n-
¯º¡ ©±²³´µ¶. m × n ¢¸¢¹¯º¤ ¹©¥¸¯¬§§¨°¤ ¤¯º®¢¸, m × n ¢¸¢¹¯º¤ ¹©¥¸¯¬°¡

α ¥¦¦¡¦¦¸ ³¸»¯¾¢¨ ¡©¸©¾ ¹©¥¸¯¬ ¤µ ¹«¤ ® m× n ¢¸¢¹¯º¤ ¹©¥¸¯¬ ©º¾© 1-8-¸ ²©¤©¸°¡ ¾©¤¡©¤©.1ÒÐÒÎÆ. 0§¾©º®©® ∀Bm×n, Am×n ∈ Rm×n, ∀α, β ∈ R ©±©¾©¨ Am×n +
Bm×n = Cm×n ∈ R (¨¦¥¦¦¨ ³º®¨¢®), α · Am×n ∈ Rm×n (¡©¨©©¨ ³º®¨¢®)©º¤©. ·¤¢ ³º®¨®³³¨ ¤µ !"!ö

1. Am×n +Bm×n = Bm×n +Am×n !"!ö
2. Am×n +Bm×n + Cm×n = (Am×n +Bm×n) + Cm×n =

= Am×n + (Bm×n + Cm×n) !"!ö
3. Am×n +O = Am×n O ∈ Rm×n (¥¢¡ ¹©¥¸¯¬) !"!ö
4. Am×n + (−1)Am×n = O !"!ö
5. 1 ·Am×n = Am×n !"!ö
6. α(βAm×n) = (αβ)Am×n !"!ö
7. α(Am×n +Bm×n) = αAm×n + αBm×n !"!ö
8. (α+ β)Am×n = αAm×n + βAm×n²©¤©¸§§¨¥©º. �º¹¨ Rm×n

ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦®¤¦.ØÙÚÛÛ
5.4. C2 ÿ¦¹E®¶ÿ£ ¥¦¦¤° ¦®¦¤®¦¡ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦®¦¾°¡ ©¥©®.1ÒÐÒÎÆ. Rÿ£¯¦¹§§¨ ¯¶®¢¾¯º¡ ª©®¡©�.

1. ∀x,y ∈ C2, x = x1 + ix2, y = y1 + iy2

x + y = x1 + ix2 + y1 + iy2 = (x1 + y1) + i(x2 + y2)
y + x = y1 + iy2 + x1 + ix2 = (x1 + y1) + i(x2 + y2)

}

⇒
x + y = y + x

2. x,y, z ∈ C2, x = x1+ix2, y = y1+iy2, z = z1+iz2-
¯º¤ ¾§±µ¨ (x+y)+z =

x + (y + z)
©º¾ ¤µ ¯®¢¸¾¯º.

3. 0 = 0 + 0i ∈ C2 ©º¾ © ∀x ∈ C2-
¯º¤ ¾§±µ¨

x + 0 = (x1 + ix2) + (0 + 0i) = (x1 + 0) + i(x2 + 0) = x1 + ix2 = x

4. ∀x ∈ C2, x = x1 + ix2, h = h1 + ih2
©±©¾©¨ x + h = 0

¦®
x + h = (x1 + h1) + i(x2 + h2) = 0


a x1 + h1 = 0, x2 + h2 = 0. ·¤¨¢¢£

h1 = −x1, h2 = −x2
© h = −x1 + (−x2)i = −(x1 + ix2) = −x, −x ∈ C2

5. ∀x ∈ C2; 1 · x = x

6. ∀α, β ∈ R ©±©¾©¨ α(βx) = (αβ)x
7. α(x + y) = αx + αy

8. (α+ β)x = αx + βx²©¤©¸§§¨ ¯¶®¢¾ ¤µ ¯®¢¸¾¯º.ØÙÚÛÛ
5.5. 1×n ¹©¥¸¯¬§§¨°¤R1×n

¦®¦¤®¦¡¥ ¤¢¹¢¾ ³º®¨®¯º¡ ¹©¥¸¯¬°¤¤¢¹¢¾ ³º®¨¢®¥¢º ©¨¯®©©¸, ¾©¸¯¤ ¥¦¦¡¦¦¸ ³¸»³³®¢¾ ³º®¨®¯º¡
α ∈ R, α[x1, x2, . . . , xn] = [αx1, x2, . . . , xn]

¡¢» ¥¦¨¦¸¾¦º®¦® R1×n
¤µ ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ I–VII ©ÿ£¯¦¹§§¨°¡ ¾©¤à¡©¾ ¦®¦±² ¾©¸¯¤ VIII ©ÿ£¯¦¹°¡ ¾©¤¡©¾¡³º. �º¹¢¢£ ª§¡©¹©¤ ¦¡¥¦¸¡§º
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³³£¡¢¾¡³º.ØÙÚÛÛ
5.6. n ³® ¹¢¨¢¡¨¢¡²¥¢º m ª§¡©¹©¤ ¥¢¡ª¯¥¡¢®¯º¤ ¤¢¡ ¥«¸®¯º¤

Ax = 0 £¯£¥¶¹¯º¡ ©±² ³´µ¶.
rangA = r, r < n ¡¢¶. 0¢¡±¢® ¢¤¢ £¯£¥¶¹ ¤µ ¥«¡£¡«®¡³º ¦®¦¤ ª¯º¨¥¢º.·¤¢ ª¯º¨³³¨¯º¤ ¦®¦¤®¦¡¯º¡ V ¡¢±¢® ¢¤¢ ¤µ ª§¡©¹©¤ ¦¡¥¦¸¡§º ³³£¡¢¤¢.1ÒÐÒÎÆ. AX = 0 £¯£¥¶¹¯º¤ ¾¦Ý¸ ª¯º¨¯º¤ ¤¯º®¢¸, ª¯º¨¯º¡ ¥¦¦¡¦¦¸³¸»³³®£¢¤ ¤µ AX = 0-

¯º¤ ª¯º¨ ¦®¦¾ © V ¦®¦¤®¦¡ ¤µ ª§¡©¹©¤ ¦¡à¥¦¸¡§º¤ I–VIII ©ÿ£¯¦¹°¡ ¾©¤¡©¤©. �º¹¨ AX = 0, rangA < n £¯£¥¶¹¯º¤ª¯º¨³³¨¯º¤ ¦®¦¤®¦¡ ª§¡©¹©¤ ¦¡¥¦¸¡§º ³³£¡¢¤¢.
V ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ ¢®¶¹¶¤¥³³¨¯º¤ V1

¨¢¨ ¦®¦¤®¦¡ ¤µ
1. V1

¦®¦¤®¦¡¯º¤ ¢®¶¹¶¤¥³³¨¯º¤ ¤¯º®¢¸, ¥¦¦¡¦¦¸ ³¸»³³®¢¾ ³º®¨¢® ¤µ
V -¨ ¥¦¨¦¸¾¦º®¦¡¨£¦¤ ª¯¡ ¥¦¨¦¸¾¦º®¦¡¨£¦¤ ©º¾
2. ∀x,y ∈ V1 x + y ∈ V1

3. ∀α ∈ R x ∈ V1-
¯º¤ ¾§±µ¨ αx ∈ V1

©º¾ ¤«¾¬®¯º¡ ¾©¤¡©» ©º±©® V1-¯º¡ V ¦¡¥¦¸¡§º¤ ¨¢¨ ¦¡¥¦¸¡§º ¡¢¤¢. l§¡©¹©¤ ¦¡¥¦¸¡§º¤ ¨¢¨ ¦¡¥¦¸¡§º¤µ ª§¡©¹©¤ ¦¡¥¦¸¡§º ©º¤©. �«¸««¸ ¾¢®¢® ¨¢¨ ¦¡¥¦¸¡§º V1-
¨ ª§¡©¹©¤¦¡¥¦¸¡§º¤ I–VIII ©ÿ£¯¦¹ ¯¶®¤¢. 0§¾©º®©®:

∀x ∈ V1
©±©¾©¨ x · 0 ∈ V1 ⇒ x · 0 = 0 ∈ V1

©º¤©. ·¤¢ ¤µ V1
¨¢¨ ¦¡¥¦¸¡§º¨

0 ¢®¶¹¶¤¥ ©º¤© ¡¢£¢¤ ³¡.
∀x ∈ V1-

¯º¤ ¢£¸¢¡ ¢®¶¹¶¤¥ −x ∈ V1
©º¤©. ·¤¢ ¤µ (−1)x ∈ V1 ⇒ (−1)x =

−x ⇒ −x ∈ V1
¡¢» ©¥®©¡¨©» ©º¤©. ·¤¢ ¾¦Ý¸¦¦£ §£©¨ ©ÿ£¯¦¹§§¨ V1-

¨¯¶®¢¾ ¤µ ¯®¢¸¾¯º.l§¡©¹©¤ ¦¡¥¦¸¡§º¤ ¥¢¡ ¢®¶¹¶¤¥ 0 ¤µ ¨¢¨ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦®¤¦. Vª§¡©¹©¤ ¦¡¥¦¸¡§º¡ ««¸¯º¤¾«« ¨¢¨ ¦¡¥¦¸¡§º ¡¢» ³´¢» ¦®¤¦.

5.2.  O;�4����&� ������ 	������ N� ������ 	����z��� 
 N�
	
ôõôö÷ôøùôùú

. V �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖÊ x1,x2, . . . ,xn

ÃÏþÆÒÂÔÔÐÉÊ ÍÔÃÑÐ
y = α1x1 + α2x2 + · · · + α3xn, α1, α2, . . . , αn ∈ R

ÃÏþÆÒÂ V -Ð ÍÅÂª5ÅÎÅÓÐÅÊÅ (ÒÂÊÒ). y
ÃÏþÆÒÂÉÓ x1,x2, . . . ,xn

ÃÏþÆÒÂÔÔ�ÐÅÅÂ �ÔÓÅÄÅÊ ÇÎÁÂÍÇÖÎÁÓÐÎÁÁ ÓÁü 5ÂÇÊÅ. <ÊÁ y ÃÏþÆÒÂÉÓ x1,x2, . . . ,xnÃÏþÆÒÂÔÔÐÉÊ �ÔÓÅÄÅÊ ÁÃÎÌÌÎÁÓ ÓÁÊÁ. α1, α2, . . . , αn
ÆÒÒÊÔÔÐÉÓ ÁÊÁ �ÔÓÅ�ÄÅÊ ÁÃÎÌÌÎÓÇÖÊ þÒÁ��ÇÈÇÏÊÆÌÌÐ ÓÁÊÁ.ÀÁÂÁÃ x1,x2, . . . ,xn

ÃÏþÆÒÂÔÔÐÉÊ �ÔÓÅÄÅÊ ÁÃÎÌÌÎÓÇÖÊ ËÌÍ þÒÁ��ÇÈÇÏÊ�ÆÌÌÐ ÆÁÓÆÁÖ ÆÁÊÈÌÌ ÆÒÍÇÒÎÐÒÎÐ ÁÐÓÁÁÂÇÖÊ �ÔÓÅÄÅÊ ÁÃÎÌÌÎÁÓ ÊÑ ÆÁÓ ÃÏþ�ÆÒÂ ËÒÎü ËÅÖÃÅÎ x1,x2, . . . ,xn

ÃÏþÆÒÂÔÔÐÉÓ �ÔÓÅÄÅÊ ÍÅÄÅÅÂÅÎÓÌÖ ÓÁÊÁ.
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ÀÁÂÁÃ x1,x2, . . . ,xn

ÃÏþÆÒÂÔÔÐÉÊ �ÔÓÅÄÅÊ ÁÃÎÌÌÎÓÇÖÊ ËÌÍ þÒÁ��ÇÈÇÏÊ�ÆÌÌÐÅÅò 5ÐÅü ÊÁÓ ÊÑ ÆÁÓÁÁò 5ÎÓÅÅÆÅÖ ÌÏÐ ÁÐÓÁÁÂÇÖÊ �ÔÓÅÄÅÊ ÁÃÎÌÌÎÁÓÊÑ ÆÁÓ ÃÏþÆÒÂÉÓ ÕÓI ËÅÖÃÅÎ x1,x2, . . . ,xn

ÃÏþÆÒÂÔÔÐÉÓ �ÔÓÅÄÅÊ ÍÅÄÅÅÂ�ÅÎÆÅÖ ÓÁÊÁ.�¢¢¸¾ ¥¦¨¦¸¾¦º®¦®¥§§¨°¡
X¢¸¢± α1 = α2 = . . . = αn = 0 ³¶¨

α1x1 + α2x2 + . . . + αnxn = 0 (5.3)¯¶®» ©º±©® x1,x2, . . . ,xn
±¶ÿ¥¦¸§§¨°¡ ª§¡©¹©¤ ¾©¹©©¸©®¡³º, ¾¢¸¢±�¨©» ¤¢¡ αi 6= 0 ³¶¨ (5.3)
¯¶®» ©º±©® x1,x2, . . . ,xn

±¶ÿ¥¦¸§§¨ ª§¡©à¹©¤ ¾©¹©©¸©®¥©º ¡¢» ¥¦¨¦¸¾¦º®¤¦.B©¤¬ x 6= 0 ¢®¶¹¶¤¥¢¢£ ¥¦¡¥¦¾ £¯£¥¶¹ ª§¡©¹©¤ ¾©¹©©¸©®¡³º. ß¤¢¤¨¢¢
αx = 0 ¤µ ´«±¾«¤ α = 0 ³¶¨ ¯¶®¤¢.
¼«±¾«¤ ¡©¤¬ ¥¢¡ ±¶ÿ¥¦¸¦¦£ ¥¦¡¥¦¾ £¯£¥¶¹ ª§¡©¹©¤ ¾©¹©©¸©®¥©º. ·¤¢ ¤µ
α0 = 0 ¤µ α 6= 0 ³¶¨ ¯¶®¤¢ ¡¢¨¡¢¢£ ¹«¸¨«¤ ¡©¸¤©.ØÙÚÛÛ

5.7. M3
ª§¡©¹©¤ ¦¡¥¦¸¡§º¨ (»¯ª¢¢ 5.1) ¨§¸°¤ 2 ¥¢¡¢¢£ �®¡©©¥©ºÿ¦®®¯¤¶©¸ ±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®¥©º.1ÒÐÒÎÆ. 0¶¦¸¶¹ 3.1-¢¢£ x,y ±¶ÿ¥¦¸§§¨ ÿ¦®®¯¤¶©¸ ¦® x = λy

©º¾ λ ¥¦¦¦®¨¦¤¦. 0¢¡±¢® x − λy = 0
© ¢¤¢ ª§¡©¹©¤ ¢±®³³®¡¯º¤ ÿ¦¢CC¯¬¯¶¤¥³³¨¤µ 1,−λ ©º¤©. �º¹¨ x,y ª§¡©¹©¤ ¾©¹©©¸©®¥©º.l§¡©¹©¤ ¦¡¥¦¸¡§º¤ ±¶ÿ¥¦¸§§¨°¤ ¾§±µ¨ ¨©¸©©¾ «¡³³®¢¸³³¨ ¾³²¯¤¥¢º.

1.
l§¡©¹©¤ ¾©¹©©¸©®¥©º k ±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹¨ ¨§¸°¤ m ¥¦¦¤° ±¶ÿ¥¦à¸°¡ ¤¢¹» ¾©±£©¸¡©¾©¨ ¡©¸©¾ k +m ¥¦¦¤° ±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹ ª§¡©¹©¤¾©¹©©¸©®¥©º.1ÅÆÅÎÓÅÅ. x1,x2, . . . ,xk

±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®¥©º ¡¢» «¡«¡¨£«¤¥§®
α1x1 + α2x2 + . . .+ αkxk = 0 (5.4)¤µ ´©¸¯¹ ¤¢¡ αi 6= 0 ³¶¨ ¯¶®¤¢. x1,x2, . . . ,xk

£¯£¥¶¹¨ y1,y2, . . . ,ym
±¶ÿà

¥¦¸§§¨°¡ ¤¢¡¥¢¾¢¨ ¡©¸©¾ x1,x2, . . . ,xk, y1,y2, . . . ,ym
±¶ÿ¥¦¸§§¨°¤ ¾§±µ¨

((5.4)-¡ ¾©¸¡©®´©» ³´±¢®)
α1x1 + α2x2 + . . .+ αkxk + 0 · y1 + 0 · y2 + . . .+ 0 · ym = 0

(¢¤¨ ´©¸¯¹ αi 6= 0)
¯¶®¤¢. ·¤¢ ¤µ x1,x2, . . . ,xk, y1,y2, . . . ,ym

±¶ÿ¥¦¸§§¨ª§¡©¹©¤ ¾©¹©©¸©®¥©º¡ ´©©¤©. N

2.
l§¡©¹©¤ ¾©¹©©¸©®¡³º k ±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹¢¢£ ¨§¸°¤ m < k ¥¦¦¤°±¶ÿ¥¦¸§§¨°¡ ¾©£©» ¦¸¾¯¾¦¨ ³³£¢¾ ±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®¡³º £¯£à¥¶¹ ³³£¡¢¤¢.1ÅÆÅÎÓÅÅ. x1,x2, . . . ,xk

£¯£¥¶¹¢¢£ ¢¾¤¯º m < k ¥¦¦¤° ±¶ÿ¥¦¸§§¨°¡ ¾©-£©¾©¨ xm+1,xm+2, . . . ,xk
±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹ ³³£¤¢. ·¤¢ ³³££¢¤ £¯£¥¶¹
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ª§¡©¹©¤ ¾©¹©©¸©®¥©º ¦® x1,x2, . . . ,xk
£¯£¥¶¹ ª§¡©¹©¤ ¾©¹©©¸©®¥©º¦®¤¦. �º¹¨ xm+1,xm+2, . . . ,xk

ª§¡©¹©¤ ¾©¹©©¸©®¡³º. N

3. Ü¢¸¢± x1,x2, . . . ,xk
±¶ÿ¥¦¸§§¨°¤ ¨¦¥¦¸ x` = λxm, (` 6= m, ` < k)

©º¾
xl,xm

±¶ÿ¥¦¸§§¨ ©º¡©© ¦® x1,x2, . . . ,xk
±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®à¥©º.1ÅÆÅÎÓÅÅ. x1,x2, . . . ,xk

±¶ÿ¥¦¸§§¨°¤ ¾§±µ¨
0 · x1 + 0 · x2 + . . . + xl − λxm + . . .+ 0 · xk = 0

¢±®³³®¡¯º¤ ÿ¦¢CC¯¬¯¶¤¥³³¨ ´©¸¯¹ ¤µ ¥¢¡¥¢º ¥¢¤¬³³ ¯ª ©º¡©© ¥§®
x1,x2, . . . ,xk

±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®¥©º. N

4. x1,x2, . . . ,xk
±¶ÿ¥¦¸§§¨ ¨¦¥¦¸ ¥¢¡ 0 ±¶ÿ¥¦¸ ¦¸£¦¤ ©º±©® x1,x2, . . . ,xk±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®¥©º.1ÅÆÅÎÓÅÅ. xi = 0 α 6= 0 ¡¢¶. 0¢¡±¢®

0 · x1 + 0 · x2 + . . .+ 0 · xi−1 + α · xi + 0 · xi+1 + . . .+ 0 · xk = 0

¡¢£¢¤ ª§¡©¹©¤ ¢±®³³®¡¯º¤ ³¾ ÿ¦¢CC¯¬¯¶¤¥³³¨ ¨¦¥¦¸ xi = 0 ±¶ÿ¥¦¸°¤ÿ¦¢CC¯¬¯¶¤¥ α 6= 0
©º¤©. �º¹¨ x1,x2, . . . ,xi, . . . ,xk

±¶ÿ¥¦¸§§¨ ª§¡©¹©¤¾©¹©©¸©®¥©º. NFôöFG
5.1. x1,x2,x3, . . . ,xk (k > 1) ±¶ÿ¥¦¸§§¨°¤ ª§¡©¹©¤ ¾©¹©©¸©®¥©º©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ ¢¨¡¢¢¸ ±¶ÿ¥¦¸§§¨©©£ ¨¦¸ ¾©�»¤¢¡ ±¶ÿ¥¦¸ ¤µ ³®¨£¢¤ ±¶ÿ¥¦¸§§¨°¤¾©© ª§¡©¹©¤ ¢±®³³®¢¡ ¦®» ©º¾ ½¹.1ÅÆÅÎÓÅÅ. ⇒: x1,x2, . . . ,xk

±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®¥©º ¦®
k∑

i=1
αixi = 0 ª§¡©¹©¤ ¢±®³³®¡¯º¤ ÿ¦¢CC¯¬¯¶¤¥³³¨ ¨¦¥¦¸ ¨¦¸ ¾©�» ¤¢¡¤µ ¥¢¡¢¢£ �®¡©©¥©º ©º¤©. αm 6= 0 ¡¢¶. 0¢¡±¢®

xm =

k∑

i = 1

i 6= m

(

− αi

αm

)

xi =

k∑

i = 1

i 6= m

βixi buu xm −
k∑

i=1

βixi = 0

·¤¨ βi = − αi

αm

¦®¤¦. �º¤¾³³ xm
±¶ÿ¥¦¸ §£©¨ ±¶ÿ¥¦¸§§¨°¤¾©© ª§¡©¹©¤¢±®³³®¢¡ ¦®» ©º¤©.

⇐: xm
±¶ÿ¥¦¸ §£©¨ ±¶ÿ¥¦¸§§¨°¤¾©© ª§¡©¹©¤ ¢±®³³®¢¡ ¦®¨¦¡ ¡¢±¢® xm−

k∑

i = 1

i 6= m

βixi = 0 ¢±®³³®¡¯º¤ ÿ¦¢CC¯¬¯¶¤¥§§¨ ¨¦¥¦¸ ¥¢¡¢¢£ �®¡©©¥©º ÿ¦¢Cà
C¯¬¯¶¤¥ ¦®¨¦¤¦ (xm-

¯º¤ ÿ¦¢CC¯¬¯¶¤¥). �º¹¨ x1,x2, . . . ,xk
±¶ÿ¥¦¸§§¨ª§¡©¹©¤ ¾©¹©©¸©®¥©º. Nôõôö÷ôøùôùú

. |ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖÊ ÍÒûÂ ÃÏþÆÒÂ �ÔÓÅÄÅÊ ÍÅÄÅÅÂÅÎÆÅÖËÒÎ ÆÁÐÓÁÁÂÇÖÓ þÒÎÎÇÊÏÅÂ, �ÔÓÅÄÅÊ ÍÅÄÅÅÂÅÎÓÌÖ ËÒÎ þÒÎÎÇÊÏÅÂ ËÇ� ÃÏþ�ÆÒÂÔÔÐ ÓÁÊÁ.
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ÀÁÂÁÃ �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖÊ ÓÔÂÃÅÊ ÃÏþÆÒÂ �ÔÓÅÄÅÊ ÍÅÄÅÅÂÅÎÆÅÖ ËÒÎ ÆÁÐ-ÓÁÁÂÇÖÓ þÒÄDÎÅÊÅÂ, ÍÁÂÁÃ �ÔÓÅÄÅÊ ÍÅÄÅÅÂÅÎÓÌÖ ËÒÎ þÒÄDÎÅÊÅÂ ËÇ� ÃÏþ�ÆÒÂÔÔÐ ÓÁÊÁ.�º¤¾³³ §3.1-¨ £§¨©®£©¤ ±¶ÿ¥¦¸§§¨°¤ ÿ¦®®¯¤¶©¸, ÿ¦¹E®©¤©¸ ©º¾ ¤µ M3ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ ±¶ÿ¥¦¸§§¨§§¨°¤ ÿ¦®®¯¤¶©¸, ÿ¦¹E®©¤©¸ ©º¾¥©º ¨©±¾à¬©¤©.

5.3. y����� 4��4���
� ����V N� 	�'���. ÀU44���U
ôõôö÷ôøùôùú

. V �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖÐ
1. n ÆÒÒÊÉ �ÔÓÅÄÅÊ ÍÅÄÅÅÂÅÎÓÌÖ ÃÏþÆÒÂÔÔÐ ÒÎÐÐÒÓ.
2.
�ÔÂÉÊ n+ 1 ÆÒÒÊÉ ÃÏþÆÒÂÔÔÐ ÊÑ �ÔÓÅÄÅÊ ÍÅÄÅÅÂÅÎÆÅÖÓÁòÁÊ ÊÕÍÈÎÌÌÐ ËÇÏÎÐÁÓ ËÅÖÃÅÎ n ÆÒÒÓ �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖ V -ÇÖÊ ÍÁÄüÁÁòÓÁÊÁ. ÀÁÂÁÃ �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖ ÊÑ ÓÅÊÈÍÅÊ ÆÁÓ ÁÎÏÄÏÊÆÁÁò ÆÒÓÆòÒÊ ËÒÎÆÌÌÊÇÖ ÍÁÄüÁÁòÇÖÓ ÆÁÓ ÓÁü ÌóÊÁ.

V ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ ¾¢¹»¢¢£¯º¡ dimV (dimension-¸©´¹¶¸¤¦£¥µ) ¡¢» ¥¢¹-¨¢¡®¢¤¢. dimV = n
©º¾ V ª§¡©¹©¤ ¦¡¥¦¸¡§º¡ n ¾¢¹»¢¢£¥ ¦¡¥¦¸¡§º ¡¢»¤¢¸®¢¤¢.ôõôö÷ôøùôùú

. n ÍÁÄüÁÁòÆ V ÒÓÆÒÂÓÔÖÊ ÐÔÂÉÊ ÁÂÁÄËÁÎÁÓÐòÁÊ n ÆÒÒÊÉ�ÔÓÅÄÅÊ ÍÅÄÅÅÂÅÎÓÌÖ ÃÏþÆÒÂÔÔÐÉÓ ÁÊÁ ÒÓÆÒÂÓÔÖÊ òÔÔÂÑ (ËÅóÇò) ÓÁÊÁ.FôöFG
5.2. Ü¢¸¢± e1, e2, . . . , en

¤µ n ¾¢¹»¢¢£¥ ¦¡¥¦¸¡§º¤ £§§¸µ ¦® ¢¤¢¦¡¥¦¸¡§º¤ ¨§¸°¤ x ±¶ÿ¥¦¸ ¤µ e1, e2, . . . , en
£§§¸¯º¤ ±¶ÿ¥¦¸§§¨©©¸ ª§¡©à¹©¤ ¯®¢¸¾¯º®¢¡¨¢¤¢. �«¸««¸ ¾¢®¢®

x = α1e1 + α2e2 + . . .+ αnen©º¤©.1ÅÆÅÎÓÅÅ. ∀x ∈ V ¡¢¶. n ¾¢¹»¢¢£¥ ¦¡¥¦¸¡§º¨ n + 1 ¥¦¦¤° ±¶ÿ¥¦¸§§¨ª§¡©¹©¤ ¾©¹©©¸©®¥©º ©º¨©¡ ¥§® e1, e2, . . . , en,x
ª§¡©¹©¤ ¾©¹©©¸©®¥©º.

β1e1 + β2e2 + . . . + βnen + βn+1x = 0 (5.5)

ª§¡©¹©¤ ¢±®³³®¡¯º¤ ÿ¦¢CC¯¬¯¶¤¥³³¨ β1, β2, . . . , βn, βn+1
¤µ ¨¦¸ ¾©�» ¤¢¡¤µ ¥¢¡¢¢£ �®¡©©¥©º. Ü¢¸¢± βn+1 = 0

¦® β1, β2, . . . , βn
ÿ¦¢CC¯¬¯¶¤¥³³¨¨¦¥¦¸ ¨¦¸ ¾©�» ¤¢¡ βi 6= 0

©º¾ © e1, e2, . . . , en
±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©-¹©©¸©®¥©º ¦®¤¦. �º¹¢¢£ βn+1 6= 0

©º¤©. βn+1 6= 0 §²¸©©£ (5.5)-©©£
x = − β1

βn+1
e1 + (− β2

βn+1
)e2 + . . .+ (− βn

βn+1
)en = α1e1 + . . .+ αnen

¦®¤¦. ·¤¨ αi = βi

βn+1

©º¤©. N
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FôöFG
5.3. Ü¢¸¢± e1, e2, . . . , en

¤µ V ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ ª§¡©¹©¤ ¾©¹©©-¸©®¡³º ±¶ÿ¥¦¸§§¨ © ¢¤¢ ¦¡¥¦¸¡§º¤ ¨§¸°¤ ±¶ÿ¥¦¸ x ¤µ e1, e2, . . . , en-¢¢¸ª§¡©¹©¤ ¯®¢¸¾¯º®¢¡¨¨¢¡ ¦® V ¤µ n ¾¢¹»¢¢£¥ ¦¡¥¦¸¡§º ©º¤©.1ÅÆÅÎÓÅÅ. x1,x2, . . . ,xn,xn+1
¤µ V ¦¡¥¦¸¡§º¤ ¨§¸°¤ ±¶ÿ¥¦¸§§¨ ¡¢¶. ·¨-¡¢¢¸ ¨§¸°¤ n + 1 ±¶ÿ¥¦¸§§¨ ¤µ ª§¡©¹©¤ ¾©¹©©¸©®¥©º ¡¢» ©¥©®3�. 0¶¦à¸¶¹°¤ ¤«¾¬®««¸

x1 = α11e1 + α12e2 + . . .+ α1nen

x2 = α21e1 + α22e2 + . . .+ α2nen

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

xn+1 = αn+11e1 + αn+12e2 + . . .+ αn+1nen©º¤©. e1, e2, . . . , en-¡ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¡¢¨¡¯º¡ a¤¾©©¸©¤ ³´±¢®
n+1∑

i=1
βixi = β1(α11e1+. . .+α1nen)+β2(α21e1+. . .+α2nen)+. . .+βn+1(αn+11e1+

αn+12e2 + . . .+ αn+1nen) = 0 ¥¢¤¬¢® ¤µ ´«±¾«¤
α11β1 + α21β2 + . . .+ αn+11βn+1 = 0
α12β1 + α22β2 + . . .+ αn+12βn+1 = 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

α1nβ1 + α2nβ2 + . . .+ αn+1nβn+1 = 0







¯¶®¢¾ ³¶¨ ® ¯¶®¤¢.
n + 1 ³® ¹¢¨¢¡¨¢¡²¥¢º n ª§¡©¹©¤ ¥¢¡ª¯¥¡¢®¯º¤ ¤¢¡ ¥«¸®¯º¤ £¯£¥¶¹ ¥¢¡¯ª ª¯º¨¥¢º ©º¨©¡. ·¤¢ £¯£¥¶¹¯º¤ ª¯º¨ (β1, β2, . . . , βn+1)-

¯º¤ ¨¦¥¦¸�¨©» ¤¢¡ ¥¢¡¢¢£ �®¡©©¥©º ¥¦¦ ¦®¨¦¤¦. �º¹¨ n+1∑

i=1
βixi = 0 ¤µ x1,x2, . . . ,xn,

xn+1
±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®¥©º¡ ´©©¤©. �§¸°¤ n+ 1 ±¶ÿ¥¦¸§§¨ ¤µª§¡©¹©¤ ¾©¹©©¸©®¥©º © ¨§¸°¤ ±¶ÿ¥¦¸ ¤µ ª§¡©¹©¤ ¾©¹©©¸©®¡³º n ±¶ÿà¥¦¸¦¦¸ ª§¡©¹©¤ ¯®¢¸¾¯º®¢¡¨¢» ©º¡©© §²¸©©£ V ¦¡¥¦¸¡§º ¤µ n ¾¢¹»¢¢£-¥¢º. N

·¤¢ ¥¶¦¸¶¹¦¦£ ³´¢¾¢¨ V ¦¡¥¦¸¡§º¨ e1, e2, . . . , en
ª§¡©¹©¤ ¾©¹©©¸©®¡³º±¶ÿ¥¦¸§§¨ ¦®¨¦¦¨, ¢¤¢ ¦¡¥¦¸¡§º¤ ¨§¸°¤ ±¶ÿ¥¦¸ ¤µ e1, e2, . . . , en

±¶ÿ¥¦¸§§à¨©©¸ ª§¡©¹©¤ ¯®¢¸¾¯º®¢¡¨¢» ©º±©® V ¦¡¥¦¸¡§º n ¾¢¹»¢¢£¥¢º ©
e1, e2, . . . , en

±¶ÿ¥¦¸§§¨ ¤µ £§§¸µ ¦®¦¾ ¤µ ¾©¸©¡¨©» ©º¤©.ØÙÚÛÛ
5.8. ×¯ª¢¢ 5.1-¨ ©±² ³´£¢¤ M3

¦¡¥¦¸¡§º¨ i, j,k ±¶ÿ¥¦¸§§¨ ¤µ£§§¸µ ¦®¤¦.1ÒÐÒÎÆ. i, j, k ±¶ÿ¥¦¸§§¨ ÿ¦¹E®a¤©¸ ¯ª §²¸©©£ ª§¡©¹©¤ ¾©¹©©¸©®¡³º©º¤©. ¿«¤ dimM3 = 3.
�º¹¨ ∀x ∈M3 : x = a1i+a2j+a3k

¡¢» ¯²¯¡¨¢¤¢.
V, V ′ ¡¢£¢¤ ¾¦Ý¸ ª§¡©¹©¤ ¦¡¥¦¸¡§º ©±² ³´µ¶. Ü¢¸¢± ¢¨¡¢¢¸ ¦¡¥¦¸¡§º¤¢®¶¹¶¤¥³³¨¯º¤ ¾¦¦¸¦¤¨ ¾©¸¯®¬©¤ ¤¢¡ §¥¡©¥©º ¾©¸¡©®´©©¡ ¥¦¡¥¦¦£¦¤ ¦®
x ↔ x′, x ∈ V, x′ ∈ V ′ ¡¢» ¥¢¹¨¢¡®¢¶.
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ôõôö÷ôøùôùú

.
ÀÁÂÁÃ ∀x1,x2 ∈ V

ÅÃÅÍÅÐ x1 ↔ x′
1, x2 ↔ x′

2, x′
1,x

′
2 ∈

V ′ ËÅ x1 +x2 ↔ x′
1 +x′

2, αx1 ↔ αx′
1 α ∈ R ËÅÖÃÅÎ V, V ′ ÒÓÆÒÂÓÔÖÊÔÔÐÉÓÇóÒÄÒÂ� ÒÓÆÒÂÓÔÖ ÓÁÊÁ.FôöFG

5.4. Ü¦Ý¸ ¦¨¯¥ (ÿ¦¹E®¶ÿ£) ª§¡©¹©¤ ¦¡¥¦¸¡§º ¯»¯® ¾¢¹»¢¢£¥¢º©º¾ ´«±¾«¤ ¥¢¸ ³¶¨ ® ¯´¦¹¦¸C ©º¤©. �«¸««¸ ¾¢®¢® dimV = dimV ′ ⇔
V ' V ′ (

¯´¦¹¦¸C).

á©¥©®¡©©¡ §¤ª¯¡²¨©¨ ¨©£¡©® ¦®¡¦¤ ³®¨¢¢¶.
5.4.  O;�4�&� ;44������
FôöFG

5.5. Ü¢¸¢± e1, e2, . . . , en
¤µ V ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ £§§¸µ ¦®

∀x ∈ V -
¯º¤ ¾§±µ¨

x = α1e1 + α2e2 + . . .+ αnen (5.6)©º¾ (α1, α2, . . . , αn) ¥¦¦¤§§¨°¤ ¬¦¸ ¡©¤¬ £¯£¥¶¹ ¦®¨¦¤¦.1ÅÆÅÎÓÅÅ. 0¶¦¸¶¹ 5.2-¦¦¸ (5.6) ¥¢¤¬¢® ¯¶®¢¾ α1, α2, . . . , αn ¥¦¦¤§§¨°¤£¯£¥¶¹ ¦®¨¦¤¦. 2¨¦¦ ¯¨ ¥¯º¹ £¯£¥¶¹ ¡©¤¬ ¦®¨¦¤¦ ¡¢¨¡¯º¡ ©¥©®3�.
·£¸¢¡¢¢£ ¤µ (5.6) £¯£¥¶¹ ¯¶®¢¾ (α1, α2, . . . , αn), (β1, β2, . . . , βn) ¡¢£¢¤ 2 £¯£à¥¶¹ ¦®¨¨¦¡ ¡¢¶. 0¢¡±¢®

x = α1e1 + α2e2 + . . .+ αnen, x = β1e1 + β2e2 + . . .+ βnen© α1e1 + α2e2 + . . . + αnen = β1e1 + β2e2 + . . . + βnen
©º¤©. ·¤¨¢¢£

(α1 − β1)e1 + (α2 − β2)e2 + . . . + (αn − βn)en = 0
¦®¦¾ © e1, e2, . . . , enª§¡©¹©¤ ¾©¹©©¸©®¡³º ¥§® α1 − β1 = 0, α2 − β2 = 0, . . . , αn − βn = 0

§½§
α1 = β1, α2 = β2, . . . , αn = βn. N

(5.6)-Ó x ÃÏþÆÒÂÉÓ e1, e2, . . . , en

òÔÔÂÇÅÂ óÅÐÅÎòÅÊ óÅÐÅÂÓÅÅ ÓÁÊÁ. (5.6)-Ó

x = [e1, e2, . . . , en] ·








α1

α2
...
αn








ÓÁü ÄÅÆÂÇÈÅÊ ÍÁÎËÁÂÆ ËÇIÊÁ. (α1, α2, . . . , αn) ÆÒÒÊÔÔÐÉÓ x
ÃÏþÆÒÂÉÊ

(e1, e2, . . . , en)
òÔÔÂÑ ÐÅÍÑ þÒÒÂÐÇÊÅÆ ÓÁÁÐx(α1, α2, . . . , αn) ÓÁü ÆÁÄÐÁÓÎÁÊÁ.ØÙÚÛÛ

5.9.×¯ª¢¢ 5.1-¨ ©±² ³´£¢¤M3
¦¡¥¦¸¡§º¨ (O, i, j,k) ¥¢¡ª «¤¬«¡¥¨¶ÿ©¸¥°¤ ÿ¦¦¸¨¯¤©¥°¤ £¯£¥¶¹¯º¡ ©±©¾©¨ M3

¦¡¥¦¸¡§º¤ x ±¶ÿ¥¦¸°¤
(i, j,k) £§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥ ¤µ ¥³³¤¯º ¥¢¡ª «¤¬«¡¥ ÿ¦¦¸¨¯¤©¥¥©º ¨©±¾à¬©¤©.ØÙÚÛÛ

5.10. V ¤µ e1, e2, e3, e4, e5
£§§¸µ¥©º ¥©±©¤ ¾¢¹»¢¢£¥ ¦¡¥¦¸¡§º ½¹¡¢¶. �¡£«¤ £§§¸µ ¨©¾µ e2

© x = 3e1 − e3 + 2e4
±¶ÿ¥¦¸§§¨°¤ ÿ¦¦¸¨¯¤©¥°¡¦®.



5.4. �M�éíê$� �ííêîë�èé 157

1ÒÐÒÎÆ. e2,x
±¶ÿ¥¦¸§§¨ ¤µ e1, e2, e3, e4, e5

£§§¸¯©¸
x = 3e1 + 0 · e2 + (−1) · e3 + 2e4 + 0 · e5

e2 = 0 · e1 + 1 · e2 + 0 · e3 + 0 · e4 + 0 · e5¡¢» ¯®¢¸¾¯º®¢¡¨¢¤¢. �º¹¨ x = (3, 0,−1, 2, 0), e2 = (0, 1, 0, 0, 0) ÿ¦¦¸¨¯¤©¥à¥©º.�©¸©©¾ «¡³³®¢¸³³¨ ¾³²¯¤¥¢º.
1. 2¡¥¦¸¡§º¤ ±¶ÿ¥¦¸ ¥¢¡ ±¶ÿ¥¦¸ ©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«®¤µ ¥³³¤¯º ¨§¸°¤ £§§¸µ ¨©¾µ ³¾ ÿ¦¦¸¨¯¤©¥ ¥¢¡¥¢º ¥¢¤¬³³ ©º¾ ½¹.1ÅÆÅÎÓÅÅ. e1, e2, . . . , en

£§§¸µ¥ x ±¶ÿ¥¦¸°¤ ³¾ ÿ¦¦¸¨¯¤©¥§§¨ ¥¢¡¥¢º ¥¢¤-¬³³ ¦® x = 0 · e1 + 0 · e2 + . . .+ 0 · en = 0
© x ¤µ ¥¢¡ ±¶ÿ¥¦¸ ©º¤©.

Ü¢¸¢± e1, e2, . . . , en
£§§¸µ¥ x ±¶ÿ¥¦¸ ¤µ ¥¢¡ ±¶ÿ¥¦¸ ¦®
x = α1e1 + α2e2 + . . .+ αnen = 0

©º¤©. e1, e2, . . . , en-³³¨ ¤µ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¡¢¨¡¢¢£ α1 = α2 = α3 =
. . . = αn = 0

©º¤©. ·¤¢ ¤µ x ±¶ÿ¥¦¸°¤ ³¾ ÿ¦¦¸¨¯¤©¥ ¥¢¡¥¢º ¥¢¤¬³³¡¢¨¡¯º¡ ¾©¸§§®» ©º¤©. N

2. q¹©¸ ¤¢¡ £§§¸µ ¨©¾µ ¾¦Ý¸ ±¶ÿ¥¦¸°¤ ¤¯º®¢¸ ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥ ¤µ¤¢¹¢¡¨¢¾³³¤ ±¶ÿ¥¦¸°¤ ¾©¸¡©®´©¾ ÿ¦¦¸¨¯¤©¥§§¨°¤ ¤¯º®¢¸¥¢º ¥¢¤¬³³.1ÅÆÅÎÓÅÅ. e1, e2, . . . , en
£§§¸µ¥

x = α1e1 + α2e2 + . . . + αnen
§½§ x(α1, α2, . . . , αn)

y = β1e1 + β2e2 + . . . + βnen
§½§ y(β1, β2, . . . , βn)©º¨©¡ ¡¢¶. 0¢¡±¢®

x + y = (α1e1 + α2e2 + . . .+ αnen) + (β1e1 + β2e2 + . . . + βnen)

¤µ ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ I, II, VIII ©ÿ£¯¦¹¦¦¸
x + y = (α1 + β1)e1 + (α2 + β2)e2 + . . .+ (αn + βn)en

¦®¤¦. �¶ÿ¥¦¸°¡ £§§¸¯©¸ ´©¨®©¾ ´©¨©¸¡©© ¤¢¡ §¥¡©¥©º ©º¨©¡ §²¸©©£
x + y ¤µ α1 + β1, α2 + β2, . . . , αn + βn

ÿ¦¦¸¨¯¤©¥¥©º ¦®¤¦. N

3. q¹©¸ ¤¢¡ £§§¸µ ¨©¾µ ±¶ÿ¥¦¸°¡ ¥¦¦¡¦¦¸ ³¸»³³®¢¾¢¨ ¡©¸©¾ ±¶ÿ¥¦¸°¤ÿ¦¦¸¨¯¤©¥ ¤µ §§® ±¶ÿ¥¦¸°¤ ¢¤¢ £§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥°¡ ¥¢¸ ¥¦¦¡¦¦¸ ³¸à»³³®£¢¤¥¢º ¥¢¤¬³³.1ÅÆÅÎÓÅÅ. e1, e2, . . . , en
£§§¸µ. x ±¶ÿ¥¦¸°¤ ¢¤¢ £§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥

(α1, α2, . . . , αn) ¡¢¶.
∀λ ∈ R, λ 6= 0 ¥¦¦¡¦¦¸ x ±¶ÿ¥¦¸°¡ ³¸»³³®µ¶. x = α1e1 +α2e2 + . . .+αnen,
λx = λ(α1e1 + . . .+ αnen) ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ ©ÿ£¯¦¹§§¨°¡ ¾¢¸¢¡®¢±¢®

λx = (λα1)e1 + (λα2)e2 + . . .+ (λαn)en
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¦®¤¦. λx ±¶ÿ¥¦¸ ¤µ e1, e2, . . . , en

£§§¸µ¥ (λα1, λα2, . . . , λαn) ÿ¦¦¸¨¯¤©¥¥©º©º¤©. N

4. x ±¶ÿ¥¦¸ ¤µ x1,x2, . . . ,xk
±¶ÿ¥¦¸§§¨°¤ ª§¡©¹©¤ ¢±®³³®¢¡ ¦®» ©º¾´©º®ª¡³º ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ x ±¶ÿ¥¦¸°¤ �¹©¸ ¤¢¡ £§§¸µ ¨©¾µ ÿ¦¦¸à¨¯¤©¥ ³¸ ¤µ x1,x2, . . . ,xk
±¶ÿ¥¦¸§§¨°¤ ¾©¸¡©®´©¾ ÿ¦¦¸¨¯¤©¥°¤ ª§¡©¹©¤¢±®³³®¢¡ ©º¾ �±¨©® ½¹.

á©¥©®¡©©¡ £§¸©®¬©¡²¨©¨ ³®¨¢¢±.
5. Ü¦Ý¸ ±¶ÿ¥¦¸ ¥¢¤¬³³ ©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ ¤¢¡ £§§¸µ¨©¾µ ¾©¸¡©®´©¾ ÿ¦¦¸¨¯¤©¥§§¨ ¤µ ¥¢¤¬³³ ©º¾ �±¨©® ½¹.
·¨¡¢¢¸ ²©¤©¸§§¨ ¤µ ±¶ÿ¥¦¸ ¨¢¢¸ ¾¯º¾ ³º®¨®³³¨ ¤µ ¥¢¨¡¢¢¸¯º¤ ÿ¦¦¸¨¯à¤©¥§§¨ ¨¢¢¸ ¾¯º¾ ³º®¨¢® ½¹ ¡¢¨¡¯º¡ ´©©» ©º¤©.ØÙÚÛÛ

5.11. q¹©¸ ¤¢¡ £§§¸µ¥ x(2,−1, 3, 5), y(−1, 4, 0,−2) ±¶ÿ¥¦¸§§¨«¡²¢¢. 2x − 3y ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥°¡ ¦®.1ÒÐÒÎÆ. 2x(4,−2, 6, 10), − 3y(3,−12, 0, 6) ±¶ÿ¥¦¸§§¨°¤ ¤¢¹µ¶. 2x − 3y =
2x + (−3y) = 4e1 − 2e2 + 6e3 + 10e4 + (3e1 − 12e2 + 0 · e3 + 6e4) = 7e1 −
14e2 + 6e3 + 16e4 2x − 3y ±¶ÿ¥¦¸ ¤µ (7,−14, 6, 16) ÿ¦¦¸¨¯¤©¥¥©º.
5.5.  O;�4����&� ����O�
� �����

x1(a11, a21, . . . , an1)
x2(a12, a22, . . . , an2)
x3(a13, a23, . . . , an3)
. . . . . . . . . . . . . . . . . . . . .

xm(a1m, a2m, . . . , anm)

(5.7)

n ¾¢¹»¢¢£¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ �¹©¸ ¤¢¡ £§§¸µ ¨©¾µ ±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹«¡²¢¢ ¡¢¶.
·¤¢ ±¶ÿ¥¦¸§§¨°¤ ÿ¦¦¸¨¯¤©¥§§¨©©¸ ¹©¥¸¯¬ ´¦¾¯¦±¦®

A =








a11 a12 . . . a1m

a21 a22 . . . a2m

. . . . . .
... . . .

an1 an2 . . . anm








(5.8)

¢¤¢ ¹©¥¸¯¬°¤ j-¸ ©¡©¤© ¤µ xj
±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥§§¨ ©º¤©.<ÊÁ A ÄÅÆÂÇÈÉÓ x1,x2, . . . ,xm

ÃÏþÆÒÂÔÔÐÉÊ òÇòÆÏÄÇÖÊ ÕÓòÕÊ òÔÔÂÑ ÐÅÍÑÄÅÆÂÇÈ ÓÁÊÁ.
ß³¤¯º §¸±§§ ¤µ ¾¢¸¢± (5.8) ¹©¥¸¯¬ «¡«¡¨±«® ³³¤¨ ¾©¸¡©®´£©¤ n ¾¢¹»¢¢£¥¦¡¥¦¸¡§º¤ m ±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹¯º¡ ´¦¾¯¦» ¦®¤¦.
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Ü¢¸¢± (5.8) ¹©¥¸¯¬°¤ k ¥¦¦¤° ©¡©¤§§¨©¨ ¾©¸¡©®´©¾ ±¶ÿ¥¦¸§§¨ ¤µ ª§¡©à¹©¤ ¾©¹©©¸©®¡³º ¦® ¥¢¨¡¢¢¸ ©¡©¤§§¨°¡ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¡¢» ³´¨¢¡.ß³¤¯º §¸±§§¡ ¤µ (5.8) ¹©¥¸¯¬°¤ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ©¡©¤§§¨©¨ ¾©¸à¡©®´©¾ ±¶ÿ¥¦¸§§¨ ¤µ ¹«¤ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ©º¤© ¡¢» ³´¤¢.FôöFG
5.6. n ¾¢¹»¢¢£¥ ¦¡¥¦¸¡§º¤ m ±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®¡³º©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ m ±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹¯º¤ ¹©¥-¸¯¬°¤ ¸©¤¡ m-¥¢º ¥¢¤¬¢¾ ½¹.1ÅÆÅÎÓÅÅ. ⇒: (5.7) £¯£¥¶¹ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ½¹ ¡¢¶. 0¢¡±¢® ¢¨¡¢¢¸±¶ÿ¥¦¸§§¨ ¨¦¥¦¸ ¥¢¡ ±¶ÿ¥¦¸ ©º¾¡³º © A ¹©¥¸¯¬°¤ ¸©¤¡ ¥¢¡¢¢£ ¯¾ ©º¤©.á¯¨ rangA < m ¡¢» ³´µ¶. A§§¸µ ¹¯¤¦¸°¤ ¥§¾©º ¥¶¦¸¶¹ 1.15-©©¸ A ¹©¥-¸¯¬°¤ £§§¸µ ¯ª ©¡©¤© ¤µ £§§¸µ ©¡©¤§§¨°¤ ª§¡©¹©¤ ¢±®³³®¢¡ ¦®¤¦.�º¹¨ ¢¤¢ ©¡©¤©¨ ¾©¸¡©®´©¾ ±¶ÿ¥¦¸ ¤µ £§§¸µ ©¡©¤§§¨©¨ ¾©¸¡©®´©¾ ±¶ÿà¥¦¸§§¨°¤ ª§¡©¹©¤ ¢±®³³®¢¡ ©º¤©. ·¤¢ ¤µ ±¶ÿ¥¦¸§§¨°¤ (5.7) £¯£¥¶¹ª§¡©¹©¤ ¾©¹©©¸©®¥©º¡ ¾©¸§§®» ©º¤©. �º¹¨ rangA = m

©º¤©.
⇐: rangA = m ¡¢¶. 0¢¡±¢® A ¹©¥¸¯¬°¤ £§§¸µ ¹¯¤¦¸ M ¤µ m ¢¸¢¹¢¥¢º©º¤©.
x1,x2, . . . ,xm

±¶ÿ¥¦¸§§¨°¡ ª§¡©¹©¤ ¾©¹©©¸©®¥©º ½¹ ¡¢¶. 0¢¡±¢® A ¹©à¥¸¯¬°¤ ©¡©¤§§¨°¤ ©®µ ¤¢¡ ¤µ §£©¨ ³®¨£¢¤ ©¡©¤§§¨°¤¾©© ª§¡©¹©¤¢±®³³®¢¡ ¦®¤¦. ·¤¢ ¤µ M ¹¯¤¦¸°¤ ¾©¸¡©®´©¾ ©¡©¤© §£©¨ ©¡©¤§§¨à°¤¾©© ª§¡©¹©¤ ¢±®³³®¢¡ ¦®» ©º¡©©¡ ´©©¤©. ·¤¨¢¢£ M = 0
¦®¤¦. ·¤¢¤µM £§§¸µ ¹¯¤¦¸ ¡¢¨¢¡¥ ¾©¸ª¯®» ©º¤©. �º¹¨ x1,x2, . . . ,xm
±¶ÿ¥¦¸§§¨ª§¡©¹©¤ ¾©¹©©¸©®¡³º. N�iöõùijii

1. n ¾¢¹»¢¢£¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ n ±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹ª§¡©¹©¤ ¾©¹©©¸©®¡³º ©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ n ±¶ÿà¥¦¸§§¨°¤ £¯£¥¶¹¯º¤ ¹©¥¸¯¬ ³® «¾«¾ ½¹.�iöõùijii
2. Ü¢¸¢± m ±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹¯º¤ ¹©¥¸¯¬°¤ ¸©¤¡ ¤µ r ¦®¢¤¢ £¯£¥¶¹ ±¶ÿ¥¦¸§§¨°¤ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ±¶ÿ¥¦¸§§¨°¤ ¹©ÿ£¯¹©®µ¥¦¦ r-¥¢º µ¢¤¬³³ ©º¤©.ØÙÚÛÛ

5.12. x1(2, 3,−1, 4), x2(−1, 1, 2, 0), x3(0, 0, 1, 1), x4(1, 4, 1, 4),
x5(2, 3, 0, 5) ±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹¨ ©º¡©© ª§¡©¹©¤ ¾©¹©©¸©®¡³º ±¶ÿ¥¦¸§§-¨°¤ ¹©ÿ£¯¹©®µ ¥¦¦¡ ¦®.1ÒÐÒÎÆ. ·¤¢ ±¶ÿ¥¦¸°¤ £¯£¥¶¹¯º¤ ¹©¥¸¯¬ ¤µ

A =







2 −1 0 1 2
3 1 0 4 3
−1 2 1 1 0
4 0 1 4 5







©º¤©. ·¤¢ ¹©¥¸¯¬°¤ ¸©¤¡ 3-¥©º ¥¢¤¬³³ ©º¤©. �º¹¨ ¢¤¢ ±¶ÿ¥¦¸§§¨°¤£¯£¥¶¹¨ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ±¶ÿ¥¦¸§§¨°¤ ¹©ÿ£¯¹©®µ ¥¦¦ ¤µ 3
©º¤©.



160 V âãäåæ. }#æè>è� íæéíêæ#ð
5.6. ?������ ����V� ���'�	 �����.  O;�4�&� ;44���z���&� 	�9����	
V ª§¡©¹©¤ ¦¡¥¦¸¡§º¤

e1, e2, . . . , en (5.9)

e′1, e
′
2, . . . , e

′
n (5.10)¡¢£¢¤ 2 (

©´¯£) £§§¸¯º¤ ±¶ÿ¥¦¸§§¨°¡ ©±² ³´µ¶.ôõôö÷ôøùôùú
. e′1, e

′
2, . . . , e

′
n

ÃÏþÆÒÂÔÔÐÉÊ òÇòÆÏÄÇÖÊ (e1, e2, . . . , en)òÔÔÂÑ ÐÅÍÑ ÄÅÆÂÇÈÉÓ (5.9) òÔÔÂÇÖÊ (5.10)
òÔÔÂÑÆ �ÇÎüÇÍ ÄÅÆÂÇÈ ÓÁÊÁ.0¦¨¦¸¾¦º®¦®¥¦¦£ ³´¢¾¢¨, ¾¢¸¢± (5.9) £§§¸¯©£ (5.10) £§§¸µ¥ ª¯®»¯¾ ¹©¥-¸¯¬ ¤µ

T =








t11 t12 . . . t1n

t21 t22 . . . t2n

. . . . . .
. . . . . .

tn1 tn2 . . . tnn








(5.11)

¦®






e′1 = t11e1 + t21e2 + . . .+ tn1en

e′2 = t12e1 + t22e2 + . . .+ tn2en

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

e′n = t1ne1 + tn2e2 + . . .+ tnnen

§½§

[e′1, e
′
2, . . . , e

′
n] = [e1, e2, . . . , en] · T (5.12)

©º¤©.0¶¦¸¶¹ 5.6-¡©©¸ ¦® £§§¸¯©£ £§§¸µ¥ ª¯®»¯¾ ª¯®»¯®¥¯º¤ ¹©¥¸¯¬ ¤µ ³®«¾«¾ © n ¢¸¢¹¯º¤ ³® «¾«¾ ¹©¥¸¯¬ ³¾¤¯º¡ n ¾¢¹»¢¢£¥ ¦¡¥¦¸¡§º¤ ¤¢¡£§§¸¯©£ ¤«¡«« £§§¸µ¥ ª¯®»¯®¥¯º¤ ¹©¥¸¯¬ ¡¢» ³´¢» ¦®¤¦.
(5.11) ¹©¥¸¯¬°¤ §¸±§§ ¹©¥¸¯¬ T−1 ¤µ (5.10) £§§¸¯©£ (5.9) £§§¸µ¥ ª¯®»¯¾ª¯®»¯®¥¯º¤ ¹©¥¸¯¬ ¦®¤¦.ØÙÚÛÛ

5.13.
l§¡©¹©¤ ¦¡¥¦¸¡§º M2-

¨ i, j
© e1, e2

£§§¸¯§¨°¡ ©±² ³´µ¶
(´§¸©¡ 74). i, j £§§¸¯©£ e1, e2

£§§¸µ¥ ª¯®»¯¾ ¹©¥¸¯¬°¡ ¯².
6

-S
S

S
S

S
So

�
�

�
�

��3
e2

j

e1

i

ϕ

O�����
74

1ÒÐÒÎÆ. ·¤¢ ¥¦¾¯¦®¨¦®¨
e1 = i cosϕ+ j sinϕ
e2 = −i sinϕ+ j cosϕ

}

©º¤©. i, j £§§¸¯©£ e1, e2
£§§¸µ¥ ª¯®»¯¾¹©¥¸¯¬ ¤µ

T =

[
cosϕ sinϕ
− sinϕ cosϕ

]
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P¦¦¸¨¯¤©¥°¡ ¾§±¯¸¡©¾ ¦¨®¦¡¦ ¤µ ««¸ ««¸ £§§¸µ ¨©¾µ ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯à¤©¥§§¨°¤ ¾¦¦¸¦¤¨°¤ ¾©¹©©¸©®°¡ ¥¦¡¥¦¦¾ ¦¨®¦¡¦ ¦®¤¦.ôõôö÷ôøùôùú
. ¿Êó ËÌÂÇÖÊ òÔÔÂÑ ÐÅÍÑ ÃÏþÆÒÂÉÊ þÒÒÂÐÇÊÅÆÔÔÐÉÓ ÍÒÎ�ËÒòÒÊ ÆÒÄªûÒÓ þÒÒÂÐÇÊÅÆÉÓ ÍÔÃÇÂÓÅÍ ÆÒÄªûÒ ÓÁÊÁ.FôöFG

5.7. Ü¢¸¢± x ±¶ÿ¥¦¸ ¤µ e1, e2, . . . , en
£§§¸µ¥ (α1, α2, . . . , αn) ÿ¦¦¸à¨¯¤©¥¥©º, e′1, e

′
2, . . . , e

′
n
£§§¸µ¥ (α′

1, α
′
2 . . . , α

′
n) ÿ¦¦¸¨¯¤©¥¥©º ¦®








α1

α2
...
αn








= T








α′
1

α′
2
...
α′

n








§½§ X = TX ′ ©º¤©. ·¤¨ X = [α1, α2, . . . , αn]¥, X ′ = [α′
1, α

′
2, . . . , α

′
n]¥,

T ¤µ e1, e2, . . . , en
£§§¸¯©£ e′1, e′2, . . . , e′n £§§¸µ¥ ª¯®»¯¾ ¹©¥¸¯¬1ÅÆÅÎÓÅÅ. 0¶¦¸¶¹°¤ ¤«¾¬®««¸

x = [e1, e2, . . . , en]X (5.13)

x = [e′1, e
′
2, . . . , e

′
n]X ′ (5.14)©º¤©. (5.12)

© (5.14)-©©£
x = [e1, e2, . . . , en]TX ′ (5.15)

¡¢» ¡©¸¤©.�¶ÿ¥¦¸°¡ £§§¸¯©¸ ´©¨®©¾ ´©¨©¸¡©© ¤¢¡ §¥¡©¥©º ¡¢¨¡¯º¡ ©¤¾©©¸©¤ ³´±¢®
(5.13), (5.15)-©©£

X = TX ′ (5.16)©º¾ ¤µ ¾©¸©¡¨©» ©º¤©. (5.16)-¦¦£
X ′ = T−1X (5.17)

¡¢» ¡©¸¤©. N

(5.16)
© (5.17) ¥¦¹3Ý¦¤§§¨°¡ ÿ¦¦¸¨¯¤©¥°¡ ¾§±¯¸¡©¾ ¥¦¹3Ý¦ ¡¢¤¢.ØÙÚÛÛ

5.14. x ±¶ÿ¥¦¸ ¤µ e1, e2
£§§¸µ¥ (1,−2) ÿ¦¦¸¨¯¤©¥¥©º ¦® ¢¤¢±¶ÿ¥¦¸°¤ e′1 = e1, e′2 = e1 + e2
£§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥°¡ ¦®.1ÒÐÒÎÆ. e1, e2

£§§¸¯©£ e′1, e′2 £§§¸µ¥ ª¯®»¯¾ ª¯®»¯®¥¯º¤ ¹©¥¸¯¬ ¤µ
T =

[
1 1
0 1

]
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©º¤©. x ±¶ÿ¥¦¸°¤ e′1, e

′
2
£§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥°¡ (α′

1, α
′
2)
¡¢±¢®

[
α′

1

α′
2

]

= T−1

[
1
−2

]

=

[
1 −1
0 1

]

·
[

1
−2

]

=

[
3
−2

]

¦®¦¾ © α′
1 = 3, α′

2 = −2
©º¤©.

5.7. Â9;��� 4��4���
� �4�4�	4
�4��
á¦¨¯¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º V -¡ ©±² ³´µ¶. l§¡©¹©¤ ¦¡¥¦¸¡§º¨ ±¶ÿ¥¦¸§§à¨°¤ ¤¢¹¢¾, ±¶ÿ¥¦¸°¡ ¥¦¦¡¦¦¸ ³¸»³³®¢¾ ¡¢£¢¤ ³º®¨®³³¨¢¢£ ¡©¨¤© ««¸ ¤¢¡³º®¨¢® ¦¸§§®3�.ôõôö÷ôøùôùú

. ∀x,y ∈ V ÓÁòÁÊ ÍÒò ÃÏþÆÒÂ ËÌÂÐ ÊÁÓ ËÒÐÇÆ (x,y) ÆÒÒÓÍÅÂÓÅÎóÔÔÎª5. <ÊÁ ÊÑ ÍÅÂÓÅÎóÅÅ ÊÑ ÐÅÂÅÅÍ IÅÊÅÂÆÅÖ. QÌÊÐ: !"!ö
1. (x,y) = (y,x) (þÒÄÄÔÆÅÆÇÃ) !"!ö
2. (x + y, z) = (x, z) + (y, z) (ÐÇòÆÂÇËÔÆÇÃ). !"!ö
3. (λx,y) = λ(x,y) !"!ö
4. (x,x) ≥ 0 (x = 0 ËÅÖÍ ÌÏÐ (x,x) = 0).<ÊÁ �ÇÊÁÁÂ ÆÒÐÒÂÍÒÖÎòÒÊ ÌÖÎÐÎÇÖÓ òþÅÎ5Â ÌÂüÃÁÂ ÓÁÊÁ. (x,y) ÆÒÒÓ x, yÃÏþÆÒÂÔÔÐÉÊ òþÅÎ5Â ÌÂüÃÁÂ ÓÁÊÁ.

(x,x)-¡ x ±¶ÿ¥¦¸°¤ £ÿ©®�¸ ÿ±©¨¸©¥ ¡¢» ¤¢¸®¢¢¨ (x,x) = x2 ¡¢» ¥¢¹¨¢¡®¢¤¢.
Ü¢¸¢± x, y ±¶ÿ¥¦¸§§¨°¤ ©®µ ¤¢¡ ¤µ 0 (¥¢¡) ±¶ÿ¥¦¸ ¦® £ÿ©®�¸ ³¸»±¢¸ ¤µ¥¢¡¥¢º ¥¢¤¬³³. 0§¾©º®©®:

(0,y) = (0x,y) = 0(x,y) = 0

ôõôö÷ôøùôùú
. {þÅÎ5Â ÌÂüÃÁÂ ÆÒÐÒÂÍÒÖÎÒÓÐòÒÊ ËÒÐÇÆ �ÔÓÅÄÅÊ ÒÓ�ÆÒÂÓÔÖÓ ÏÃþÎÇÐ ÒÓÆÒÂÓÔÖ ÓÁÊÁ. ÃÃþÎÇÐ ÒÓÆÒÂÓÔÖÓ E ÌòÓÁÁÂ ÆÁÄÐÁÓÎÁüËÅÖ5.ÀÁÂÁÃ n ÍÁÄüÁÁòÆ �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖ ÊÑ ÏÃþÎÇÐ ÒÓÆÒÂÓÔÖ ËÒÎ ÆÌÌÊÇÖÓÏÃþÎÇÐ n ÍÁÄüÁÁòÆ ÒÓÆÒÂÓÔÖ ÓÁÍ ËÅ �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖÊ òÔÔÂÇÖÓ (ËÅÅóÉÓ)ÏÃþÎÇÐ òÔÔÂÑ ÓÁÊÁ.ØÙÚÛÛ

5.15.×¯ª¢¢ 5.1-¨ ©±² ³´£¢¤ ²«®««¥ ±¶ÿ¥¦¸§§¨°¤M3
¦¡¥¦¸¡§º¨²«®««¥ ±¶ÿ¥¦¸§§¨°¤ ¾§±µ¨ I-IV ²©¤©¸¥©º £ÿ©®�¸ ³¸»±¢¸ (3.7)-¨ ¥¦¨¦¸-¾¦º®£¦¤. �º¹¨ M3

¦¡¥¦¸¡§º ¤µ ¶±ÿ®¯¨ ¦¡¥¦¸¡§º ¦®¤¦.ØÙÚÛÛ
5.16. Rn-©¸¯C¹¶¥¯ÿ ¦¡¥¦¸¡§º. (×¯ª¢¢ 5.2-°¡ ¾©¸) ·¤¢ ¦¡¥¦¸-¡§º¤ x = (x1, x2, . . . , xn) y = (y1, y2, . . . , yn) ¾¦£ ±¶ÿ¥¦¸ ³¾¢¤¨

(x,y) = x1y1 + x2y2 + . . .+ xnyn (5.18)
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¥¦¦¡ ¾©¸¡©®´§§®©® ¢¤¢ ¤µ I-IV ²©¤©¸°¡ ¾©¤¡©¾ ¤µ ¯®¢¸¾¯º. ·¤¢ ¤µ Rn¦¡¥¦¸¡§º¨ £ÿ©®�¸ ³¸»±¢¸ ¥¦¨¦¸¾¦º®®¦¦ ¡¢£¢¤ ³¡ ½¹. �º¹¨ Rn ¦¡¥¦¸¡§º¤µ ¶±ÿ®¯¨ ¦¡¥¦¸¡§º ¦®¤¦.ØÙÚÛÛ
5.17.

l§¡©¹©¤ ¦¡¥¦¸¡§º Rn×1-
¨

X = [x1, x2, . . . , xn]¥ Y = [y1, y2, . . . , yn]¥
¾¦£ ¹©¥¸¯¬©¨

(X,Y ) =

n∑

i=1

xiyi (5.19)

¥¦¦¡ ¾©¸¡©®´§§®3�. ·¤¢ ¾©¸¡©®´©© ¤µ I-IV ²©¤©¸°¡ ¾©¤¡©¾ ¥§® (5.19) ¤µ£ÿ©®�¸ ³¸»±¢¸ ¦®¤¦. �º¹¨ Rn×1
¦¡¥¦¸¡§º¨ (5.19) £ÿ©®�¸ ³¸»±¢¸ ¥¦¨¦¸à¾¦º®¦® Rn×1

¤µ ¶±ÿ®¯¨ ¦¡¥¦¸¡§º ¦®¤¦.
1×n ¾¢¹»¢¢£¥ ¦¨¯¥ ¹©¥¸¯¬§§¨°¤ ª§¡©¹©¤ ¦¡¥¦¸¡§º¨ £ÿ©®�¸ ³¸»±¢¸¯º¡
(5.19) ¥¦¹3Ý¦¡¦¦¸ ¥¦¨¦¸¾¦º®¦® 1 × n ¢¸¢¹¯º¤ ¹©¥¸¯¬§§¨°¤ ª§¡©¹©¤¦¡¥¦¸¡§º R1×n

¤µ ¶±ÿ®¯¨ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦®¤¦.ôõôö÷ôøùôùú
. ∀x,y ∈ E ÁÎÏÄÏÊÆÌÌÐÇÖÊ ÍÔÃÑÐ

(x,y)2 ≤ x2y2 (5.20)

ÆÁÊÈÁÎ ËÇ� ËÇÏÎÊÁ. QÌÊÇÖÓ dÒ�Ç-1ÔÊ5þÒÃòþÇÖÊ ÆÁÊÈÁÎ ËÇ� ÓÁÊÁ.1ÅÆÅÎÓÅÅ. x,y ±¶ÿ¥¦¸§§¨°¤ ©®µ ¤¢¡ ¤µ 0 (¥¢¡) ±¶ÿ¥¦¸ ¦® (5.20)
¯¶®¤¢.

x,y ∈ E ¤µ ¥¢¡¢¢£ �®¡©©¥©º ±¶ÿ¥¦¸§§¨ ∀λ 6= 0, λ ∈ R
¦® IV ²©¤©¸©©¸

(λx−y)2 ≥ 0
§½§ I-III ²©¤©¸©©¸ λ2x2−2λ(x,y)+y2 ≥ 0

¦®¤¦. A³³®²¯º¤¥¢¤¬¢® ¯ª¯º¤ ´³³¤ ¥©® ¤µ λ ∈ R-
¯º¤ ¾§±µ¨ ÿ±©¨¸©¥ ¡§¸±©¤ ¡¯ª³³¤¥©º¤©. ·¤¢ ¥¢¤¬¢® ¯ª ¯¶®¢¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ ¥³³¤¯º¨¯£ÿ¸¯¹¯¤©¤¥ £«¸«¡ ¥¦¦ ©º¤©.

D = (x,y)2 − x2y2 ≤ 0 ⇒ (x,y)2 ≤ x2y2
N

(5.20)-©©£
|(x,y)| ≤

√
x2 ·

√

y2 (5.21)

¡¢» ¯²¯» ¦®¤¦.ôõôö÷ôøùôùú
. E,E′ ÓÁòÁÊ ÍÒûÂ ÏÃþÎÇÐ ÒÓÆÒÂÓÔÖ ÅÃI ÌóÑÏ. ÀÁÂÁÃ ÍÅÂ�ÓÅÎóÅÍ �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖ ÊÑ ÇóÒÄÒÂ� ËÅ

∀x,y ∈ E, x′,y′ ∈ E : x ↔ x′, y ↔ y′ ⇒ (x,y) = (x′,y′)

ËÅÖÃÅÎ E,E′ ÏÃþÎÇÐ ÒÓÆÒÂÓÔÖÊÔÔÐÉÓ ÇóÒÄÒÂ� ÓÁÊÁ.
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5.8.  O;�4�&� �4�
ôõôö÷ôøùôùú

. V �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖÊ x ÃÏþÆÒÂ ËÌÂÐ ÐÅÂÅÅÍ ÅþòÇÒÄÔÔÐÍÅÊÓÅÍ ËÒÐÇÆ ||x|| ÆÒÒÓ ÍÅÂÓÅÎóÔÔÎª5. (x → ||x||) QÌÊÐ:
1. ||x|| ≥ 0 (||x|| = 0 ⇔ x = 0)

2. ||λx|| = |λ|||x||
3. ||x + y|| ≤ ||x|| + ||y|| (QÌÊÇÖÓ ýÇÊþÒÃòþÇÖÊ ËÔ�Ô ÓÔÂÃÅÎüÊÉ ÆÁÊÈÁÎËÇ� ÓÁÊÁ).
||x|| ÆÒÒÓ x ÃÏþÆÒÂÉÊ ÊÒÂÄ, V �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖÓ ÊÒÂÄIÎÒÓÐòÒÊ �ÔÓÅÄÅÊÒÓÆÒÂÓÔÖ ÓÁÊÁ.ØÙÚÛÛ

5.18. Å±ÿ®¯¨ E ¦¡¥¦¸¡§º ©±² ³´µ¶. ∀x ∈ E
³¸¨ √

(x,x) ¥¦¦¡¾©¸¡©®´§§®3� (�«¸««¸ ¾¢®¢® x-¨ x-
¯º¤ ¹¦¨§®¯º¡ ¾©¸¡©®´§§®3�). √

(x,x)¥¦¦¡ x ±¶ÿ¥¦¸°¤ ¤¦¸¹ ¦®¦¾°¡ ©¥©®3�.1ÅÆÅÎÓÅÅ. ß³¤¯º ¥§®¨ √

(x,x) ¥¦¦¡ x ±¶ÿ¥¦¸°¤ ¤¦¸¹°¤ ¨¢¢¸¾ 3-¤ ²©à¤©¸°¡ ¾©¤¡©¤© ¡¢» ¾©¸§§®¤©.
1.
Aÿ©®�¸ ³¸»±¢¸¯º¤ IV ²©¤©¸©©¸ √

(x,x) ≥ 0
©º¤©.

2. λx →
√

(λx, λx) = |λ|
√

(x,x)

3.
√

(x + y)2 ≤
√

x2 +
√

y2 ¡¢» ©¥©®¤©. �¶ÿ¥¦¸°¤ £ÿ©®�¸ ³¸»±¢¸¯º¤²©¤©¸©©¸ (x + y)2 = x2 + y2 + 2(x,y)
©º¾ © (x,y) ≤ |(x,y)|. ·¤¨¢¢£

(x + y)2 ≤ x2 + y2 + 2|(x,y)| ©º¤©. (5.21)-¢¢¸ |(x,y)| ≤
√

x2 ·
√

y2
©º¤©.0¢¡±¢®

(x + y)2 ≤ x2 + y2 + 2
√

x2 ·
√

y2 = (
√

x2)2 + (
√

y2)2 + 2
√

x2 ·
√

y2

(x + y)2 ≤ (
√

x2 +
√

y2)2 ⇒
√

(x + y)2 ≤
√

x2 +
√

y2

¯º¤¾³³ 3-¸ ²©¤©¸ ¯¶®¢¾ ¤µ ©¥®©¡¨©±. √

(x,x) ¥¦¦ ¤µ x ±¶ÿ¥¦¸°¤ ¤¦¸¹°¤
3-¤ ©ÿ£¯¦¹°¡ ¾©¤¡©» ©º¡©© ¥§® ||x|| =

√

(x,x)
©º¤©. N�«®««¥ ±¶ÿ¥¦¸§§¨°¤ ¾§±µ¨ ±¶ÿ¥¦¸°¤ ¤¦¸¹ ¤µ ¥³³¤¯º §¸¥¥©º ¨©±¾¬©¤©.�º¹¨ ±¶ÿ¥¦¸°¤ ¤¦¸¹°¡ ±¶ÿ¥¦¸°¤ §¸¥ ¡¢¤¢. @©©ª¯¨ x ±¶ÿ¥¦¸°¤ ¤¦¸¹°¡

√

(x,x) ¡¢» ¦º®¡¦» ¥¢¹¨¢¡®¢¤¢.
5.9.  O;�4����&� 	44�4��4	 8��8�0¢¡¢¢£ �®¡©©¥©º ±¶ÿ¥¦¸§§¨°¤ P¦ª¯-á§¤�ÿ¦±£ÿ¯º¤ ¥¢¤¬¢® ¯ª¢¢£

|(x,y)|
||x|| · ||y|| ≤ 1

§½§ − 1 ≤ (x,y)

||x|| · ||y|| ≤ 1

¡¢» ¡©¸¤©. �º¹¨ (x,y)
||x||·||y|| ¥¦¦¡ �¹©¸ ¤¢¡ ϕ «¤¬¡¯º¤ ÿ¦£¯¤§£©©¸ ¦º®¡¦»¦®¤¦.
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ôõôö÷ôøùôùú
. cosϕ = (x,y)

||x||||y|| (o ≤ ϕ ≤ π) ËÅÖÍ ϕ ÕÊÈÓÇÖÓ x, y
ÃÏþ�ÆÒÂÔÔÐÉÊ ÍÒÒÂÒÊÐÒÍ ÕÊÈÕÓ ÓÁÊÁ. ÀÒûÂ ÃÏþÆÒÂÉÊ òþÅÎ5Â ÌÂüÃÁÂ ÆÁÓÆÁÖÆÁÊÈÌÌ ËÅÖÃÅÎ ÆÁÐÓÁÁÂ ÃÏþÆÒÂÔÔÐÉÓ ÒÂÆÒÓÒÊÅÎÑ ÃÏþÆÒÂÔÔÐ ÓÁÊÁ.0¢¡ ±¶ÿ¥¦¸ ¤µ ¨§¸°¤ ±¶ÿ¥¦¸¥©º ¦¸¥¦¡¦¤©®µ ©º¤©. 0¢¡¢¢£ �®¡©©¥©º x, y±¶ÿ¥¦¸§§¨ ¦¸¥¦¡¦¤©®µ ©º¾ ´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ cosϕ = 0

⇒ ϕ = π
2

©º¾ ½¹. (ϕ ¤µ x,y-
¯º¤ ¾¦¦¸¦¤¨¦¾ «¤¬«¡ ).

M3
¦¡¥¦¸¡§º ¨©¾µ ¦¸¥¦¡¦¤©®µ ¡¢£¢¤ §¾©¡¨©¾§§¤ ¤µ (3.1)-¨ £§¨©®£©¤ ¦¸¥¦-¡¦¤©®µ ¡¢£¢¤ §¾©¡¨©§§¤¥©º ¨©±¾¬©» ©º¤©.

5.10. ®��4�4�J�4���4� ����V
x1,x2, . . . ,xn (n ≥ 2) ±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹¯º¤ ±¶ÿ¥¦¸§§¨ ¤µ ¾¦£ ¾¦£¦¦¸¦¦¦¸¥¦¡¦¤©®µ ««¸««¸ ¾¢®¢® (xi,xj) = 0 (i 6= j)

¦®
x1,x2, . . . ,xn

±¶ÿ¥¦¸§§à¨°¤ £¯£¥¶¹¯º¡ ¦¸¥¦¡¦¤©®µ ¡¢» ¤¢¸®¢¤¢.FôöFG
5.8.

0¢¡¢¢£ �®¡©©¥©º ±¶ÿ¥¦¸§§¨°¤ ¦¸¥¦¡¦¤©®µ £¯£¥¶¹ ª§¡©¹©¤¾©¹©©¸©®¡³º ©º¤©.1ÅÆÅÎÓÅÅ. x1,x2, . . . ,xn
¤µ ¥¢¡¢¢£ �®¡©©¥©º ±¶ÿ¥¦¸§§¨°¤ ¦¸¥¦¡¦¤©®µ £¯£à¥¶¹ ¡¢¶. ·¤¢ £¯£¥¶¹¯º¡ ª§¡©¹©¤ ¾©¹©©¸©®¥©º ½¹ ¡¢¶. 0¢¡±¢®

α1x1 + α2x2 + . . .+ αnxn = 0 (∗)
¯¶®¢¾ α1, α2, . . . , αn ¥¦¦¤§§¨°¤ ¨¦¥¦¸ ¾©�» ¤¢¡ ¤µ ¥¢¡¢¢£ �®¡©©¥©º ©º¤©.
αi 6= 0 ¡¢¶. (*) ¥¢¤¬®¯º¤ ¾¦Ý¸ ¥©®°¡ xi-

¢¢¸ £ÿ©®�¸ ³¸»±¢¸
(xi, α1x1 + α2x2 + . . .+ αnxn) = 0

§½§
α1(xi,x1) + α2(xi,x2) + . . .+ αi(xi,xi) + . . .+ αn(xi,xn) = 0

¦®¤¦. x1,x2, . . . ,xn
£¯£¥¶¹ ¦¸¥¦¡¦¤©®µ ¥§® £³³®²¯º¤ ¥¢¤¬®¢¢£ αi(xi,xi) =

0 ⇒ αi||xi|| = 0 ⇒ ||xi|| = 0
© xi = 0 ¡¢» ¡©¸¤©. ·¤¢ ¤µ xi ¥¢¡ ±¶ÿ¥¦¸¯ª ¡¢¨¢¡¥ ¾©¸ª¯®¤©. �º¹¨ x1,x2, . . . ,xn

¦¸¥¦¡¦¤©®µ £¯£¥¶¹ ¤µ ª§¡©¹©¤¾©¹©©¸©®¡³º. Nôõôö÷ôøùôùú
. n ÍÁÄüÁÁòÆ (n ≥ 2)

ÏÃþÎÇÐ ÒÓÆÒÂÓÔÖÊ òÔÔÂÇÖÊ ÃÏþ�ÆÒÂÔÔÐ ÊÑ ÒÂÆÒÓÒÊÅÎÑ òÇòÆÏÄ ÌÌòÓÁÐÁÓ ËÒÎ n ÍÁÄüÁÁòÆ ÏÃþÎÇÐ ÒÓÆÒÂÓÔÖÓÒÂÆÒÓÒÊÅÎÑ ÏÃþÎÇÐ ÒÓÆÒÂÓÔÖ ÓÁÊÁ.ÀÁÂÁÃ ||x|| = 1 ËÒÎ x
ÃÏþÆÒÂÉÓ ÊÒÂÄIÎÒÓÐòÒÊ ËÔ�Ô ÊÁÓü ÃÏþÆÒÂ ÓÁÊÁ.

Ü¢¸¢± x 6= 0
¦®

xo = x
||x|| , xo

1 = − x
||x||
±¶ÿ¥¦¸§§¨ ¤¦¸¹²®¦¡¨£¦¤ ±¶ÿ¥¦¸©º¤©.
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ôõôö÷ôøùôùú

. xo,xo
1

ÃÏþÆÒÂÉÓ x
ÃÏþÆÒÂÉÊ ÊÒÂÄIÎÒÓI ÃÏþÆÒÂ ÓÁÊÁ.HÓòÕÊ ÃÏþÆÒÂÉÊ ÊÒÂÄIÎÒÓÐòÒÊ ÃÏþÆÒÂÉÓ ÒÎÒÍ ÌÖÎÐÎÇÖÓ ÕÓòÕÊ ÃÏþÆÒÂÉÓÊÒÂÄIÎÒÍ ÓÁÊÁ. µ = ± 1

||x||-
Ó ÊÒÂÄIÎÒÓI ÌÂüÇÓÐÁÍÌÌÊ ÓÁÊÁ.ÀÁÂÁÃ x1,x2, . . . ,xn (n ≥ 2)
ÃÏþÆÒÂÔÔÐÉÊ òÇòÆÏÄ ÊÑ ÒÂÆÒÓÒÊÅÎÑ ËÅ ÃÏþ�ÆÒÂ ËÌÂ ÊÑ ÊÒÂÄIÎÒÓÐòÒÊ, ÕÕÂÕÕÂ ÍÁÎËÁÎ

(xi,xj) =

{
0, ÍÁÂÁÃ i 6= j

1, ÍÁÂÁÃ i = j
(i, j = 1, n)

ËÒÎ x1,x2, . . . ,xn

òÇòÆÏÄÇÖÓ ÒÂÆÒÊÒÂÄIÎÒÓÐòÒÊ òÇòÆÏÄ ÓÁÊÁ.
Ü¢¸¢± x1,x2, . . . ,xn

¤µ xi 6= 0
© ¦¸¥¦¡¦¤©®µ £¯£¥¶¹ ¦® ¢¤¢ £¯£¥¶¹¯º¤±¶ÿ¥¦¸ ³¸¯º¡ ¤¦¸¹²®¦¾¦¨ ¡©¸£©¤ £¯£¥¶¹ ¤µ ¦¸¥¦¡¦¤©®µ ©º¤©.1ÅÆÅÎÓÅÅ. x1,x2, . . . ,xn

£¯£¥¶¹ ¦¸¥¦¡¦¤©®µ ©º¾ ¥¦¨¦¸¾¦º®¦®¥ © £ÿ©®�¸³¸»±¢¸¯º¤ ²©¤©¸©©£
(

xi

||xi||
,

xj

||xj||

)

=
1

||x||||y|| (xi,yj) = 0 (i 6= j)

¡¢» ¡©¸¤©. ·¤¢ ¤µ x1

||x1|| ,
x2

||x2|| , . . . ,
xn

||xn||
±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹ ¦¸¥¦¡¦¤©®µ¡¢¨¡¯º¡ ´©©¤©. Nôõôö÷ôøùôùú

.
ÀÁÂÁÃ n ÍÁÄüÁÁòÆ (n ≥ 2)

ÏÃþÎÇÐ ÒÓÆÒÂÓÔÖÊ òÔÔÂÇÖÊÃÏþÆÒÂÔÔÐ ÊÑ ÒÂÆÒÊÒÂÄIÎÒÓÐòÒÊ òÇòÆÏÄ ÌÌòÓÁÐÁÓ ËÒÎ òÔÔÂÇÖÓ ÒÂÆÒÊÒÂÄI-ÎÒÓÐòÒÊ òÔÔÂÑ ÓÁÊÁ.
Þ¢¡ ¾¢¹»¢¢£¥ ¦¡¥¦¸¡§º¤ ¥¢¡ ¯ª ¨§¸°¤ ±¶ÿ¥¦¸ ³¸ ¤µ ¦¸¥¦¡¦¤©®µ £§§¸µ³³£¡¢¤¢ ¡¢» ³´¨¢¡. 2¸¥¦¤¦¸²®¦¡¨£¦¤ £§§¸¯©¸ ¨§¸°¤ ¤¢¡» ±¶ÿ¥¦¸°¡ ©±¤©.FôöFG

5.9. n ¾¢¹»¢¢£¥ ¶±ÿ®¯¨ ¦¡¥¦¸¡§º ³¸¨ ¦¸¥¦- ¤¦¸¹²®¦¡¨£¦¤ £§§¸µ¦®¨¦¤¦.1ÅÆÅÎÓÅÅ. g1,g2, . . . ,gn
¶±ÿ®¯¨ ¦¡¥¦¸¡§º¤ �¹©¸ ¤¢¡¢¤ £§§¸µ ¡¢¶. f1, f2, . . . , fn±¶ÿ¥¦¸§§¨°¤ ¦¸¥¦¡¦¤©®µ £¯£¥¶¹¯º¡ ©º¡§§®3�.

f1 = g1, f2 = g2 + λ
(2)
1 g1, λ

(2)
1 ∈ R, ∀λ(2)

1 ∈ R-
¯º¤ ¾§±µ¨ f2 6= 0 (º²¯¸ ¤µ

g1,g2
ª§¡©¹©¤ ¾©¹©©¸©®¡³º).

(f1, f2) = 0
©º¾©©¸ λ(2)

1 -
¯º¡ £¦¤¡¦¤¦. �«¸««¸ ¾¢®¢® (g1,g2 + λ

(2)
1 g1) = 0©º¾©©¸ λ(2)

1 -
¯º¡ £¦¤¡¦¤¦. (g1,g2 +λ

(2)
1 g1) = 0 ⇒ (g1,g2)+λ

(2)
1 (g1,g1) = 0

⇒ (g1,g2) + λ
(2)
1 ||g1||2 = 0, ||g1|| 6= 0 ¡¢¨¡¢¢£ λ(2)

1 = −(g1,g2)
||g1||2

¦®¤¦.
f3
±¶ÿ¥¦¸°¡ f3 = g3 + λ

(3)
1 f1 + λ

(3)
2 f2 (λ

(3)
1 , λ

(3)
2 ∈ R) ¡¢» ©±3�. q¹©¸ ²

λ
(3)
1 , λ

(3)
2 -
¯º¤ ¾§±µ¨ f3 6= 0.

λ
(3)
1 , λ

(3)
2 ¥¦¦¤§§¨°¡ (f1, f3) = 0, (f2, f3) = 0

¯¶®» ©º¾©©¸ £¦¤¡¦¤¦. �«¸««¸¾¢®¢®
(f1,g3 + λ

(3)
1 f1 + λ

(3)
2 f2) = 0, (f2,g3 + λ

(3)
1 f1 + λ

(3)
2 f2) = 0
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©º¾©©¸ λ(3)
1 , λ

(3)
2 -
¯º¡ £¦¤¡¦¤¦. A³³®²¯º¤ ¥¢¤¬®³³¨¢¢£
(f1,g3) + λ

(3)
1 (f1, f1) + λ

(3)
2 (f1, f2) = 0

(f2,g3) + λ
(3)
1 (f1, f2) + λ

(3)
2 (f2, f2) = 0

¡¢» ¡©¸¤©. (f1, f2) = (f2, f1) = 0
© ||f1||2 6= 0, ||f2||2 6= 0 ¥§®

λ
(3)
1 = −(f1,g3)

||f1||2
, λ

(3)
2 = −(f2,g3)

||f2||2©º¤©.�º¹ ©¸¡©©¸ f1, f2, . . . , fk−1
±¶ÿ¥¦¸§§¨°¡ £¦¤¡¦£¦¤ ¡¢¶. fk

±¶ÿ¥¦¸°¡ fk =

gk+λ
(k)
1 f1+λk

2f2+. . .+λk
k−1fk−1

¡¢» £¦¤¡¦Ý. ·¤¨ λ(k)
1 , λ

(k)
2 , . . . , λk

k−1 ¥¦¦¤§§¨.
∀λ(k)

j (j = 1, k − 1)-
¯º¤ ¾§±µ¨ fk 6= 0

©º¤© (§²¯¸ ¤µ g1,g2, . . . ,gk
ª§¡©¹©¤

¾©¹©©¸©®¡³º). λ(k)
j (j = 1, k − 1)-¡ ¦®¦¾¨¦¦ (fj, fk) = 0, ||fi||2 6= 0

©º¾°¡©ª¯¡®©¤ ¦®¦®
λ

(k)
j = −(fj,gk)

||fj||2
(j = 1, k − 1)

©º¤©.�¤¡¢» ©º¡§§®£©¤ f1, f2, . . . , fn ¡¢£¢¤ ¥¢¡¢¢£ �®¡©©¥©º ¦¸¥¦¡¦¤©®µ £¯£¥¶¹¯º¤±¶ÿ¥¦¸ ³¸¯º¡ ¤¦¸¹²®¦» e1, e2, . . . , en
¡¢£¢¤ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ ±¶ÿ¥¦¸§§-¨°¤ £¯£¥¶¹¯º¡ ¡©¸¡©» ¦®¤¦. ·¤¢ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ e1, e2, . . . , en

£¯£à
¥¶¹ ¤µ ©º¡§§®©®¥©©¸ ª§¡©¹©¤ ¾©¹©©¸©®¡³º. ·¤¢ ¤µ ¶±ÿ®¯¨ ¦¡¥¦¸¡§º¤¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ¦®¤¦. NØÙÚÛÛ

5.19. R1×3
¦¡¥¦¸¡§º¡ ©±² ³´µ¶. ·¤¢ ¦¡¥¦¸¡§º¤ £§§¸¯©¸ ª§¡©¹©¤¾©¹©©¸©®¡³º g1 = [1,−1, 1], g2 = [2,−3, 4], g3 = [2, 2, 6] ±¶ÿ¥¦¸§§¨°¡ ©±²¢¨¡¢¢¸¢¢¸ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ©º¡§§®.1ÒÐÒÎÆ. f1 = g1 = [1,−1, 1], f2 = g2 + λ

(2)
1 f1
©

λ
(2)
1 = −(g1,g2)

||g1||2
= −2 + 3 + 4

3
= −3

�º¹¨ f2 = g2 +(−3)f1 = [2,−3, 4]− 3[1,−1, 1] = [−1, 0, 1], f3 = g3 +λ
(3)
1 f1 +

λ
(3)
2 f2, λ

(3)
1 = − (f1,g3)

||f1||2 = −2+0+6
3 = 2, λ

(3)
2 = − (f2,g3)

||f2||2 = −−2+0+6
2 = −2,

f3 = g3 − 2f1 − 2f2 = [2, 4, 2] f1, f2, f3
±¶ÿ¥¦¸§§¨°¡ ¤¦¸¹²¯®¦®

e1 = 1√
3
[1,−1, 1] = [ 1√

3
,− 1√

3
, 1√

3
]

e2 = 1√
2
[−1, 0, 1] = [− 1√

2
, 0, 1√

2
]

e3 = 1
2
√

6
[2, 4, 2] = [ 1√

6
,− 2√

6
, 1√

6
]
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·¤¢ ¤µ R1×3

¦¡¥¦¸¡§º¤ ¦¸¥¦¤¦¸¹²®¦£¦¤ £§§¸µ.Æ�����. Ü¢¸¢± e1, e2, . . . , en
¤µ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ © x =

n∑

i=1
αiei

¦® αi = (x, ei), (i = 1, n)
©º¤©. �º¹¨ x =

n∑

i=1
(x, ei)ei

©º¤©.

5.11.  O;�4����&� �;��£�  �'9���
� 4��4�4�J�4���4� ��z��V ��	V ;44��������� �V ����	�
��	
e1, e2, . . . , en

¤µ n ¾¢¹»¢¢£¥ ¶±ÿ®¯¨ ¦¡¥¦¸¡§º¤ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ¡¢¶. ·¤¢ ¦¡¥¦¸¡§º¤ x(α1, α2, . . . , αn), y(β1, β2, . . . , βn) ±¶ÿ¥¦¸§§¨°¡ ©±²³´µ¶. 0¢¡±¢®
x = α1e1 + α2e2 + . . .+ αnen

y = β1e1 + β2e2 + . . .+ βnen

(x,y) =
n∑

i=1
αiei ·

n∑

j=1
βjej =

n∑

i=1

n∑

j=1
αiβj(ei, ej)

¦®¤¦. e1, e2, . . . , en-¤¦¸¹²®¦¡¨£¦¤ ¥§®

(ei, ej) =

{
1, Ü¢¸¢± i = j

0, Ü¢¸¢± i 6= j

©º¤©. �º¹¨
(x,y) =

n∑

i=1

n∑

j=1

αiβj(ei, ej) =
n∑

i=1

αiβi = X¥Y = Y ¥X
·¤¨

X =








α1

α2
...
αn








Y =








β1

β2
...
βn








�º¤¾³³ ¾¢¸¢± ±¶ÿ¥¦¸§§¨ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ¥ ÿ¦¦¸¨¯¤©¥©©¸©© «¡«¡¨-£«¤ ¦® ¥¢¨¡¢¢¸¯º¤ £ÿ©®�¸ ³¸»±¢¸ ¤µ ¯»¯® ¤¢¸¥ ±¶ÿ¥¦¸§§¨°¤ ¤µ ³¸»-±¢¸¯º¤ ¤¯º®¢¸ ©º¤©.
||x|| =

√

(x,x) ¡¢¨¡¢¢£ ||x|| =
√

α2
1 + α2

2 + . . .+ α2
n

©º¤©. 0¢¡¢¢£ �®¡©©¥©º
x(α1, α2, . . . , αn) ±¶ÿ¥¦¸°¤ ¤¦¸¹²®¦¡² ³¸»¯¡¨¢¾³³¤ ¤µ µ = ± 1√

α2
1
+α2

2
+...+α2

n©º¤©.
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5.12. c����� 4��4���

V ÿ¦¹E®¶ÿ£ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¡¢¶. ·¤¢ V ¦¡¥¦¸¡§º¨ ±¶ÿ¥¦¸§§¨°¤ ¤¢¹¢¾,±¶ÿ¥¦¸°¡ ¥¦¦¡¦¦¸ ³¸»³³®¢¾ ³º®¨®¢¢£ ¡©¨¤© ¨©¸©©¾ ²©¤©¸¥©º ³º®¨¢® ¥¦¨¦¸à¾¦º®3Ý.
∀x,y ∈ V ©±©¾©¨ x,y ¾¦£ ±¶ÿ¥¦¸ ³¸¨ (x,y) ¡¢£¢¤ ÿ¦¹E®¶ÿ£ ¥¦¦¡ ¾©¸¡©®-´§§®3�. ·¤¢ ¾©¸¡©®´©© ¤µ ∀x,y ∈ V

© ∀λ ∈ C (ÿ¦¹E®¶ÿ£ ¥¦¦¤° ¦®¦¤®¦¡)³¸¯º¤ ¾§±µ¨ ¨©¸©©¾ ²©¤©¸¥©º. ß³¤¨: !"!ö
1. (x,y), (y,x) ¾¦£¹¦¡ ÿ¦¹E®¶ÿ£ ¥¦¦, ««¸««¸ ¾¢®¢® (x,y) = (y,x) !"!ö
2. (x + y, z) = (x, z) + (y, z) !"!ö
3. (λx,y) = λ(x,y) !"!ö
4. (x,x) ≥ 0 ¥¢¡¢¾¨¢¢ (x,x) = 0 ⇔ x = 0

·¤¢ ¦¸§§®» §º ³º®¨®¯º¡ ÿ¦¹E®¶ÿ£ ¦¡¥¦¸¡§º¤ ±¶ÿ¥¦¸§§¨°¤ ¢¸¹¯¥ ³¸»¯¾³º®¨¢® ¡¢» ¤¢¸®¢¤¢. (x,y)-¥¦¦¡ x,y ±¶ÿ¥¦¸§§¨°¤ ¢¸¹¯¥ ³¸»±¢¸ ¡¢» ¤¢¸à®¢¨¢¡.ôõôö÷ôøùôùú
.
<ÂÄÇÆ ÌÂüÇÍ ÌÖÎÐÁÎÆÁÖ þÒÄDÎÏþò �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖÓÔÊÇÆÅÂ ÒÓÆÒÂÓÔÖ ÓÁÊÁ.

I, II ²©¤©¸§§¨©©£ (x, λy) = λ(x,y)
©º¾ ¤µ ¹«¸¨«¤ ¡©¸¤©.ØÙÚÛÛ

5.20. C2 ¦¡¥¦¸¡§º¨ x = (x1, x2), y = (y1, y2)
¾¦£ ±¶ÿ¥¦¸ ³¸¨

(x,y) = x1y1 + x2y2 ¥¦¦¡ ¾©¸¡©®´§§®3�. �º¹ ³¸»¯¾ ³º®¨¢®¥¢º C2 ¦¡à
¥¦¸¡§º¡ §¤¯¥©¸ ¦¡¥¦¸¡§º ¦®¦¾¡³º¡ ©¥©®.1ÒÐÒÎÆ. I ²©¤©¸ ¯¶®¢¾¡³º. ß¤¢¤¨¢¢

(x,y) = x1y1 + x2y2; (y,x) = y1x1 + y2x2

(y,x) = y1x1 + y2x2 = y1x1 + y2x1 = y1x1 + y2x2

¥§® (x,y) 6= (y,x)ØÙÚÛÛ
5.21. C2 ¦¡¥¦¸¡§º¨ x = (x1, x2), y = (y1, y2)

¾¦£ ±¶ÿ¥¦¸§§¨©¨
x1y1 + x2y2 ¥¦¦¡ ¾©¸¡©®´§§®©® C2 ¤µ §¤¯¥©¸ ¦¡¥¦¸¡§º ¦®¤¦.1ÒÐÒÎÆ. (x,y) = x1y1 + x2y2, (y,x) = y1x1 + y2x2

(y,x) = y1x1 + y1x2 = y1x1 + y2x2 = y1x1 + y2x2 = y1 · x1 + y2 · x2

·¤¨¢¢£ (x,y) = (y,x) ¡¢» ¡©¸² I ²©¤©¸ ¯¶®®¢¢.
x = (x1, x2), y = (y1, y2), z = (z1, z2)

¡¢£¢¤ ¨§¸°¤ ¡§¸±©¤ ±¶ÿ¥¦¸§§¨°¤¾§±µ¨
(x + y, z) = (x1 + y1)z1 + (x2 + y2)z2 :

(x, z) + (y, z)=x1z1 + x2z2 + y1z1 + y2z2 = (x1 + y1)z1 + (x2 + y2)z2¦®¤¦. ·¤¨¢¢£ (x + y, z) = (x, z) + (y, z)
¦®» II ²©¤©p ¯¶®¢±.
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(λx,y) = λx1y1 + λx2y2 = λ(x1y1 + x2y2) = λ(x,y) III ²©¤©¸ ¯¶®¨¢¡ ¤µ©¥®©¡¨©±.

(x,x) = x1x1 + x2x2 = x2
1 + y2

1 ≥ 0©º¾ © x = 0 ¥¦¾¯¦®¨¦®¨ (x,x)
©º¤©. �º¤¾³³ IV ²©¤©¸ ¯¶®¢±. ·¤¨¢¢£¢¸¹¯¥ ³¸»±¢¸ ¤µ (x,y) = x1y1 +x2y2
©º¾ C2 ÿ¦¹E®¶ÿ£ ª§¡©¹©¤ ¦¡¥¦¸¡§º¤µ §¤¯¥©¸ ¦¡¥¦¸¡§º ©º¤©.ØÙÚÛÛ

5.22. C2 ÿ¦¹E®¶ÿ£ ª§¡©¹©¤ §¤¯¥©¸ ¦¡¥¦¸¡§º¤ (x,y) = x1y1+x2y2¡¢£¢¤ ¢¸¹¯¥ ³¸»±¢¸¥¢º a(2, 2− i) ±¶ÿ¥¦¸°¤ §¸¥°¡ ¦®. ¿«¤ b(3 + i, 2)
¦®

(a,b) ¢¸¹¯¥ ³¸»±¢¸¯º¡ ¦®.1ÒÐÒÎÆ. (a,a) = a2 = 2 · 2 + (2 − i)(2 + i) = 9 ⇒ ||a|| = 3. (a,b) =
2(3 + i) + (2 − i)2 = 2(3 − i) + (2 − i)2 = 10 − 4i.FôöFG

5.10. º¤¯¥©¸ ¦¡¥¦¸¡§º¤ ¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ¨©¾µ ¾¦Ý¸ ±¶ÿ¥¦¸°¤¢¸¹¯¥ ³¸»±¢¸ ¤µ ¤¢¡¨³¡¢¢¸ ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥§§¨°¡ ¾¦Ý¸¨§¡©©¸ ±¶ÿ¥¦à¸°¤ ¾©¸¡©®´©¾ ÿ¦¦¸¨¯¤©¥§§¨°¤ ¾¦£¹¦¡¦¦¸ ³¸»£¢¤ ³¸»±¢¸¯º¤ ¤¯º®¢¸¥¢º¥¢¤¬³³.1ÅÆÅÎÓÅÅ. e1, e2, . . . , en
¤µ §¤¯¥©¸ ¦¡¥¦¸¡§º¤ ¦¸¥¦- ¤¦¸¹²®¦¡¨£¦¤ £§§¸µ,

x = α1e1 +α2e2 + . . .+αnen, y = β1e1 +β2e2 + . . .+βnen
¨§¸°¤ ±¶ÿ¥¦¸§§¨¡¢¶. 0¢¡±¢® (x,y) = (α1e1 + α2e2 + . . .+ αnen, β1e1 + β2e2 + . . .+ βnen) =

(α1e1,
b∑

i=1
βiei)+(α2e2,

b∑

i=1
βiei)+. . .+(αnen,

b∑

i=1
βiei) =

n∑

k=1

n∑

i=1
αkβi(ek, ei) =

n∑

k=1

αkβk. N

Ü¢¸¢± X = [α1, α2, . . . , αn]¥, Y
¥

= [β1, β2, . . . , βn]
¦® XY ¥ =

n∑

k=1

αkβk©º¤©. �º¹¨ (x,y) = XY
¥
.

5.13. n����� N� N4��4����
o

1. á¦¨¯¥ ¥¦¦¤° ¦®¦¤®¦¡ R ¤µ
a) á¦¨¯¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º+) P¦E®¶ÿ£ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦®» ²©¨©¾ §§?o

2.
P¦¹E®¶ÿ£ ¥¦¦¤° ¦®¦¤®¦¡ C ¤µ
a) á¦¨¯¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º+) P¦E®¶ÿ£ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦®¦¾ ¢£¢¾¯º¡ ª©®¡©.o

3. á³¾¢® ¥¦¦¤° ¦®¦¤®¦¡ Z ¤µ
a) á¦¨¯¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º+) P¦E®¶ÿ£ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦®» ²©¨©¾ ¢£¢¾¯º¡ ¥¦¡¥¦¦.o

4.
f©¬¯¦¤©®µ ¥¦¦¤ ¦®¦¤®¦¡ Q ¤µ
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a) á¦¨¯¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º+) P¦E®¶ÿ£ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦®» ²©¨©¾ §§?o
5. Þ¢¡ α ¥¦¦¤¦¦£ ¥¦¡¥¦¾ ¦®¦¤®¦¡ ¤µ ¦¨¯¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º ³³£¡¢¨¢¡¦® α ¥¦¦ �¹©¸ ¥¦¦ ©º¾ ±¢?o
6. m× n ¢¸¢¹¯º¤ ¦¨¯¥ ¹©¥¸¯¬§§¨°¤ ¦®¦¤®¦¡ Rm×n

¤µ
a) á¦¨¯¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º+) P¦E®¶ÿ£ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦®» ²©¨©¾ §§?o

7. [a1, a2]
¾¢®¢¸¯º¤ ¹©¥¸¯¬§§¨°¤ ¦®¦¤®¦¡M -¨ ¤¢¹¢¾ ³º®¨®¯º¡ ¹©¥¸¯à¬°¤ ¤¢¹¢¾ ³º®¨¢®, α ¥¦¦¡¦¦¸ ³¸»³³®¢¾ ³º®¨®¯º¡α[a1, a2] = [a1, αa2]¡¢» ¥¦¨¦¸¾¦º®¦® M ¤µ ¦¨¯¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦®» ²©¨©¾ §§?o

8. q¹©¸ ¤¢¡ ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ x1,x2, . . . ,xm
±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹¨©¸©©¾ ¥¦¾¯¦®¨¦® ³¸¨ ª§¡©¹©¤ ¾©¹©©¸©®¥©º ¡¢¨¡¯º¡ ©¥©®.

a) ·¨¡¢¢¸ ±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹ ¤µ ¥¢¡ ±¶ÿ¥¦¸°¡ ©¡§§®£©¤ ©º¾+) ·¤¢ £¯£¥¶¹ ¨¦¥¦¸ ¾¦Ý¸ ¯»¯® ±¶ÿ¥¦¸ ©º¾.o
9. Rn ¦¡¥¦¸¡§º¤ ±¶ÿ¥¦¸§§¨°¤ ¨©¸©©¾ £¯£¥¶¹ ³¸ ª§¡©¹©¤ ¾©¹©©¸©®¡³º©º» ²©¨©¾ §§?

a) (−1, 2, 0, 0), (0, 0,−1, 2)+) (1, 0, 0), (0, 1, 0), (0, 0, 1)]) (1, 2), (−1,−2).o
10. E3

¦¡¥¦¸¡§º¤ ±¶ÿ¥¦¸§§¨°¤ ¨©¸©©¾ £¯£¥¶¹ ª§¡©¹©¤ ¾©¹©©¸©®¡³º©º» ²©¨©¾ §§?
a) a = 2i+ 3j, b = i+ k+) a = 2i+ 3j − k, b = 4i+ 6j − 2k]) a = 2i+ 3j + k, b = 5j + 3k, c = 7k.o

11. R4 ¦¡¥¦¸¡§º¤ (2,−1, 7, 10) ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥°¡ ¨©¸©©¾ £§§¸¯§à¨©©¸ ¯®¢¸¾¯º®.
a) (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)+) (0, 0, 1, 0), (0, 1, 0, 0), (0, 0, 0, 1), (1, 0, 0, 0).o

12. R2×2
¦¡¥¦¸¡§º¤ [

1 0
0 0

]

,

[
0 1
0 0

]

,

[
0 0
1 0

]

,

[
0 0
0 1

] £§§¸µ ¨©¾µ
¨©¸©©¾ ±¶ÿ¥¦¸§§¨°¤ ÿ¦¦¸¨¯¤©¥°¡ ¦®.
a)

[
−5 2
1 3

] +) [
4 0
−2 7

]

o
13. a, b ±¶ÿ¥¦¸§§¨°¤ ÿ¦¦¸¨¯¤©¥ (�¹©¸ ¤¢¡ £§§¸µ ¨©¾µ) «¡£¤««¸ c ±¶ÿà¥¦¸°¤ (¤¢¡ £§§¸µ ¨©¾µ) ÿ¦¦¸¨¯¤©¥°¡ ¦®.�) a(2, 3,−1), b(0, 1, 2), c = 2a + 3b+) a(0,−5, 1, 4), b(7, 2, 0,−1), c = a − b.o
14. �) a = 2e1 − e2, b = e1 + 3e2, e1, e2

£§§¸µ ±¶ÿ¥¦¸§§¨ «¡£«¤. a, b±¶ÿ¥¦¸§§¨ £§§¸µ ³³£¡¢¾¯º¡ ©¥©®.
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+) c = 3e1 − 2e2

±¶ÿ¥¦¸°¤ a,b £§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥°¡ ¦®.o
15.

�©¸©©¾ ±¶ÿ¥¦¸§§¨ (�¹©¸ £§§¸µ ¨©¾µ) ª§¡©¹©¤ ¾©¹©©¸©®¥©º ½§?
a) a1(2, 1, 0), a2(−6, 2, 0), a3(2,−4, 2)+) a1(1,−1, 0, 1), a2(2, 3,−1, 0), a3(4, 0, 0,−1).o

16. a4
±¶ÿ¥¦¸ §£©¨ (³®¨£¢¤) ±¶ÿ¥¦¸§§¨°¤¾©© ª§¡©¹©¤ ¢±®³³®¢¡ ¦®»²©¨©¾ §§?�) a1(−2, 1, 0), a2(3,−1, 1), a3(2, 0,−2), a4(1, 1, 1)+) a1(1, 1, 1), a2(2, 2, 2), a3(0,−1, 1), a4(2,−1, 3).o

17. Ü¢¸¢± a1,a2
±¶ÿ¥¦¸§§¨°¤ ÿ¦¦¸¨¯¤©¥§§¨ «¡£«¤ ¦® b(1, λ) ±¶ÿ¥¦¸

a1,a2-©©¸ ª§¡©¹©¤ ¯®¢¸¾¯º®¢¡¨¢» ©º¾©©¸ λ-
¯º¤ ³¾ §¥¡°¡ ¦®.

a) a1(2, 1), a2(−1, 3) +) a1(2, 1), a2(4, 2).o
18. a1,a2,a3,b (¤¢¡ £§§¸µ¥) ±¶ÿ¥¦¸§§¨ «¡²¢¢. b ±¶ÿ¥¦¸ a1,a2,a3

±¶ÿà
¥¦¸§§¨©©¸ ª§¡©¹©¤ ¯®¢¸¾¯º®¢¡¨¢» ©º¾ λ-

¯º¤ ³¾ §¥¡°¡ ¦®.�) a1(2, 3, 0); a2(1, 36, 0), a3(−1, 2, 0), b(0, λ, 5)+) a1(1, 2, 4), a2(2, 1, 5), a3(3,−1, 5), b(1, λ, λ).o
19. e1, e2, e3, e4

£§§¸¯©£ e3, e4, e1, e2
£§§¸µ¥ ª¯®»¯¾ ª¯®»¯®¥¯º¤ ¹©¥-¸¯¬°¡ ¦®.o

20.
�©¸©©¾ ¹©¥¸¯¬§§¨ ¤¢¡ £§§¸¯©£ ¤«¡«« ««¸ £§§¸µ¥ ª¯®»¯¾ ¹©¥¸¯¬¦®» ²©¨©¾ §§?
a)





−1 4 2
2 1 −3
1 5 −1



 +)




3 −1 7
0 9 2
0 0 −4





o
21. e1, e2, e3

£§§¸¯©£ e′1, e′2, e′3 £§§¸µ¥ ª¯®»¯¾ ª¯®»¯®¥¯º¤ ¹©¥¸¯¬ ¤µ



−1 0 0
2 −1 0
5 4 6





¦®
e′2
±¶ÿ¥¦¸°¤ e1, e2, e3

£§§¸µ ¨©¾µ, e1
±¶ÿ¥¦¸°¤ e′1, e

′
2, e

′
3
£§§¸µ¨©¾µ ÿ¦¦¸¨¯¤©¥§§¨°¡ ¦®.o

22. Ü¢¸¢± e1
′ = 3e1 − 2e2, e2

′ = e1 − e2
¦®

e1, e2
£§§¸¯©£ e′1, e′2 £§§¸µ¥ª¯®»¯¾ ª¯®»¯®¥¯º¤ ¹©¥¸¯¬°¡ ¦®.o

23. e1, e2
£§§¸µ ¨©¾µ x ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥§§¨©©¸ ¥³³¤¯º e′1, e

′
2
£§§¸µ¨©¾µ ÿ¦¦¸¨¯¤©¥°¡ ¦®.�) x = 3e1 − 2e2, e′1 = 5e1 + 3e2, e′2 = e1 + e2+) x = 2e1 − 5e2, e′1 = 3e1 − 4e2, e′2 = e1 − e2.o

24. e1, e2, e3
£§§¸µ ¨©¾µ x(−1, 2, 7) ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥©©¸ ¥³³¤¯º

e′1, e
′
2, e

′
3
£§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥°¡ ¦®.

e1
′ = e1 + 2e2 − 3e3, e2

′ = e1 − e2 + 2e3, e′3 = e1 + 2e2 − 5e3.o
25. a1,a2, . . . ,an

±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹ £§§¸µ ³³£¡¢¾¯º¡ ©¥©®», ¢¤¢£§§¸µ ¨©¾µ a ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥°¡ ¦®.
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�) a1(1, 2), a2(−1, 4), a(3,−7)+) a1(1, 2, 3), a2(−1, 4, 0), a3(1, 0, 0), a(5, 2,−6).o
26. En ¶±ÿ®¯¨ ¦¡¥¦¸¡§º¤ ±¶ÿ¥¦¸§§¨ «¡²¢¢. ·¨¡¢¢¸ ±¶ÿ¥¦¸§§¨°¤ §¸¥,£ÿ©®�¸ ³¸»±¢¸, ¥¢¨¡¢¢¸¯º¤ ¾¦¦¸¦¤¨¦¾ «¤¬¡¯º¡ ¦®.

a) a(1,−2, 3), b(3, 0,−4) +) a(1,−3, 0, 2), b(0.5,−12, 0).o
27. E3 ¶±ÿ®¯¨ ¦¡¥¦¸¡§º¤ ¨©¸©©¾ ±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹ ¦¸¥¦¡¦¤©®µ ¢£¢-¾¯º¡ ª©®¡©.

a) (0, 1, 1), (0,−1, 3) +) (1, 0, 0), (0, 2, 0), (0, 0, 3).o
28. E3 ¶±ÿ®¯¨ ¦¡¥¦¸¡§º¨ «¡£«¤ £§§¸¯©¸ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ©º¡§§®.

a) g1 = (1, 2, 3), g2 = (0, 2, 0), g3 = (0, 0, 3)+) g1 = (1, 0, 0), g2 = (0, 1,−1), g3 = (1, 1, 1).o
29.

l§¡©¹©¤ ¾©¹©©¸©®¥©º, ¾©¸¯®¬©¤ ¦¸¥¦¡¦¤©®µ ±¶ÿ¥¦¸§§¨°¤ »¯ª¢¢¡©¸¡©.o
30. 2¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ³³£¡¢¾ e1, e2, e3, e4, e5

±¶ÿ¥¦¸§§¨ «¡²¢¢.
(x,y)

© |x|, |y|-¡ ¦®.
a) x = e1 − 2e2 + e5, y = 3e2 + e3 − e4 + 2e5+) x = 2e1 + 3e2 − 3e3, y = e5 − 2e3]) x = 5e1 − 3e2 + e3 + 4e4, y = 2e2 − e3 + e4.o

31. 2¸¥¦¡¦¤©®µ £§§¸µ ³³£¡¢¾ e1, e2, e3, e4
±¶ÿ¥¦¸§§¨ «¡²¢¢. x, y ±¶ÿà¥¦¸§§¨°¤ ¾¦¦¸¦¤¨¦¾ «¤¬¡¯º¡ ¦®.

a) x = e1 − 2e2 + e3 + e4, y = e2 + 2e3 − e4,

|e1| = 3, |e2| = 2, |e3| = 1, |e4| = 2+) x = 2e1 − e2 + e3, y = e2 + e3 − e4, |e1| = 2,

|e2| = 3, |e3| = 3, |e4| =
√

2.o
32. R2 ¦¡¥¦¸¡§º¨ a(

√
x,

√
y)
© b(

√
y,
√
x), x, y ≥ 0, ∀x, y ∈ R ±¶ÿ¥¦¸§§¨©±² ³´µ¶. P¦ª¯-á§¤�ÿ¦±£ÿ¯º¤ ¥¢¤¬¢® ¯ª¯º¡ ©ª¯¡®©¤

√
xy ≤ (x+ y)

2¦®¦¾°¡ ©¥©®. Ü¢¨¯º¨ ¥¢¤¬³³ ©º¾ ±¢?o
33. ß® «¾«¾ A ¹©¥¸¯¬°¤ i-p ¹«¸ ¤µ A−1 ¹©¥¸¯¬°¤ j-p ©¡©¤©¥©º

(i 6= j) ¦¸¥¦¡¦¤©®µ ¦®¦¾°¡ ©¥©®.o
34. R3 ¦¡¥¦¸¡§º¨ (a1, b1, c1), (a2, b2, c2)

¡¢£¢¤ ÿ¦®®¯¤¶©¸ ¯ª ¾¦Ý¸ ±¶ÿà
¥¦¸§§¨¥©º ¦¸¥¦¡¦¤©®µ ©º¾ ³¾ ±¶ÿ¥¦¸§§¨°¡ ¦®.o

35. á¦¨¯¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ ¾¦Ý¸ ±¶ÿ¥¦¸¦¦£ ¥¦¡¥£¦¤ ¦®¦¤®¦¡ ¥³³¤¯º¨¢¨ ¦¡¥¦¸¡§º ¦®¦¾¡³º ¡¢¨¡¯º¡ ©¥©®.o
36. x,y, z ±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¦® u = x + y, v = x + z,

w = y + z ±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¡¢¨¡¯º¡ ©¥©®.o
37. L = {(a, a, b) | ∀a, b ∈ R} ⊂ R3 ¦® ¢¤¢ ¦¡¥¦¸¡§º¤ �®¡©©¥©º ¾¦Ý¸£§§¸¯º¡ ´©©.
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r���.

1. a) ¹«¤, +) ¯ª 2. a) ¹«¤, +) ¹«¤ 3. a)
¯ª, +) ¯ª 4. a)¯ª, +) ¯ª 5. a = 0 6. a) ¡©¨¤©, +) ¯ª 7. ³¡³º 9. a)

³¡³º, +) ¯ª, ]) ¹«¤ 10. a) ²©¨¤©, +) ²©¨©¾¡³º, ]) ²©¨¤© 11.

a) {2,−1, 7, 10}, +) {7,−1, 10, 2} 12. a) {−5, 2, 1, 3}, +) {4, 0,−2, 7}

13. �) c(4, 9, 4), +) c(−7,−7, 1, 5) 14. c(11
7 ,−1

7) 15. a) ³¡³º, +)
¥¯º¹ 16. �) ²©¨¤©, +) ³¡³º 17. a) λ ¨§¸°¤ §¥¡©, +) λ = 1

2

18. �) ∀λ ∈ R, +) q¹©¸ ² λ-
¯º¤ ¾§±µ¨ ª§¡©¹©¤ ¯®¢¸¾¯º®¢¡¨¢¾¡³º.

19.







0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0







20. a) ²©¨©¾¡³º, +) ²©¨¤© 21. e′2(0,−1, 4),

e′1(−1,−2, 13
6 ) 22.

[
3 1
−2 −1

]

23. �) x(5
2 ,−19

2 ), +) x(3, -7) 24.

x(17
3 ,−4

3 ,−16
3 ) 25. �) a(5

6 ,−13
6 ) +) a(−2, 3

2) 26. a) |a| =
√

14,

|b| = 5, (a,b) = −9, ϕ = arccos(− 9
5
√

14
), +) |a| = 14, |b| = 13, (a,b) = −15,

ϕ = arccos(− 15
13

√
14

) 27. a)
¯ª, +) ¹«¤ 28. a) ( 1√

14
, 2√

14
, 3√

14
),

(− 1√
35
, 5√

35
,− 3√

35
), (− 3√

10
, 0, 1√

10
), +) (1, 0, 0), (0, 1√

2
,− 1√

2
),

(0, 1√
2
, 1√

2
) 30. a) (x,y) = −4, |x| =

√
6, |y| =

√
15, +) (x,y) = 6, |x| =

√
22, |y| =

√
5, ]) (x,y) = −3, |x| =

√
51, |y| =

√
6

31. a) arccos(−
√

10
6 ), +) π

2

34. {(k
∣
∣
∣
∣

b1 c1
b2 c2

∣
∣
∣
∣
, k

∣
∣
∣
∣

c1 a1

c2 a2

∣
∣
∣
∣
, k

∣
∣
∣
∣

a1 b1
a2 b2

∣
∣
∣
∣
)|∀k ∈ R} 37. a) (1, 1, 0),

(0, 0, 1), +) (1, 1, 1), (0, 0, 1).
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6.1. y����� 4�O���4�&� �4�4�	4
�4��
Ü¢¹»¢¢£³³¨ ¤µm,n ©º¾ V,W ¡¢£¢¤ ¦¨¯¥ (ÿ¦¹E®¶ÿ£) ª§¡©¹©¤ ¦¡¥¦¸¡§º-¤§§¨ «¡£«¤ ©º¡.ôõôö÷ôøùôùú

. ∀x ∈ V
ÃÏþÆÒÂ (

ÁÎÏÄÏÊÆ)-ÉÓW -ÇÖÊ ÈÒÂ ÓÅÊÈ y ÃÏþÆÒÂ
(
ÁÎÏÄÏÊÆ)-Æ ÍÅÂÓÅÎóÔÔÎÅÍ f ÍÅÂÓÅÎóÅÅÓ V ÒÓÆÒÂÓÔÖÓW ÒÓÆÒÂÓÔÖÐ ËÔÔÎ�ÓÅÍ ËÔÔÎÓÅÎÆ ËÔ�Ô V -

ÁÁò
W -Ð ÌÖÎIÎÁÍ ÒDÏÂÅÆÒÂ ÓÁü ÊÁÂÎÁÁÐ, f : V →WÓÁü ÆÁÄÐÁÓÎÁÊÁ. y

ÃÏþÆÒÂÉÓ x
ÃÏþÆÒÂÉÊ ÐÌÂ, x

ÃÏþÆÒÂÉÓ y
ÃÏþÆÒ�ÂÉÊ ÁÍ ÐÌÂ ÓÁÊÁ. <ÊÁ ÆÒÍÇÒÎÐÒÎÐ f ÒDÏÂÅÆÒÂ x

ÃÏþÆÒÂÉÓ y
ÃÏþÆÒÂÆ�ÇÎüÌÌÎÎÁÁ ÓÁÍ ËÅ y = f(x) ÓÁü ËÇIÊÁ.2E¶¸©¥¦¸°¤ ¥¦¨¦¸¾¦º®¦®¥¦¦£ ¾©¸©¾©¨ ±¶ÿ¥¦¸ ³¸ ¡©¤¬ ¨³¸¥¢º, ¾©¸¯¤ ±¶ÿà¥¦¸ ³¸ ¢¾ ¨³¸¥¢º ©º¾ ©®©¡³º. Ü¢¸¢± ±¶ÿ¥¦¸ ¤µ ¢¾ ¨³¸¥¢º ¦® ¥¢¸ ¤µ¤¢¡ ©º¾ ©®©¡³º ©º¤©.ôõôö÷ôøùôùú

. f : V → W , q : V → W ÍÒûÂ ËÔÔÎÓÅÎÆÉÊ ÍÔÃÑÐ ∀x ∈ V :
f(x) = g(x) ËÅÖÃÅÎ f , g ËÔÔÎÓÅÎÆÔÔÐÉÓ ÆÁÊÈÌÌ ËÔÔÎÓÅÎÆ ÓÁÊÁ.�ÏþÆÒÂ ËÌÂ ÊÑ ÈÒÂ ÓÅÊÈ ÁÍ ÐÌÂÆÁÖ ËÅÖÍ ËÔÔÎÓÅÎÆÉÓ ÍÅÂÇÎÈÅÊ ÊÁÓ ÔÆ�ÓÅÆÅÖ ËÔÔÎÓÅÎÆ (ËÇÏþÈ) ÓÁÊÁ.ÀÁÂÁÃ f ÍÔÃÇÂÓÅÎÆ, V ÒÓÆÒÂÓÔÖÊ ÐÔÂÉÊ ÃÏþÆÒÂ ËÅ ÐÔÂÉÊ ÆÒÒ λ (ËÒÐÇÆËÅ þÒÄDÎÏþò)-ÇÖÊ ÍÔÃÑÐ
1. f(x1 + x2) = f(x1) + f(x2)

2. f(λx) = λf(x)ÊÕÍÈÕÎ ËÇÏÎü ËÅÖÃÅÎ f ÍÔÃÇÂÓÅÎÆÉÓ �ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆ ÓÁÊÁ.
·¤¢ ¥¦¨¦¸¾¦º®¦®¥¦¦£ f ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¾§±µ¨

f(αx1 + βx2) = αf(x1) + βf(x2) (6.1)

¥¢¤¬¢® ¯¶®¢¾ ¤µ ¾©¸©¡¨©» ©º¤©. ·¤¨ α, β ¤µ (
¦¨¯¥ §½§ ÿ¦¹E®¶ÿ£)¨§¸°¤ ¥¦¦¤§§¨. ß³¤¯º §¸±§§ ¤µ:ÀÁÂÁÃ (6.1) ÆÁÊÈÁÎ ËÇÏÎü ËÅÖÃÅÎ f ÊÑ �ÔÓÅÄÅÊ ËÅÖÊÅ.1ÅÆÅÎÓÅÅ. (6.1)-¨ α = 1, β = 1 ¥©±¯©® (6.1) ¤µ

f(x1 + x2) = f(x1) + f(x2)

¦®¤¦. Ü¢¸¢± (6.1)-¨ β = 0 ¡¢» ©±©® (6.1) ¤µ
f(αx) = αf(x)

¦®¤¦. l§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¾¦Ý¸ ¤«¾¬«® ¯¶®¢±. N
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l§¡©¹©¤ ¾§±¯¸¡©®¥ ¤µ ¥¢¡ ±¶ÿ¥¦¸°¡ ¥¢¡ ±¶ÿ¥¦¸¥ ª¯®»³³®¤¢. ·¤¢ ¤µ¨©¸©©¾ ¥¢¤¬®¢¢£ ¾©¸©¡¨©¤©.

f(O) = f(x− x) = f(x) − f(x) = O

ôõôö÷ôøùôùú
.
ÀÁÂÁÃW ÒÓÆÒÂÓÔÖÊ ÊÑ V ÒÓÆÒÂÓÔÖÆÅÖ ÐÅÃÍÈÃÅÎ V -

ÁÁò
W -Æ ÌÖÎIÎÁÍ f ÒDÏÅÆÒÂÉÓ V ÒÓÆÒÂÓÔÖÊ ÒDÏÂÅÆÒÂ ËÔ�Ô ÍÔÃÇÂÓÅÎÆ ÓÁÊÁ.ÀÁÂÁÃ f ÍÔÃÇÂÓÅÎÆ ÊÑ ÃÏþÆÒÂ ËÌÂÇÖÓ ÕÕÂÇÖÓ ÊÑ ÕÕÂÆ ÊÑ �ÇÎüÌÌÎü ËÅÖÃÅÎÕÕÂÕÕÂ ÍÁÎËÁÎ f(x) = x; ∀x ∈ V ËÅÖÃÅÎ ÅÐÇÎÆÓÅÎ ÍÔÃÇÂÓÅÎÆ ÓÁÊÁ.ÈÐÇÎÆÓÅÎ ÍÔÃÇÂÓÅÎÆ ËÌÍÁÊ �ÔÓÅÄÅÊ ËÅÖÊÅ.ØÙÚÛÛ

6.1. Ü©±¥¡©º¤ ±¶ÿ¥¦¸§§¨°¤ ª§¡©¹©¤ ¦¡¥¦¸¡§ºM2-
¨ ¨©¸©©¾ ¾§±¯¸-¡©®¥°¡ ¥¦¨¦¸¾¦º®3Ý. M2-

¯º¤ x ±¶ÿ¥¦¸ ³¸¨ ¥³³¤¯º¡ ϕ «¤¬¡««¸ (¤¢¡ ¯»¯®)¢¸¡³³®¢¾¢¨ ¡©¸©¾ f(x) ±¶ÿ¥¦¸°¡ ¾¢¸¡©®´§§®3�. ·¤¢ ¾§±¯¸¡©®¥ ¤µ ª§¡©à¹©¤ ¾§±¯¸¡©®¥ ¦®¤¦ (´§¸©¡ 75).

f(x1 + x2) = f(x1) + f(x2)

6

-�������:
�

�
�

��7

�
�
�
�
�
�
�
��

6

-

y

x

x1

x2

x1 + x2

f(x1)

f(x2)

0 x

y

x

f(x)
λx

λf(x)

0
@

@@I

�
�

�
��3

�
�

�
��3











�












�6

��*

f(x1) + f(x2)

�����
75ØÙÚÛÛ

6.2.
�«®««¥ ±¶ÿ¥¦¸§§¨°¤ ª§¡©¹©¤ ¦¡¥¦¸¡§º M3-

¯º¤ x ±¶ÿ¥¦¸³¸¯º¡ |x|x ±¶ÿ¥¦¸¥ ª¯®»³³®¢¾ ¾§±¯¸¡©®¥ f ¤µ ª§¡©¹©¤ ¯ª ¡¢¨¡¯º¡¾©¸§§®3�.
f(x1 + x2) = |x1 + x2|(x1 + x2)

f(x1) + f(x2) = |x1|x1 + |x2|x2

¡¢¨¡¯º¡ ¾©¸µ¬§§®©¤ ³´±¢® f(x1 + x2) 6= f(x1) + f(x2)
©º¡©© ¥§® ¯º¹ f¾§±¯¸¡©®¥ ¤µ ª§¡©¹©¤ ¯ª ©º¤©.

V ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ ª§¡©¹©¤ ¾§±¯¸¡©®¥ f ¤µ V ¦¡¥¦¸¡§º¤ ¤¢¡ £§§¸¯º¤
e1, e2, . . . , en

±¶ÿ¥¦¸§§¨°¡ ¾©¸¡©®´©¤ e′1, e′2, . . . , e′n ±¶ÿ¥¦¸§§¨©¨ ª¯®»³³®-¨¢¡ ©º¡. �«¸««¸ ¾¢®¢®
e′1 = f(e1), e′2 = f(e2), . . . , e′n = f(en)
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©º¡. 0¢¡±¢® V ¦¡¥¦¸¡§º¤ ¨§¸°¤ x ±¶ÿ¥¦¸°¤ ¨³¸ ¤µ £§§¸¯º¤ ±¶ÿ¥¦¸§§¨°¤¨³¸³³¨¢¢¸ ¯®¢¸¾¯º®¢¡¨¢¤¢. ·¤¢ ¤µ ¨©¸©©¾ ¥¢¤¬®¢¢£ ¾©¸©¡¨©¤©.
x = α1e1 + α2e2 + . . .+ αnen

f(x) = f(α1e1 + . . .+ αnen) = α1f(e1) + . . .+ αnf(en) =
= α1e

′
1 + . . . + αne

′
n

©º¤©. ·¤¨¢¢£ ¦¡¥¦¸¡§º¤ £§§¸¯º¤ ±¶ÿ¥¦¸§§¨°¤ ¨³¸³³¨ «¡£¤««¸ V ¦¡à¥¦¸¡§º¤ ª§¡©¹©¤ ¾§±¯¸¡©®¥ ³¸¢¤ ¥¦¨¦¸¾¦º®¦¡¨¦¾ ¤µ ¾©¸©¡¨©» ©º¤©.

6.2. y����� 	�9������&� �����
V ¦¡¥¦¸¡§º¤ e1, e2, . . . , en

£§§¸¯º¤ ±¶ÿ¥¦¸§§¨°¡ ¾©¸¡©®´©¤ e′1, e
′
2, . . . , e

′
n±¶ÿ¥¦¸§§¨©¨ ª¯®»³³®¢¾ ª§¡©¹©¤ ¾§±¯¸¡©®¥°¡ f ¡¢¶. e′1, e

′
2, . . . , e

′
n
±¶ÿà

¥¦¸§§¨ ¤µ £§§¸¯º¤ ±¶ÿ¥¦¸§§¨©©¸
f(e1) = e′1 = a11e1 + a21e2 + . . .+ an1en

f(e2) = e′2 = a12e1 + a22e2 + . . .+ an2en

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

f(en) = e′n = a1ne1 + a2ne2 + . . . + annen







(6.2)

ª§¡©¹©¤ ¯®¢¸¾¯º®¢¡¨¢¤¢.

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann








ÄÅÆÂÇÈÉÓ e1, e2, . . . , en

òÔÔÂÑ ÐÅÍÑ f �ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆÉÊ ÄÅÆÂÇÈ ÓÁÊÁ.
A ¹©¥¸¯¬°¤ i-p ©¡©¤© ¤µ f(ei)

±¶ÿ¥¦¸°¤ e1, e2, . . . , en
£§§¸µ ¨©¾µ ÿ¦à¦¸¨¯¤©¥ ©º¤©. �¤¡¢» («¡£«¤ £§§¸µ¥) ª§¡©¹©¤ ¾§±¯¸¡©®¥ ³¸¨ ¹©¥¸¯¬¾©¸¡©®´©¤ ©º¤©. ß³¤¯º §¸±§§ ¤µ n ¢¸¢¹¯º¤ ¹©¥¸¯¬ ³¸¨ n ¾¢¹»¢¢£¥¦¡¥¦¸¡§º¤ ª§¡©¹©¤ ¾§±¯¸¡©®¥ ¾©¸¡©®´©¤© ¡¢¨¢¡ ¤µ ³¤¢¤.

(6.2) £¯£¥¶¹¯º¡ ¹©¥¸¯¬©¤ ¾¢®¢¸¢¢¸
[f(e1) f(e2) . . . f(en)] = [e1 e2 . . . en]A (6.3)

¡¢» ¯²¤¢.
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6.3. M2
¦¡¥¦¸¡§º¨ ϕ «¤¬¡««¸ ¢¸¡³³®¢¾ ¾§±¯¸¡©®¥°¡ ©±² ³´µ¶.·¤¢ ¾§±¯¸¡©®¥°¤ i, j £§§¸µ ¨©¾µ ¹©¥¸¯¬°¡ ¯².1ÒÐÒÎÆ. 76-¸ ´§¸¡©©£
f(i) =

−−→
OM +

−−→
MN = i · cosϕ+ j · sinϕ

f(j) =
−−→
OP +

−→
PS = −i · sinϕ+ j · cosϕ

©º¤©. �º¹¨ ϕ «¤¬¡««¸ ¢¸¡³³®¢¾ ¾§±¯¸¡©®¥°¤ i, j £§§¸µ ¨©¾µ ¹©¥¸¯¬

A =

[
cosϕ − sinϕ
sinϕ cosϕ

]

©º¤©.ØÙÚÛÛ
6.4. M2

¦¡¥¦¸¡§º¤ ¨§¸°¤ x ±¶ÿ¥¦¸°¡ ¥³³¤¥¢º OX ¥¢¤¾®¢¡¯º¤¾§±µ¨ ¥¢¡ª ¾¢¹¥¢º ±¶ÿ¥¦¸¥ ª¯®»³³®¢¾ ¾§±¯¸¡©®¥ f ª§¡©¹©¤ ¦®¦¾ ¤µ¯®¢¸¾¯º. 0³³¤¯º i, j £§§¸µ ¨©¾µ ¹©¥¸¯¬°¡ ¯².1ÒÐÒÎÆ. 77-¸ ´§¸¡©©£ f(i) = i, f(j) = −j
©º¤©. �º¹¢¢£

f(i) = 1 · i + 0 · j
f(j) = 0 · i + (−1) · j

©º¾ © ¦®¦¾ ¹©¥¸¯¬ ¤µ
A =

[
1 0
0 −1

]

©º¤©.R¨¯®¥¡©® ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬ ¤µ ¤¢¡» ¹©¥¸¯¬ ©º¤©. º¸±§§¡©©¸ n¢¸¢¹¯º¤ ¤¢¡» ¹©¥¸¯¬ ³¾¢¤¨ n ¾¢¹»¢¢£¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ ©¨¯®¥¡©®¾§±¯¸¡©®¥ ¾©¸¡©®´©¤©.



6.3. �M�éíê âè éãã�ëð îãêëð� �ííêîë�èé##î$� ïííêí�îíï ïíäâíí 179

6.3.  O;�4� N� �  ��
 � ��
� ;44���������&� 	44�4��4		4�N44
e1, e2, . . . , en

£§§¸µ ¨©¾µ x ±¶ÿ¥¦¸ ³¸ x1, x2, . . . , xn
ÿ¦¦¸¨¯¤©¥¥©º. �«¸««¸¾¢®¢® x = x1e1 + x2e2 + . . .+ xnen

¡¢¶.
e1, e2, . . . , en

£§§¸µ¥

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann








¹©¥¸¯¬¥©º f ª§¡©¹©¤ ¾§±¯¸¡©®¥ ©±² ³´µ¶. f(x) ±¶ÿ¥¦¸°¤ e1, e2, . . . , en£§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥ y1, y2, . . . , yn-
¯º¡ ¦®3Ý.

f(x) = y1e1 + y2e2 + . . .+ ynen = [e1 e2 . . . en] ·








y1

y2
...
yn








(6.4)

©º¤©. Þ«¡«« ¥©®©©£
f(x) = f(x1e1 + . . .+ xnen) = x1f(e1) + . . .+ xnf(en) =

= [f(e1) f(e2) . . . f(en)] ·








x1

x2
...
xn








©º¤©. (6.3) ¥¢¤¬®¯º¡ ¢¤¨ ¾¢¸¢¡®¢±¢®

f(x) = [e1 e2 . . . en] · A ·








x1

x2
...
xn








(6.5)

¦®¤¦. (6.4), (6.5) ¥¢¤¬®³³¨¢¢£







y1

y2
...
yn








= A ·








x1

x2
...
xn








§½§ Y = AX (6.6)
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·¤¨ Y = [y1 y2 . . . yn]¥, X = [x1 x2 . . . xn]¥Ü¢¸¢± f ¤µ �¹©¸ ¤¢¡ £§§¸µ¥ A ¹©¥¸¯¬¥©º © y = f(x) ª§¡©¹©¤¾§±¯¸¡©®¥ ¦® Y = AX

©º¤©.
(6.6) ¥¢¤¬®¯º¡ ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¥¦¨¦¸¾¦º®¦®¥°¤ 1), 2) ¤«¾¬«®¨ ¾¢¸¢¡-®¢±¢®

A(X1 +X2) = AX1 +AX2, A(λX) = λ(AX)

¡¢» 1), 2) ¤«¾¬®¯º¡ ¯²¤¢.ØÙÚÛÛ
6.5. Ü¦Ý¸ ¾¢¹»¢¢£¥ ¦¡¥¦¸¡§º¤ e1, e2

£§§¸µ¨
A =

[
3 2
−1 5

]

¹©¥¸¯¬¥©º f ª§¡©¹©¤ ¾§±¯¸¡©®¥ «¡²¢¢. x = 4e1 − 3e2
±¶ÿ¥¦¸°¤ ¨³¸

f(x)-
¯º¡ ¦®.1ÒÐÒÎÆ. f(x)-

¯º¤ ÿ¦¦¸¨¯¤©¥°¡ y1, y2
¡¢¶. (6.6) ¥¦¹3Ý¦¡¦¦¸

[
y1

y2

]

=

[
3 2
−1 5

]

·
[

4
−3

]

=

[
6

−19

]

¦®¦¾ © f(x) = 6e1 − 19e2
©º¤©.

6.4. y��� ����V� ���'  ��	 ������ 	�9������&� ��-���
FôöFG

6.1. Ü¢¸¢± ¨§¸°¤ ©¡©¤© ¹©¥¸¯¬ X = [x1 x2 . . . xn]¥-¯º¤ ¾§±µ¨
AX = BX (6.7)

(¢¤¨ Am×m = (aij), Bm×m = (bij)) ¥¢¤¬¢® ¯¶®» ©º±©® A = B
©º¤©.1ÅÆÅÎÓÅÅ. (6.7) ¥¢¤¬¢® ¤µ ¨§¸°¤ X-

¯º¤ ¾§±µ¨ ¯¶®¨¢¡ ¡¢¨¡¢¢£ (6.7) ¤µ
X = [10 . . . 0]¥-¯º¤ ¾§±µ¨








a11 a12 . . . a1m

a21 a22 . . . a2m

. . . . . .
. . . . . .

am1 am2 . . . amm







·








1
0
...
0








=








b11 b12 . . . b1m

b21 b22 . . . b2m

. . . . . .
. . . . . .

bm1 bm2 . . . bmm







·








1
0
...
0








¦®¤¦. ·¤¨¢¢£
[a11 a21 . . . am1]

¥ = [b11 b21 . . . bm1]
¥
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© a11 = b11, a21 = b21, . . . , am1 = bm1
¦®¤¦. á§£©¨ ¢®¶¹¶¤¥³³¨¯º¤¾§±µ¨ ³³¤¥¢º ©¨¯®©©¸ ¥¢¤¬³³ ©º¾°¡ ©¥®©¤©. 0§¾©º®©® A ¹©¥¸¯¬°¤

i-p
©¡©¤°¡ W -

¯º¤ i-p ©¡©¤©¥©º ¥¢¤¬³³ ¡¢¨¡¯º¡ ©¥®©¾°¤ ¥§®¨ (6.7)-¨ X-¢¢¸ i-p ¹«¸ ¨¢¢¸¢¢ 1
§£©¨ ¢®¶¹¶¤¥³³¨ ¤µ ¥¢¡¥¢º ¥¢¤¬³³ ©º¾ X =

[0 0 . . . 1 0 . . . 0] ¹©¥¸¯¬°¡ ©±¤©. NFôöFG
6.2. Ü¢¸¢± ¨§¸°¤ X = [x1 x2 . . . xm] ¹©¥¸¯¬°¤ ¾§±µ¨ XA = XB

(¢¤¨ A,W ¤µ m ¢¸¢¹¯º¤ ÿ±©¨¸©¥ ¹©¥¸¯¬) ¯¶®» ©º±©® A = B
©º¤©.

á©¥©®¡©©¡ ¥¶¦¸¶¹ 6.1-
¯º¤ ©¨¯®©©¸ ¡³º¬¢¥¡¢¤¢.FôöFG

6.3. Ü¢¸¢±
e1, e2, . . . , en (6.8)

e′1, e
′
2, . . . , e

′
n (6.9)¤µ �¹©¸ ¤¢¡ ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ £§§¸¯§¨ © A ¤µ f ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤

(6.8) £§§¸µ ¨©¾µ ¹©¥¸¯¬ ¦® (6.9) £§§¸µ ¨©¾µ ¢¤¢ ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬ ¤µ
B = T−1AT ¾¢®¢¸¥¢º ©º¤©. ·¤¨ T ¤µ (6.8) £§§¸¯©£ (6.9) £§§¸µ¥ ª¯®»¯¾ª¯®»¯®¥¯º¤ ¹©¥¸¯¬.1ÅÆÅÎÓÅÅ. x ±¶ÿ¥¦¸ (6.8) £§§¸µ¥ α1, α2, . . . , αn (6.9) £§§¸µ¥ α′

1, α
′
2, . . . , α

′
nÿ¦¦¸¨¯¤©¥¥©º, y = f(x) ±¶ÿ¥¦¸ (6.8) £§§¸µ¥ β1, β2, . . . , βn, (6.9) £§§¸µ¥

β′1, β
′
2, . . . , β

′
n
¡¢£¢¤ ÿ¦¦¸¨¯¤©¥¥©º ½¹ ¡¢¶. 0¢¡±¢®

X = TX ′ (6.10)

Y = TY ′ (6.11)

Y = AX (6.12)

Y ′ = BX ′ (6.13)©º¤©. (6.10)-
¯º¤ ´³³¤ ¥©®©©£ ¤µ A ¹©¥¸¯¬©©¸ ³¸»±¢® AX = ATX ′¦®¦¾ © (6.11), (6.12)-

¯º¡ ©¤¾©©¸±©® TY ′ = ATX ′ ¦®¤¦. ·¤¨¢¢£ Y ′ =
(T−1AT )X ′ ¦®¤¦. 0¶¦¸¶¹ 6.1

© (6.13)-°¡ £³³®²¯º¤ ¥¢¤¬¢®¨ ¾¢¸¢¡®¢±¢®
B = T−1AT

©º¤©. N�iöõùijii
1. Ü¢¸¢± ª§¡©¹©¤ ¾§±¯¸¡©®¥ ¤µ �¹©¸ ¤¢¡ £§§¸µ¥ ³® «¾«¾¹©¥¸¯¬¥©º ¦® ¨§¸°¤ ««¸ £§§¸¯º¤ ³¶¨ ¢¤¢ ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬ ¤µ ¹«¤³® «¾«¾ ©º¤©.1ÅÆÅÎÓÅÅ. f ¾§±¯¸¡©®¥°¤ ¾¦Ý¸ £§§¸µ ¨©¾µ ¹©¥¸¯¬§§¨°¡ A,B ¡¢¶.

detA 6= 0.
0¶¦¸¶¹ 6.3-©©¸ B = T−1AT

©º¤©. l¯®»¯®¥¯º¤ ¹©¥¸¯¬ T¤µ ³® «¾«¾ §²¸©©£ detB 6= 0. detB = detT−1 · detA · detT 6= 0 ⇒ B ³®«¾«¾ ¹©¥¸¯¬. N�iöõùijii
2. Ü¢¸¢± A,W ¤µ f ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ««¸ ««¸ £§§¸µ¨©¾µ ¹©¥¸¯¬§§¨ ¦® rangA = rangB

©º¤©.1ÅÆÅÎÓÅÅ. 0¶¦¸¶¹ 1.13-°¡ B = T−1AT -¨ ¾¢¸¢¡®¢±¢® rangA = rangB N
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ØÙÚÛÛ

6.6. e1, e2
£§§¸µ¥ f ¾§±¯¸¡©®¥

A =

[
17 6
6 8

]

¹©¥¸¯¬¥©º ¦® e′1 = e1 − 2e2 e′2 = 2e1 + e2
£§§¸µ ¨©¾µ f ¾§±¯¸¡©®¥°¤¹©¥¸¯¬°¡ ¦®.1ÒÐÒÎÆ. A§§¸¯©£ £§§¸µ¥ ª¯®»¯¾ ª¯®»¯®¥¯º¤ ¹©¥¸¯¬ ¤µ

T =

[
1 2
−2 1

]

0¢¡±¢®
T−1 =

1

5

[
1 −2
2 1

]

B = T−1AT =
1

5

[
1 −2
2 1

]

·
[

17 6
6 8

]

·
[

1 2
−2 1

]

=

[
5 0
0 20

]

6.5. y����� 	�9������&� ���&� �' N� �8
ôõôö÷ôøùôùú

. f : V → W ÍÔÃÇÂÓÅÎÆÉÊ ÌÏÐ W -ÇÖÊ ÆÁÓ ÃÏþÆÒÂÆ�ÇÎüÇÍ V -ÇÖÊ ÃÏþÆÒÂÔÔÐÉÊ ÒÎÒÊÎÒÓÇÖÓ f ÍÔÃÇÂÓÅÎÆÉÊ ÈÕÄ ÓÁÊÁ.
f ¾§±¯¸¡©®¥°¤ ¬«¹¯º¡ ker f ¡¢» ¥¢¹¨¢¡®¢±¢®

ker f = {x ∈ V | f(x) = 0}
©º¤©.
f : V → W ÍÔÃÇÂÓÅÎÆÅÅÂ V -ÇÖÊ ÐÒÂ ÍÅ5ü ÊÁÓ ÃÏþÆÒÂÉÊ ÐÌÂ ËÒÎü ËÅÖÍ
W -ÇÖÊ ÃÏþÆÒÂÔÔÐÉÊ ÒÎÒÊÎÒÓÇÖÓ f ÍÔÃÇÂÓÅÎÆÉÊ ÔÆÓÉÊ ÄÔü ÓÁÊÁ. f ¾§±¯¸-¡©®¥°¤ §¥¡°¤ ¹§»¯º¡ Jmf ¡¢» ¥¢¹¨¢¡®¢±¢®

Jmf = {y ∈W | y = f(x)}
�©¸©©¾ «¡³³®¢¸³³¨¯º¡ ©¥©®3�.
1. f : V → V ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¬«¹ ¤µ V -

¯º¤ ¨¢¨ ¦¡¥¦¸¡§º ©º¤©.1ÅÆÅÎÓÅÅ. f ª§¡©¹©¤ ¾§±¯¸¡©®¥ ¡¢¨¡¢¢£ f(0) = 0
©º¤©. �º¹¨ ker f 6=

∀x1,x2 ∈ ker f
¦® f(x1) = f(x2) = 0

©º¤©.
f(x1 + x2) = f(x1) + f(x2) = 0 ⇒ x1 + x2 ∈ ker f

f(λx1) = λf(x1) = λ0 = 0 ⇒ λx1 ∈ ker f�º¹¢¢£ ker f ¤µ V -
¯º¤ ¨¢¨ ¦¡¥¦¸¡§º ©º¤©. N
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2. f : V → V ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ §¥¡°¤ ¹§» ¤µ V ¦¡¥¦¸¡§º¤ ¨¢¨¦¡¥¦¸¡§º ¦®¤¦.
3. f : V → V ¾§±¯¸¡©®¥°¤ ¬«¹ ker f ¤µ ´«±¾«¤ ¡©¤¬ ¥¢¡ ±¶ÿ¥¦¸¦¦£ ¥¦¡¥¦¾´©º®ª¡³º ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ f ¾§±¯¸¡©®¥ ¯¶ÿ¬ ©º¾ ½¹. �«¸««¸¾¢®¢®

ker f = {0} ⇔ f : V → V − ¯¶ÿ¬
2, 3-¸ «¡³³®¢¸³³¨¯º¤ ©¥©®¡©©¡ £§¸©®¬©¡²¨©¨ ¯¶ ¨©©¤ ¾¯º®¡¢¾¢¢¸ ¦¸¾¯±.
dim ker f -ÇÖÓ f ÍÔÃÇÂÓÅÎÆÉÊ ÐÏ�ÏþÆ, dim Jmf -ÇÖÓ f ÍÔÃÇÂÓÅÎÆÉÊ ÂÅÊÓÓÁÊÁ.FôöFG

6.4. Ü¢¸¢± f : V → V
¦®

dim Jmf = rangA, dim ker f = n− rangA.

·¤¨ A ¤µ f ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬ n = dimV .1ÅÆÅÎÓÅÅ. 1) y ∈ Jmf
¦®

y = f(x)
©º¾ x ∈ V ¦®¨¦¤¦. ·¤¢ ¤µ

AX = Y (6.14)

X,Y ¤µ ¾©¸¡©®´©¤ x,y ±¶ÿ¥¦¸§§¨°¤ ÿ¦¦¸¨¯¤©¥°¤ ©¡©¤© ¹©¥¸¯¬ (6.14)£¯£¥¶¹ ¤¯º¬¥¢º ¦® rangA = rangA = r.
�º¹¨ Y ©¡©¤© ¤µ A ¹©¥¸¯¬°¤£§§¸µ ©¡©¤§§¨°¤ ª§¡©¹©¤ ¢±®³³®¢¡ ©º¤©. �¤¡¢» ∀y ∈ Jmf ¤µ ª§¡©à¹©¤ ¾©¹©©¸©®¡³º r ¥¦¦¤° ±¶ÿ¥¦¸§§¨°¤ ª§¡©¹©¤ ¢±®³³®¢¡ ¦®¤¦. ·¤¢ ¤µ

dim Jmf = r = rangA ¡¢£¢¤ ³¡.
2) ∀x ∈ ker f ⇒ f(x) = 0

§½§ AX = 0. ·¤¢ ¤µ ker f ¤µ AX = 0£¯£¥¶¹¯º¤ ª¯º¨¯º¤ ¦¡¥¦¸¡§º ¦®» ©º¤© ¡¢£¢¤ ³¡. �º¹¨ dim ker f = n−r©º¤©. N·¤¢ ©¥©®£©¤ ¥¶¦¸¶¹¦¦£
dimJmf + dim ker f = dimV, (f : V → V )

¡¢» ¹«¸¨«¤ ¡©¸¤©.
6.6. y����� 	�9������&� �4�4�	4
�4�J ���������
FôöFG

6.5. Ü¢¸¢±
e1, e2, . . . , en (6.15)£§§¸µ¥ f ª§¡©¹©¤ ¾§±¯¸¡©®¥ ¤µ A ¹©¥¸¯¬¥©º,
e′1, e

′
2, . . . , e

′
n (6.16)

£§§¸µ¥ B ¹©¥¸¯¬¥©º ¦® det(A− λE) = det(B − λE)
©º¤©. ·¤¨ λ ¨§¸°¤¥¦¦, E ¤µ n ¢¸¢¹¯º¤ ¤¢¡» ¹©¥¸¯¬.
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1ÅÆÅÎÓÅÅ. (6.15) £§§¸¯©£ (6.16) £§§¸µ¥ ª¯®»¯¾ ª¯®»¯®¥¯º¤ ¹©¥¸¯¬°¡ T¡¢¶. 0¶¦¸¶¹ 6.3-©©¸ B = T−1AT

©º¤©. �º¹¨ det(B−λE) = det(T−1AT −
λE) = det(T−1AT −λT−1ET ) = det[T−1(A−λE)T ] = detT−1 ·det(A−λE) ·
detT = det(A− λE) N.ôõôö÷ôøùôùú

. det(A − λE) ÊÑ λ-ÇÖÊ ÍÔÃÑÐ n óÁÂÓÇÖÊ ÒÎÒÊ ÓÇ�ÌÌÊÆËÅÖÊÅ. <ÊÁ ÒÎÒÊ ÓÇ�ÌÌÊÆÇÖÓ A ÄÅÆÂÇÈÉÊ ÆÒÐÒÂÍÒÖÎÒÓI ÒÎÒÊ ÓÇ�ÌÌÊÆËÔ�Ô f ÍÔÃÇÂÓÅÎÆÉÊ ÆÒÐÒÂÍÒÖÎÒÓI ÒÎÒÊ ÓÇ�ÌÌÊÆ ÓÁÊÁ.
det(A− λE) = 0 (6.17)

ÆÁÓ�ÇÆÓÁÎÇÖÓ f �ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆÉÊ (5ÄÅÂ ÊÁÓ òÔÔÂÑ ÐÅÍÑ) ÆÒÐÒÂÍÒÖ-ÎÒÓI ÆÁÓ�ÇÆÓÁÎ ÓÁÊÁ. <ÊÐ A ÊÑ f ÍÔÃÇÂÓÅÎÆÉÊ (5ÄÅÂ ÊÁÓ òÔÔÂÑ ÐÅÍÑ)ÄÅÆÂÇÈ.
(6.17) ÆÁÓ�ÇÆÓÁÎÇÖÓ ÄÕÊ A ÄÅÆÂÇÈÉÊ ÆÒÐÒÂÍÒÖÎÒÓI ÆÁÓ�ÇÆÓÁÎ, ÍÅÂÇÊÆÌÌÊÇÖ �ÇÖÐÌÌÐÇÖÓ �ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆÉÊ (A

ÄÅÆÂÇÈÉÊ) ÆÒÐÒÂÍÒÖÎÒÓIÆÒÒÊÔÔÐ ÓÁÊÁ.
Þ¢¡ £§§¸¯©£ ¤«¡«« £§§¸µ¥ ª¯®»¯¾¢¨ ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬ ««¸²-®«¡¨«¤«. Ü©¸¯¤ ¥¦¨¦¸¾¦º®¦¡² ¦®¦¤ ¡¯ª³³¤¥ ««¸²®«¡¨«¾¡³º (¨¢¢¸¾ ¥¶¦à¸¶¹¦¦£) ««¸««¸ ¾¢®¢® ¥¦¨¦¸¾¦º®¦¡² ¦®¦¤ ¡¯ª³³¤¥ £§§¸¯º¤ £¦¤¡¦®¥¦¦£¾©¹©©¸©¾¡³º.ôõôö÷ôøùôùú

. |ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆÉÊ ËÌÍ ÆÒÐÒÂÍÒÖÎÒÓI ÆÒÒÊÔÔÐÉÊòÇòÆÏÄÇÖÓ ÆÌÌÊÇÖ òDÏþÆÒÂ ÓÁÊÁ.0¦¨¦¸¾¦º®¦¡² ¥¦¦ ³¸ £E¶ÿ¥¦¸¥ ¨©±¥©®¥°¤¾©© ¥¦¦¡¦¦¸ ¦¸£¦¤ ©º¤©.�«¸««¸ ¾¢®¢® (6.17) ¥¢¡ª¯¥¡¢®¨ ¨©±¾©¸¨£©¤ ª¯º¨³³¨ ©º±©® ¥¢¨ ³¡¨¢¢-¸¢¢ £E¶ÿ¥¦¸¥ ¦¸¤¦.ôõôö÷ôøùôùú

.
ÀÁÂÁÃ f ÍÔÃÇÂÓÅÎÆÉÊ ÆÒÐÒÂÍÒÖÎÒÓI ÒÎÒÊ ÓÇ�ÌÌÊÆÁÊÓÇÖÊ 5óÓÔÔÂÆÅÖ ËÅÖÃÅÎ ÁÊÁ f ÍÔÃÇÂÓÅÎÆÉÊ òDÏþÆÒÂÉÓ ÁÊÓÇÖÊ ÓÁÊÁ.

f ª§¡©¹©¤ ¾§±¯¸¡©®¥ �¹©¸ ¤¢¡ £§§¸µ¥

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann








¹©¥¸¯¬¥©º ¡¢¶. ·¤¢ ¾§±¯¸¡©®¥°¤ ¥¦¨¦¸¾¦º®¦¡² ¥¢¡ª¯¥¡¢® ¤µ

det















a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann







− λ








1 0 . . . 0
0 1 . . . 0

. . . . . .
. . . . . .

0 0 . . . 1















= 0
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§½§
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 − λ a12 . . . a1n

a21 a22 − λ . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann − λ

∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0

¾¢®¢¸¥¢º ©º¤©.ØÙÚÛÛ
6.7.

A =





0 −2 −3
−2 0 −3
2 2 5





¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ¦®¦¤ ¡¯ª³³¤¥ © ¥¦¨¦¸¾¦º®¦¡² ¥¦¦¡ ¦®.1ÒÐÒÎÆ. ·¤¢ ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ¦®¦¤ ¡¯ª³³¤¥ ¤µ
ϕ(λ) =

∣
∣
∣
∣
∣
∣

−λ −2 −3
−2 −λ −3
2 2 5 − λ

∣
∣
∣
∣
∣
∣

= −λ3 + 5λ2 − 8λ+ 4

©º¤©. 0¦¨¦¸¾¦º®¦¡² ¥¦¦¤§§¨°¡ ¦®¦¾°¤ ¥§®¨
−λ3 + 5λ2 − 8λ+ 4 = 0

¥¢¡ª¯¥¡¢® ¦¨¤¦. ·¤¢ ¥¢¡ª¯¥¡¢®¯º¡
(λ3 − λ2) − (4λ2 − 4λ) + (4λ− 4) = 0

§½§ (λ− 1)(λ2 − 4λ+ 4) = 0 ¡¢» ¯²¤¢. ·¤¢ ¥¢¡ª¯¥¡¢®¯º¤ ª¯º¨ λ1 = 1,
λ2 = λ3 = 2 ¥¦¦¤§§¨ ¤µ A ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ¥¦¦¤§§¨ (£E¶ÿ¥¦¸) ½¹.
6.7. y����� 	�9������&�  �'9��
x ±¶ÿ¥¦¸ ³¸¨ f ¾§±¯¸¡©®¥ ¾¢¸¢¡®¢¤ y ±¶ÿ¥¦¸¥ ª¯®»³³®¨¢¡, y ±¶ÿ¥¦¸¥ gª§¡©¹©¤ ¾§±¯¸¡©®¥ ¾¢¸¢¡®¢¤ z ±¶ÿ¥¦¸¥ ª¯®»³³®¨¢¡ ¡¢¶. ·¤¢ ¥¦¾¯¦®¨¦®¨
x ±¶ÿ¥¦¸¥ f, g ¾§±¯¸¡©®¥§§¨°¡ ¨©¸©©®©¤ ¾¢¸¢¡®¢» z ±¶ÿ¥¦¸°¡ ¡©¸¡©®©©¡¢¤¢.ôõôö÷ôøùôùú

. V �ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖÐ ÌÖÎIÇÎü ËÅÖÓÅÅ f, g ÍÔÃÇÂÓÅÎ-ÆÔÔÐÉÊ ÍÔÃÑÐ
g · f(x) = g(f(x)) ∀x ∈ VÓÁü ÆÒÐÒÂÍÒÖÎÒÓÐÒÍ g ·f ÍÔÃÇÂÓÅÎÆÉÓ f, g ÍÔÃÇÂÓÅÎÆÔÔÐÉÊ ÌÂüÃÁÂ (þÒÄ�DÒóÇÈÇ) ÓÁÊÁ.

f · g ¾§±¯¸¡©®¥ ∀x ∈ V : f · g(x) = f(g(x)) ¡¢» ¥¦¨¦¸¾¦º®¦¡¨¦¤¦.FôöFG
6.6.

l§¡©¹©¤ ¾§±¯¸¡©®¥§§¨°¤ ³¸»±¢¸ ª§¡©¹©¤ ¾§±¯¸¡©®¥ ©º¤©.
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1ÅÆÅÎÓÅÅ. f, g ¤µ �¹©¸ ¤¢¡ ¦¡¥¦¸¡§º¤ ª§¡©¹©¤ ¾§±¯¸¡©®¥ ½¹ ¡¢¶. 0¢¡±¢®¢¤¢ ¦¡¥¦¸¡§º¤ ¨§¸°¤ x1,x2

±¶ÿ¥¦¸§§¨°¤ ¾§±µ¨
f(αx1 + βx2) = αf(x1) + βf(x2)

g(αx1 + βx2) = αg(x1) + βg(x2)©º¤©. αx1 + βx2
±¶ÿ¥¦¸¥ g, f ¾§±¯¸¡©®¥§§¨°¡ ¨©¸©©®©¤ ¾¢¸¢¡®¢±¢®

g · f(αx1 + βx2) = g · (αf(x1) + βf(x2)) =

= αg · (f(x1)) + βg · (f(x2)) = αg · f(x1) + βg · f(x2)¦®¤¦. �º¤¾³³
g · f(αx1 + βx2) = αg · f(x1) + βg · f(x2)¦®» g · f ¤µ ª§¡©¹©¤ ¾§±¯¸¡©®¥ ¦®¦¾ ¤µ ©¥®©¡¨©±. NFôöFG

6.7. Ü¢¸¢± f, g ª§¡©¹©¤ ¾§±¯¸¡©®¥§§¨ ¤µ �¹©¸ ¤¢¡ £§§¸µ¥ ¾©¸à¡©®´©¤ A,B ¹©¥¸¯¬§§¨¥©º ¦® g · f ¾§±¯¸¡©®¥ ¤µ ¥¢¸ £§§¸µ¥ BA ¹©¥¸¯¬à¥©º ©º¤©.1ÅÆÅÎÓÅÅ. y = f(x), z = g(y) ¡¢¶. 0¢¡±¢® z = g · f(x)
©º¾ © ¢¤¨¢¢£

Y = AX Z = BY (6.18)

Z = CX (6.19)©º¤©. ·¤¨ S ¤µ g · f ¾§±¯¸¡©®¥°¤ «¡£«¤ £§§¸µ ¨©¾µ ¹©¥¸¯¬.
(6.18)-©©£

Z = BAX (6.20)¡¢» ¦®¨¦¤¦. (6.19), (6.20) »¯ª¯» ³´±¢® C = BA. NØÙÚÛÛ
6.8. f, g ª§¡©¹©¤ ¾§±¯¸¡©®¥§§¨ ¤µ ¾©¸¡©®´©¤

A =





1 0 −2
0 1 3
0 −1 2



 B =





2 −1 4
3 0 1
5 2 2





¹©¥¸¯¬§§¨¥©º ¦® g · f, f · g ¾§±¯¸¡©®¥§§¨°¤ ¹©¥¸¯¬§§¨°¡ ¦®.1ÒÐÒÎÆ. g · f, f · g ¾§±¯¸¡©®¥§§¨°¤ ¹©¥¸¯¬§§¨°¡ ¾©¸¡©®´©¤ C,D ¡¢»¥¢¹¨¢¡®¢¶. 0¶¦¸¶¹ 6.7-¦¦¸ C = BA, D = AB
©º¤©. 0¢¡±¢®

C =





2 −1 4
3 0 1
5 2 2



 ·





1 0 −2
0 1 3
0 −1 2



 =





2 −5 1
3 −1 −4
5 0 0





D =





1 0 −2
0 1 3
0 −1 2



 ·





2 −1 4
3 0 1
5 2 2



 =





−8 −5 0
18 6 7
7 4 3
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6.8. y����� 	�9������&� ��
�N��
q¹©¸ ¤¢¡ ¦¡¥¦¸¡§º¤ ¾§±¯¸¡©®¥ f, g «¡² ¡¢¶. ·¤¢ ¦¡¥¦¸¡§º¤ ¨§¸°¤ x ±¶ÿà¥¦¸°¤ ¾§±µ¨ h(x) = f(x) + g(x)

©º¾ h ¾§±¯¸¡©®¥°¡ f, g ¾§±¯¸¡©®¥§§à¨°¤ ¤¯º®¢¸ ¡¢» ¤¢¸®¢¢¨ h = f + g ¡¢» ¥¢¹¨¢¡®¢¤¢. 0¦¨¦¸¾¦º®¦®¥¦¦£
f + g = g + f

©º¾ ¤µ ¯®¢¸¾¯º ©º¤©.FôöFG
6.8.

l§¡©¹©¤ ¾§±¯¸¡©®¥§§¨°¤ ¤¯º®¢¸ ¤µ ª§¡©¹©¤ ¾§±¯¸¡©®¥©º¤©.1ÅÆÅÎÓÅÅ. f, g ¤µ �¹©¸ ¤¢¡ ¦¡¥¦¸¡§º¤ ª§¡©¹©¤ ¾§±¯¸¡©®¥§§¨ ¡¢¶. 0¢¡±¢®¢¤¢ ¦¡¥¦¸¡§º¤ ¨§¸°¤ x1,x2
±¶ÿ¥¦¸§§¨°¤ ¾§±µ¨

f(αx1 + βx2) = αf(x1) + βf(x2)

g(αx1 + βx2) = αg(x1) + βg(x2)

(¢¤¨ α, β ¤µ ¨§¸°¤ ¥¦¦) ©º¤©. αx1 + βx2
±¶ÿ¥¦¸¥ f + g ¾§±¯¸¡©®¥°¡¾¢¸¢¡®¢±¢®

(f+g)(αx1 + βx2)=h(αx1 + βx2)=f(αx1 + βx2) + g(αx1 + βx2)=

= αf(x1) + βf(x2) + αg(x1) + βg(x2) = α(f(x1) + g(x1))+

+β(f(x2) + g(x2)) = αh(x1) + βh(x2)

�º¤¾³³
h(αx1 + βx2) = αh(x1) + βh(x2)¦®» h = f + g ¤µ ª§¡©¹©¤ ¾§±¯¸¡©®¥ ¡¢¨¢¡ ¤µ ©¥®©¡¨©±. NFôöFG

6.9. Ü¢¸¢± ª§¡©¹©¤ ¾§±¯¸¡©®¥ f, g ¤µ �¹©¸ ¤¢¡ £§§¸µ¥ ¾©¸¡©®´©¤
A,B ¹©¥¸¯¬§§¨¥©º ¦® ¢¤¢ £§§¸µ¥ f + g ¾§±¯¸¡©®¥ ¤µ A+ B ¹©¥¸¯¬¥©º©º¤©.1ÅÆÅÎÓÅÅ. y = f(x), z = g(x), f+g ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬°¡ C ¡¢¶. 0¢¡±¢®
h(x) = (f + g)(x)

©º¾ ©
Y = AX, Z = BX (6.21)

Y + Z = CX (6.22)©º¤©. (6.21)-¢¢£ ¥¢¤¬®¢¢£
Y + Z = (A+B)X (6.23)

¡¢» ¡©¸¤©. (6.22), (6.23)-°¡ »¯ª¯» ³´±¢® C = A+B. N
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6.9. �� N8	8	 ������ 	�9������
ÀÁÂÁÃ f �ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆÉÊ ÄÅÆÂÇÈ ÊÑ ÌÎ ËÕÍÕÍ ËÒÎ f ÍÔÃÇÂÓÅÎÆÉÓ ÌÎËÕÍÕÍ �ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆ ÓÁÊÁ. <òÂÁÓ ÆÒÍÇÒÎÐÒÎÐ (detA = 0 ËÒÎ) ËÕÍÕÍÍÔÃÇÂÓÅÎÆ ÓÁÊÁ.FôöFG

6.10. ß® «¾«¾ ª§¡©¹©¤ ¾§±¯¸¡©®¥ ¤µ ¾©¸¯®¬©¤ ¤¢¡ §¥¡©¥©º
(
¯¶ÿ¬) ©º¤©. º¸±§§ ¤µ: ¾©¸¯®¬©¤ ¤¢¡ §¥¡©¥©º ¾§±¯¸¡©®¥ ³¾¢¤ ³® «¾«¾©º¤©.1ÅÆÅÎÓÅÅ. f ³® «¾«¾ ª§¡©¹©¤ ¾§±¯¸¡©®¥ ¡¢¶.

y∗(y∗1, y
∗
2 , . . . , y

∗
n) ±¶ÿ¥¦¸ ³¾¢¤¨

f(x) = y∗

§½§
AX = Y ∗ (6.24)©º¾ x ±¶ÿ¥¦¸ ¦®¨¦¤¦ ¡¢» ©¥®©¤©. ·¤¨ X,Y ∗ ¤µ ¾©¸¡©®´©¤ x,y∗ ±¶ÿ¥¦¸§à§¨°¤ ÿ¦¦¸¨¯¤©¥©©£ ¥¦¡¥¦¾ ©¡©¤© ¹©¥¸¯¬§§¨.

(6.24) £¯£¥¶¹ ¤µ ³® «¾«¾ («¡£¤««¸ detA 6= 0) ¥§® x∗1, . . . , x∗n ¡¢£¢¤ ¡©¤¬ª¯º¨¥¢º. �º¹¨ y∗ ±¶ÿ¥¦¸ ¤µ x∗(x∗1, x
∗
2, . . . , x

∗
n) ¡¢£¢¤ ¡©¤¬ ¢¾ ¨³¸¥¢º ©º¤©.·¤¢ ¤µ f ¾§±¯¸¡©®¥ ¾©¸¯®¬©¤ ¤¢¡ §¥¡©¥©º¡ ´©©¤©.º¸±§§¡ ¤µ ©¥©®3�. f ¤µ �¹©¸ ¤¢¡ £§§¸µ¥ A ¹©¥¸¯¬¥©º ¾©¸¯®¬©¤ ¤¢¡§¥¡©¥©º ª§¡©¹©¤ ¾§±¯¸¡©®¥ ¡¢¶. y∗ ±¶ÿ¥¦¸ ³¾¢¤ ¬¦¸ ¡©¤¬ ¢¾ ¨³¸¥¢º¡¢¨¡¢¢£ (6.24) £¯£¥¶¹ ª¯º¨¥¢º. ·¤¨¢¢£ det 6= 0
©º¤©. �º¹¨ ¾©¸¯¬©¤ ¤¢¡§¥¡©¥©º f ¾§±¯¸¡©®¥ ³® «¾«¾ ©º¤©. NFôöFG

6.11. f ª§¡©¹©¤ ¾§±¯¸¡©®¥ ³® «¾«¾ ©º¾ ´©º®ª¡³º «¡««¨ ¾³¸¢®à¬¢¢¥¢º ¤«¾¬«® ¤µ f ¾§±¯¸¡©®¥ ¥¢¡¢¢£ �®¡©©¥©º ±¶ÿ¥¦¸°¡ ¥¢¡¢¢£ �®¡©©¥©º±¶ÿ¥¦¸¥ ª¯®»³³®¢¾ ½¹. �«¸««¸ ¾¢®¢®
f − ³® «¾«¾ ↔ x 6= 0; f(x) 6= 0

1ÅÆÅÎÓÅÅ. ⇒: f ¾§±¯¸¡©®¥ ³® «¾«¾ �¹©¸ ¤¢¡ £§§¸µ ¨©¾µ f -
¯º¤ ¹©¥¸¯¬

A
©º¡. �«¸««¸ ¾¢®¢® detA 6= 0

©º¡. ß® «¾«¾ ¾§±¯¸¡©®¥ ³¾¢¤ ¾©¸¯®à¬©¤ ¤¢¡ §¥¡©¥©º ¹«¤ ª§¡©¹©¤ ¾§±¯¸¡©®¥ ³¾¢¤ ¥¢¡ ±¶ÿ¥¦¸°¡ ¥¢¡ ±¶ÿ¥¦¸¥ª¯®»³³®¨¢¡ ¡¢¨¡¢¢£ f ¤µ ¥¢¡¢¢£ �®¡©©¥©º ±¶ÿ¥¦¸°¡ ¥¢¡¢¢£ �®¡©©¥©º ±¶ÿà¥¦¸¥ ª¯®»³³®¢¾ ¤µ ¯®¢¸¾¯º ©º¤©.
⇐: A ¹©¥¸¯¬¥©º f ª§¡©¹©¤ ¾§±¯¸¡©®¥ ¥¢¡¢¢£ �®¡©©¥©º ±¶ÿ¥¦¸°¡ ¥¢¡¢¢£�®¡©©¥©º ±¶ÿ¥¦¸¥ ª¯®»³³®¨¢¡ ¡¢¶.
Ü¢¸¢± f ¾§±¯¸¡©®¥ «¾«¾ ««¸««¸ ¾¢®¢® detA = 0 ¡¢±¢® AX = O £¯£¥¶¹¥¢¡¢¢£ �®¡©©¥©º x∗(x∗

1,x
∗
2, . . . ,x

∗
n) ª¯º¨¥¢º ©º¤©. ·¤¢ ¤µ f ¾§±¯¸¡©®¥°¤¥¢¡¢¢£ �®¡©©¥©º x∗(x∗1, x

∗
2, . . . , x

∗
n) ±¶ÿ¥¦¸°¡ ¥¢¡ ±¶ÿ¥¦¸¥ ª¯®»³³®» ©º¤©
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¡¢£¢¤ ³¡. ·¤¢ ¤µ ¤«¾¬«®¨ ¾©¸ª¯®» ©º¤©. �º¹¨ detA 6= 0, f -¾§±¯¸¡©®¥³® «¾«¾. NFôöFG
6.12. ß® «¾«¾ ª§¡©¹©¤ ¾§±¯¸¡©®¥§§¨°¤ ³¸»±¢¸ ³® «¾«¾ ©º¤©.1ÅÆÅÎÓÅÅ. f, g ¤µ �¹©¸ ¤¢¡ £§§¸µ¥ ¾©¸¡©®´©¤ A,B ¹©¥¸¯¬§§¨¥©º ³® «¾«¾ª§¡©¹©¤ ¾§±¯¸¡©®¥ ©º¡. 0¶¦¸¶¹ 6.7-©©¸ f ·g ¾§±¯¸¡©®¥ ¤µAB ¹©¥¸¯¬¥©º©º¤©. 0¶¦¸¶¹°¤ ¤«¾¬®««¸

detA 6= 0 detB 6= 0

·¤¨¢¢£ f · g ¾§±¯¸¡©®¥°¤ ¾§±µ¨ det(AB) 6= 0. ·¤¢ ¤µ f · g ¾§±¯¸¡©®¥ ³®«¾«¾ ¡¢¨¡¯º¡ ¾©¸§§®» ©º¤©. N

6.10. y����� 	�9������&� ��9�� 	�9������
ôõôö÷ôøùôùú

.
�ÔÂÉÊ x

ÃÏþÆÒÂÉÊ ÍÔÃÑÐ
f · ϕ(x) = ϕ · f(x) = x (6.25)

ËÅÖÍ f, ϕ �ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆÔÔÐÉÓ ÍÅÂÇÎÈÅÊ ÔÂÃÔÔ ÍÔÃÇÂÓÅÎÆ ÓÁÊÁ. f -ÇÖÓÍÔÃÇÂÓÅÎÆ ϕ-Ð ÔÂÃÔÔ, ÍÔÃÇÂÓÅÎÆ ϕ-Ó ÍÔÃÇÂÓÅÎÆ f -Ð ÔÂÃÔÔ ÓÁÊÁ.
Ü¢¸¢± f, ϕ ¾§±¯¸¡©®¥§§¨ ¤µ �¹©¸ ¤¢¡ £§§¸µ¥ ¾©¸¡©®´©¤ A,B ¹©¥¸¯¬¥©º© f, ϕ ¤µ ¾©¸¯®¬©¤ §¸±§§ ¦® (6.25) ¥¢¤¬®¢¢£ AB = BA = E ¡¢» ¡©¸¤©.�«¸««¸ ¾¢®¢® A,B ¹©¥¸¯¬§§¨ ¤µ ¾©p¯®¬©¤ §¸±§§ ©º¤©.�¢¢¸¾ ¥¦¨¦¸¾¦º®¦®¥¦¦£ ¨©¸©©¾ «¡³³®¢¸³³¨ ¹«¸¨«¤ ¡©¸¤©.
1. f ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ §¸±§§ ¾§±¯¸¡©®¥ ¦¸ª¯¤ ©º¾ ´©º®ª¡³º ¾³¸¢®à¬¢¢¥¢º ¤«¾¬«® ¤µ f ¾§±¯¸¡©®¥ ³® «¾«¾ ©º¤©.
2. A ¹©¥¸¯¬¥©º ³® «¾«¾ ª§¡©¹©¤ ¾§±¯¸¡©®¥ ³¸¯º¤ ¾§±µ¨ ´«±¾«¤ ¡©¤¬§¸±§§ ¾§±¯¸¡©®¥ ¦¸ª¯¾ © §¸±§§ ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬ ¤µ A−1 ©º¤©.
6.11. y����� 	�9������&� 	�9�
� 9O;�4�
ôõôö÷ôøùôùú

. |ÔÓÅÄÅÊ ÒÓÆÒÂÓÔÖÊ x 6= 0
ÃÏþÆÒÂ, f �ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎ�ÆÉÊ ÍÔÃÑÐ

f(x) = kx (6.26)ËÅÖÍ k ÆÒÒ ÒÎÐÒü ËÅÖÃÅÎ x 6= 0
ÃÏþÆÒÂÉÓ f �ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆÉÊ ÍÔÃÇÖÊÃÏþÆÒÂ ÓÁÊÁ.

Ü¢¸¢± ª§¡©¹©¤ ¦¡¥¦¸¡§º ¤µ ¦¨¯¥ ¦® k ¦¨¯¥ ¥¦¦, ¦¡¥¦¸¡§º ¤µ ÿ¦¹E®¶ÿ£¦® k ÿ¦¹E®¶ÿ£ ¥¦¦ ©º¤©.
k ¥¦¦¡ x ±¶ÿ¥¦¸°¤ f ¾§±¯¸¡©®¥ ¨©¾µ ¾§±¯º¤ §¥¡© §½§ f ¾§±¯¸¡©®¥°¤¾§±¯º¤ §¥¡© ¡¢¤¢. (6.26) ¥¢¤¬®¯º¡ ¹©¥¸¯¬©¤ ¾¢®¢¸¢¢¸ ¯²±¢®

AX = kX (6.27)
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¢¤¨ A ¤µ f ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬, X ¤µ x ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥°¤ ©¡©¤©¹©¥¸¯¬.ôõôö÷ôøùôùú

. (6.27)-Ó ÍÅÊÓÅÍ ÆÁÓÁÁò 5ÎÓÅÅÆÅÖ X ËÅÓÅÊÅ ÄÅÆÂÇÈÉÓ AÄÅÆÂÇÈÉÊ k ÍÔÃÇÖÊ ÔÆÓÅÆÅÖ ÍÔÃÇÖÊ ÃÏþÆÒÂ ËÅÓÅÊÅ ÓÁÊÁ.ØÙÚÛÛ
6.9. Ü¦Ý¸ ¾¢¹»¢¢£¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ ª§¡©¹©¤ ¾§±¯¸¡©®¥ f¤µ e1, e2
£§§¸µ¥

A =

[
2 1
3 0

]

¹©¥¸¯¬¥©º ½¹ ¡¢¶. x = e1−3e2
±¶ÿ¥¦¸ ¤µ ¢¤¢ ¾§±¯¸¡©®¥°¤ k = −1 ¾§±¯º¤§¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ ¦®¦¾°¡ ©¥©®.1ÒÐÒÎÆ. |x| =

√
1 + 9 =

√
10 6= 0 ⇒ x 6= 0

AX =

[
2 1
3 0

]

·
[

1
−3

]

=

[
−1
3

]

= −
[

1
−3

]

= −X

�«¸««¸ ¾¢®¢® f(x) = −x k = −1.�©¸©©¾ «¡³³®¢¸³³¨ ³¤¢¤.
1.
l§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ ±¶ÿ¥¦¸ ´«±¾«¤ ¡©¤¬ ¾§±¯º¤ §¥¡©¥©º.1ÅÆÅÎÓÅÅ. x 6= 0 ±¶ÿ¥¦¸ ¤µ f ¾§±¯¸¡©®¥©¤¨ k1 6= k2

¡¢£¢¤ ¾¦Ý¸ ¾§±¯º¤§¥¡©¥©º ½¹ ¡¢¶. 0¢¡±¢® f(x) = k1x f(x) = k2x
¡¢¨¡¢¢£ k1x = k2x ⇒

(k1 − k2)x = 0 ⇒ k1 − k2 = 0 ⇒ k1 = k2. N

2. x ¤µ f ¾§±¯¸¡©®¥°¤ k ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ © λ ¤µ ¥¢¡¢¢£�®¡©©¥©º ¥¦¦ ¦® λx ¤µ f ¾§±¯¸¡©®¥°¤ k ¾§±¯º¤ §¥¡©¥©º ±¶ÿ¥¦¸ ¦®¤¦.1ÅÆÅÎÓÅÅ. Ü¢¸¢± x ¤µ k ¾§±¯º¤ §¥¡©¥©º ±¶ÿ¥¦¸ ¦®
f(λx) = λf(x) = λkx = k(λx)

©º¤©. ·¤¨¢¢£ λx 6= 0 ±¶ÿ¥¦¸ (6.26) ¤«¾¬®¯º¡ ¾©¤¡©» ©º¤©. �º¹¨ λx 6= 0±¶ÿ¥¦¸ ¤µ f ¾§±¯¸¡©®¥°¤ k ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ ¦®» ©º¤©. N

3. Ü¢¸¢± x1,x2
¤µ f ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¤¢¡ ¯»¯® k ¾§±¯º¤ §¥¡©¥©ºª§¡©¹©¤ ¾©¹©©¸©®¡³º ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ ¦® x1+x2

¤µ ¹«¤ f ¾§±¯¸¡©®¥°¤
k ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ ©º¤©.1ÅÆÅÎÓÅÅ. Ü¢¸¢± x1,x2

¤µ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ ¦®
x1 + x2

¤µ ¥¢¡ ¯ª ±¶ÿ¥¦¸ ©
f(x1 + x2) = f(x1) + f(x2) = kx1 + kx2 = k(x1 + x2)

�«¸««¸ ¾¢®¢® f(x1 + x2) = k(x1 + x2). N�iöõùijii
. x1,x2, . . . ,xn

¤µ f ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ k ¡¢£¢¤ ¯»¯®¾§±¯º¤ §¥¡©¥©º ª§¡©¹©¤ ¾©¹©©¸©®¡³º ±¶ÿ¥¦¸§§¨ ¦® ¢¨¡¢¢¸ ±¶ÿ¥¦¸§§¨°¤
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¨§¸°¤ (¹¢¨¢¢»¯º¤ ¯ª) ª§¡©¹©¤ ¢±®³³®¢¡ ³¾¢¤ ¤µ ¢¤¢ ¾§±¯¸¡©®¥°¤ k¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ ¦®¤¦ (á©¥©®¡©© ¤µ 2
© 3-¸ «¡³³®¢¸¢¢£¡©¸¤©).

4. Ü¢¸¢± x1,x2
¤µ f ¾§±¯¸¡©®¥°¤ ¾©¸¡©®´©¤ k1, k2, k1 6= k2

¾§±¯º¤ §¥à¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ ¦® x1,x2
¤µ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ±¶ÿ¥¦¸§§¨©º¤©.1ÅÆÅÎÓÅÅ. x1,x2

¤µ ª§¡©¹©¤ ¾©¹©©¸©®¥©º ±¶ÿ¥¦¸§§¨ ¡¢¶. 0¢¡±¢® α1x1 +
α2x2 = 0, |α1| + |α2| 6= 0 ª§¡©¹©¤ ¢±®³³®¢¡ ¦®¨¦¤¦. 0¦¨¦¸¾¦º ¦®¡¦»
α1 6= 0 ¡¢¶. A³³®²¯º¤ ¥¢¤¬®¢¢£ x1

±¶ÿ¥¦¸°¡ ¦®¦®
x1 = −α2

α1
x2 = cx2 (6.28)

x1 6= 0 ¥§® c 6= 0
¦®¤¦. 2-¸ «¡³³®¢¸¯º¡ ©¤¾©©¸±©® cx2

¤µ f ¾§±¯¸¡©®¥°¤
k2
¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ ¦®¤¦. 1-¸ «¡³³®¢¸ © (6.28)-©©£ k1 = k2¦®¤¦. ·¤¢ ¤µ ¥¶¦¸¶¹°¤ ¤«¾¬«®¨ ´«¸²¯» ©º¤©. �º¹¨ x1,x2

¤µ ª§¡©¹©¤¾©¹©©¸©®¡³º. N

4-p «¡³³®¢¸¯º¡ f ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ §¥¡© ¤µ ¾¦£ ¾¦£¦¦¸¦¦ �®¡©©¥©º©º¾ n > 2 ¥¦¦¤° ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¡¢» «¸¡«¥¡«¤©¥©®» ¦®¤¦. ß³¤¯º §¸±§§ «¡³³®¢¸ ³¤¢¤ ©º¾ ©®©¡³º. �»¯® ¾§±¯º¤§¥¡©¥©º ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ ¦®¨¨¦¡.FôöFG
6.13.

P¦¹E®¶ÿ£ ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ f ª§¡©¹©¤ ¾§±¯¸¡©®¥ k ¾§-±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸¥©º ©º¾ ´©º®ª¡³º ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ k¢¤¢ ¾§±¯¸¡©®¥°¤ ¥¦¨¦¸¾¦º®¦¡² ¥¢¡ª¯¥¡¢®¯º¤ ª¯º¨ ©º¾ ½¹.1ÅÆÅÎÓÅÅ. W ÿ¦¹E®¶ÿ£ ª§¡©¹©¤ ¦¡¥¦¸¡§º¤ ª§¡©¹©¤ ¦E¶¸©¥¦¸ f ¤µ k¾§±¯º¤ §¥¡©¥©º x ¾§±¯º¤ ±¶ÿ¥¦¸¥©º ©º¾ ´©º®ª¡³º «¡««¨ ¾³¸¢®¬¢¢¥¢º¤«¾¬«® ¤µ x 6= 0 x ∈W ±¶ÿ¥¦¸°¤ ¾§±µ¨
AX = kX

§½§ (A− kE)X = O (6.29)¯¶®¢¾ ½¹. ·¤¨ A ¤µ f -
¯º¤ �¹©¸ ¤¢¡ £§§¸µ ¨©¾µ ¹©¥¸¯¬ X ¤µ x ±¶ÿ¥¦¸°¤¢¤¢ £§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥©©£ ¥¦¡¥¦¾ ©¡©¤© ¹©¥¸¯¬, E ¤µ ¤¢¡» ¹©¥¸¯¬.

(6.29) ¤µ ³® ¹¢¨¢¡¨¢¾¯º¤ ¥¦¦ ¤µ ¥¢¡ª¯¥¡¢®¯º¤ ¥¦¦¥¦º ¥¢¤¬³³ ©º¾ ª§¡©à¹©¤ ¥¢¡ª¯¥¡¢®¯º¤ ¤¢¡ ¥«¸®¯º¤ £¯£¥¶¹¯º¤ ¹©¥¸¯¬©¤ ¯²®¢¡. ·¤¢ £¯£¥¶¹¥¢¡¢¢£ �®¡©©¥©º ª¯º¨¥¢º ©º¾ ´©º®ª¡³º ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ det(A −
kE) = 0. �«¸««¸ ¾¢®¢® k ¤µ ¥¦¨¦¸¾¦º®¦¡² ¥¢¡ª¯¥¡¢®¯º¤ ª¯º¨ ©º¤©. N�!"!GÉ

.
0¦¨¦¸¾¦º®¦¡² ¥¢¡ª¯¥¡¢®¯º¤ ´«±¾«¤ ¦¨¯¥ ª¯º¨ ¤µ ¦¨¯¥ ª§¡©à¹©¤ ¦¡¥¦¸¡§º¤ ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ §¥¡© ¦®¤¦.l§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ §¥¡§§¨°¡ ¢¤¢ ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬°¤ ¾§-±¯º¤ §¥¡§§¨ ¡¢» ¤¢¸®¢¤¢.ôõôö÷ôøùôùú

.
ÀÁÂÁÃ ÍÔÃÇÖÊ ÔÆÓÅ ko

ÊÑ ÆÒÐÒÂÍÒÖÎÒÓI ÆÁÓ�ÇÆÓÁÎÇÖÊ
m ÐÅÃÍÅÂÐòÅÊ �ÇÖÐ ËÒÎ ko-

ÇÖÓ ÐÅÃÆÅÓÐòÅÊ ÍÔÃÇÖÊ ÔÆÓÅ ÓÁÊÁ. ÀÁÂÁÃ ÍÔÃÇÖÊ
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ÔÆÓÅ ÊÑ ÆÒÐÒÂÍÒÖÎÒÓI ÆÁÓ�ÇÆÓÁÎÇÖÊ ÁÊÓÇÖÊ �ÇÖÐ ËÒÎ ÆÌÌÊÇÖÓ ÁÊÓÇÖÊÍÔÃÇÖÊ ÔÆÓÅ ÓÁÊÁ.�¢¢¸ ©¥©®£©¤ ¥¶¦¸¶¹§§¨©©£ ¾¢¸¢± k ¾§±¯º¤ §¥¡©¥©º f ª§¡©¹©¤ ¾§±¯¸¡©®à¥°¤ ¹©¥¸¯¬

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann








¦® f ¾§±¯¸¡©®¥°¤ k ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥§§¨°¡
(6.29) £¯£¥¶¹¢¢£ ¦®» ¦®¤¦ ¡¢» ¹«¸¨«¤ ¡©¸¤©. (6.29) £¯£¥¶¹¯º¡ ´©¨©®»¯²±¢®

(a11 − k)x1 + a12x2 + . . .+ a1nxn = 0
a21x1 + (a22 − k)x2 + . . .+ a2nxn = 0
. . . . . . . . . . . . . . . . . . . . . . . .

an1x1 + an2x2 + . . .+ (ann − k)xn = 0







(6.30)

FôöFG
6.14. k ¤µ n ¾¢¹»¢¢£¥ ¦¡¥¦¸¡§º¤A ¹©¥¸¯¬¥©º ª§¡©¹©¤ ¾§±¯¸¡©®¥

f -
¯º¤ ¾§±¯º¤ §¥¡© ¡¢¶. Ü¢¸¢± A−kE ¹©¥¸¯¬°¤ ¸©¤¡ r ¦® f ¾§±¯¸¡©®¥ ¤µ

k ¾§±¯º¤ §¥¡©¥©º n−r ¥¦¦¤° ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¾§±¯º¤ ±¶ÿ¥¦¸§§¨¥©º.1ÅÆÅÎÓÅÅ. A = (aij) (i = 1, n, j = 1, n) ¤µ ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤¹©¥¸¯¬ ¦® k ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸§§¨°¡ (6.30) £¯£¥¶¹¢¢£ ¦®¤¦.0¶¦¸¶¹°¤ ¤«¾¬®««¸ ¢¤¢ £¯£¥¶¹¯º¤ ¹©¥¸¯¬ A− kE
© rang (A − kE) = r.�º¹¨ k ¾§±¯º¤ §¥¡©¥©º n − r ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¾§±¯º¤ ±¶ÿ¥¦¸§§¨¦®¨¦¤¦. N

(6.30) £¯£¥¶¹¯º¤ ª¯º¨³³¨¯º¤ ¦¡¥¦¸¡§º ¤µ f ¾§±¯¸¡©®¥°¤ k ¾§±¯º¤ §¥à¡©¥©º ©º¾ ³¾ ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ © ¥¢¡ ±¶ÿ¥¦¸¦¦£ ¥¦¡¥¦¾ ¦®¦¤®¦¡¥¦º¨©±¾¬©¤©. ·¤¢ ¦¡¥¦¸¡§º¡ «¡£«¤ f ¾§±¯¸¡©®¥°¤ k ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤±¶ÿ¥¦¸§§¨°¤ ¦¡¥¦¸¡§º ¡¢» ¤¢¸®¢¤¢. ·¤¢ ¦¡¥¦¸¡§º¤ ¾¢¹»¢¢£ n − r ¤µ k¾§±¯º¤ §¥¡°¤ ¨©±¥©¹»©©£ ¾¢¥¸¢¾¡³º.
6.12. y����� 	�9������&� 	�9�
� 9O;�4����&� 4�4	0¶¦¸¶¹ 6.13, 6.14-³³¨ ¤µ �¹©¸ ¤¢¡ £§§¸µ¥A ¹©¥¸¯¬¥©º f ª§¡©¹©¤ ¾§±¯¸¡©®à¥°¤ ¾§±¯º¤ ±¶ÿ¥¦¸§§¨°¡ ¦®¦¾ ©¸¡°¡ ´©©¨©¡. ß³¤¨:
1. �¡£«¤ ¾§±¯¸¡©®¥°¤ ¥¦¨¦¸¾¦º®¦¡² ¥¢¡ª¯¥¡¢®¯º¡ ´¦¾¯¦», ¥³³¤¯º ª¯º¨
λ1, λ2, . . . , λn-³³¨¯º¡, ««¸««¸ ¾¢®¢® ¥¦¨¦¸¾¦º®¦¡² ¥¦¦¤§§¨°¡ ¦®¤¦.
2. Ü¢¸¢± V ª§¡©¹©¤ ¦¡¥¦¸¡§º ¦¨¯¥ ¦® ¥¦¨¦¸¾¦º®¦¡² ¥¢¡ª¯¥¡¢®¯º¤´«±¾«¤ ¦¨¯¥ ª¯º¨³³¨ ¤µ «¡£«¤ ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ §¥¡© ¦®¤¦.
3. (6.30) £¯£¥¶¹¨ «¡£«¤ ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ §¥¡°¤ ¤¢¡¯º¡ (k = ki)

¡¢»¦¸®§§®» ¢¤¢ £¯£¥¶¹¯º¤ ¥¢¡ ¯ª (α1, α2, . . . , αn) ª¯º¨¯º¡ ¦®¤¦.
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4. λi
¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ x(α1, α2, . . . , αn)-

¯º¡ ¯²¤¢.
ß³¤¥¢º ©¨¯®©©¸ «¡£«¤ ¾§±¯¸¡©®¥°¤ §£©¨ ¾§±¯º¤ §¥¡© ±¶ÿ¥¦¸§§¨°¡ ¦®¤¦.ØÙÚÛÛ

6.10. q¹©¸ ¤¢¡¢¤ £§§¸µ¥
A =





1 −4 −8
−4 7 −4
−8 −4 1





¹©¥¸¯¬¥©º f ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ ±¶ÿ¥¦¸§§¨°¡ ¦®.1ÒÐÒÎÆ. f ¾§±¯¸¡©®¥°¤ ¥¦¨¦¸¾¦º®¦¡² ¥¢¡ª¯¥¡¢® ¤µ
∣
∣
∣
∣
∣
∣

1 − λ −4 −8
−4 7 − λ −4
−8 −4 −4 − λ

∣
∣
∣
∣
∣
∣

= 0

©º¤©. ·¤¢ ¥¢¡ª¯¥¡¢®¯º¤ ª¯º¨³³¨ ¤µ λ1 = λ2 = 9, λ3 = −9.

1. ·¤¢ ³¾ ª¯º¨³³¨ ¤µ f ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ §¥¡© ¦®¤¦.
2. Ü§±¯º¤ ±¶ÿ¥¦¸°¡ ¦®¦¾°¤ ¥§®¨ (6.30) £¯£¥¶¹¨ k = 9 ¡¢» ¦¸®§§®©®

−8x1 − 4x2 − 8x3 = 0
−4x1 − 2x2 − 4x3 = 0
−8x1 − 4x2 − 8x3 = 0







£¯£¥¶¹ ³³£¤¢. ·¤¢ £¯£¥¶¹¯º¤ ª¯º¨ x1 = s1, x2 = −2s1−2s2, x3 = s2 s1, s2¤µ ¨§¸°¤ |s1| + |s2| 6= 0
©º¾ ¦¨¯¥ ¥¦¦.

3. x(s1,−2s1 − 2s2, s2)
¤µ f ¾§±¯¸¡©®¥°¤ k1 = 9 ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤±¶ÿ¥¦¸.

ß³¤¥¢º ©¨¯®©©¸ k2 = −9 ¾§±¯º¤ §¥¡©¥©º y(2t, t, 2t), (t 6= 0, ∀t ∈ R) ¾§±¯º¤±¶ÿ¥¦¸°¡ ¦®¤¦.
6.13. y����� 	�9������&� ����4���V 	��N��� 4�����	
ôõôö÷ôøùôùú

.
ÀÁÂÁÃ f �ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆÉÊ ÍÔÃÇÖÊ ÃÏþÆÒÂÔÔÐÅÅòÆÒÓÆÒÍ òÔÔÂÑ ÒÎÐÒü ËÅÖÃÅÎ f �ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆÉÓ ÁÊÓÇÖÊ ËÌÆÁÈÆÁÖÓÁÊÁ.ÀÁÂÁÃ f ÍÔÃÇÂÓÅÎÆÉÊ ÄÅÆÂÇÈ ÐÇÅÓÒÊÅÎÑ ÍÁÎËÁÂÆÁÖ ËÅÖÍ òÔÔÂÑ ÒÎÐÒüËÅÖÃÅÎ f ÍÔÃÇÂÓÅÎÆÉÓ ÐÇÅÓÒÊÅÎÑIÎÅÓÐÅÍ ÍÔÃÇÂÓÅÎÆ ÓÁÊÁ.FôöFG

6.15.
l§¡©¹©¤ ¾§±¯¸¡©®¥ f ¨¯©¡¦¤©®µ²®©¡¨©¾ ´©º®ª¡³º ¾³¸¢®à¬¢¢¥¢º ¤«¾¬«® ¤µ f ¾§±¯¸¡©®¥ ¢¤¡¯º¤ ³¥¢¬¥¢º ©º¾ ½¹.
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1ÅÆÅÎÓÅÅ. ⇒: e1, e2, . . . , en

£§§¸µ¥ f ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬ ¨¯©¡¦¤©®µ ¾¢®à¢¸¥¢º ««¸««¸ ¾¢®¢®

A =








λ1 0 . . . 0
0 λ2 . . . 0

. . . . . .
. . . . . .

0 0 . . . λn








½¹ ¡¢¶. 0¢¡±¢® f(ei) = λiei (i = 1, n).
�¤¡¢» ¥¢¡¢¢£ �®¡©©¥©º ei

±¶ÿ¥¦¸
(6.26) ¤«¾¬®¯º¡ ¾©¤¡©» ©º¤©. ·¤¢ ¤µ ei

±¶ÿ¥¦¸ f ¾§±¯¸¡©®¥°¤ λi
¾§±¯º¤§¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ ¡¢¨¡¯º¡ ´©©¤©. �º¤¾³³ f ¾§±¯¸¡©®¥ ¢¤¡¯º¤ ³¥¢¬à¥¢º ¦®¦±.

⇐: e1, e2, . . . , en
¤µ f ¾§±¯¸¡©®¥°¤ λ1, λ2, . . . , λn

¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤±¶ÿ¥¦¸§§¨©©£ ¥¦¡¥¦¾ £§§¸µ ¡¢¶. �«¸««¸ ¾¢®¢® f ¾§±¯¸¡©®¥ ¢¤¡¯º¤ ³¥¢¬à¥¢º ½¹ ¡¢¶.0¢¡±¢® f(ei) = λiei i = 1, n
©º¤©. ·¤¨¢¢£ ©±² ³´¢» ©º¡©© £§§¸µ¥ f¾§±¯¸¡©®¥ ¤µ

A =








λ1 0 . . . 0
0 λ2 . . . 0

. . . . . .
. . . . . .

0 0 . . . λn








¨¯©¡¦¤©®µ ¹©¥¸¯¬¥©º ¡¢¨¢¡ ¤µ ¾©¸©¡¨©¤©. NP¦¹E®¶ÿ£ ¦¡¥¦¸¡§º¤ ÿ±©¨¸©¥ ¹©¥¸¯¬ A-
¯º¤ ¾§±µ¨ T−1AT ¤µ ¨¯©¡¦¤©®µ¹©¥¸¯¬ ©º¾ ³® «¾«¾ ÿ¦¹E®¶ÿ£ ¹©¥¸¯¬ T ¦®¨¦» ©º±©® A ¹©¥¸¯¬°¡ ¨¯©-¡¦¤©®µ²®©¡¨©¾ ¡¢¤¢.

á¦¨¯¥ ¦¡¥¦¸¡§º¤ ÿ±©¨¸©¥ ¹©¥¸¯¬A-
¯º¤ ¾§±µ¨ T−1AT ¤µ ¦¨¯¥ ¨¯©¡¦¤©®µ¹©¥¸¯¬ ©º¾ ³® «¾«¾ ¦¨¯¥ T ¹©¥¸¯¬ ¦®¨¦» ©º±©® A ¹©¥¸¯¬°¡ ¦¨¯¥¦¡¥¦¸¡§º¨ ¨¯©¡¦¤©®µ²®©¡¨©¾ ¹©¥¸¯¬ ¡¢¤¢.

A
© T−1AT ¹©¥¸¯¬§§¨°¤ ¥¦¨¦¸¾¦º®¦¡² ¦®¦¤®¦¡§§¨ ¤µ ¨©±¾¬©¾ © ¥¦¨¦¸à¾¦º®¦¡² ¥¦¦¤§§¨ ¤µ ¥³³¤¯º ¨¯©¡¦¤©®µ ¨¢¢¸¾ ¢®¶¹¶¤¥³³¨¥¢º ¥¢¤¬³³. �¤à¡¢¾®¢¢¸ ¾¢¸¢± A ¹©¥¸¯¬ ¨¯©¡¦¤©®µ²®©¡¨¨©¡ ¦®

T−1AT =








λ1 0 . . . 0
0 λ2 . . . 0

. . . . . .
. . . . . .

0 0 . . . λn








©º¾ © λ1, λ2, . . . , λn
¤µ A ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ¥¦¦¤§§¨.FôöFG

6.16. n ¢¸¢¹¯º¤ A ¹©¥¸¯¬ ¾©¸¡©®´©¤m1, . . . ,ms (m1+m2 + . . .+
ms = n) ¨©±¥©®¥¥©º ¾§±¯º¤ §¥¡§§¨ λ1, . . . , λs

¤µ ¾¦£ ¾¦£¦¦¸¦¦ �®¡©©¥©º
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½¹ ¡¢¶. Ü¢¸¢± m1 = n− r1, m2 = n− r2, . . ., ms = n− rs
© r1, r2, . . . , rs ¤µ

A−λ1E, . . . , A−λsE
¹©¥¸¯¬§§¨°¤ ¸©¤¡ ««¸««¸ ¾¢®¢® rang (A−λiE) = ri¦® ¹©¥¸¯¬ A ¨¯©¡¦¤©®µ²®©¡¨©¤©.1ÅÆÅÎÓÅÅ.

e1, e2, . . . , en (6.31)

£§§¸µ¥ A ¹©¥¸¯¬¥©º f : V → V ª§¡©¹©¤ ¾§±¯¸¡©®¥ ©±² ³´µ¶.
·¤¢ £§§¸µ¥ λi (i = 1, n) ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥
x1, x2, . . . , xn-³³¨¯º¡

(A− λiE)X = 0 (6.32)

¹©¥¸¯¬©¤ ¥¢¡ª¯¥¡¢®¢¢£ ¦®¤¦. ·¤¨ X = [x1 x2 . . . xn]¥. A − λiE
¹©à

¥¸¯¬°¤ ¸©¤¡ ri ¦® (6.32) £¯£¥¶¹¯º¤ ª¯º¨¯º¤ C§¤¨©¹¶¤¥©®µ £¯£¥¶¹ ¤µ
n− ri = mi ¥¦¦¤° ±¶ÿ¥¦¸ ª¯º¨³³¨¢¢£ ¥¦¡¥¦¤¦. �¤¡¢¾®¢¢¸ f ¾§±¯¸¡©®¥ ¤µ
λi
¾§±¯º¤ §¥¡©¥©º ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¾§±¯º¤ mi

±¶ÿ¥¦¸§§¨¥©º. q®à¡©©¥©º ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ©º¨©¡¡¢¨¡¢¢£ n =
s∑

i=1
mi ¥¦¦¤° ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¾§±¯º¤ ±¶ÿ¥¦¸§§¨

e′1, e
′
2, . . . , e

′
n (6.33)

¦®¨¦¤¦. ·¨¡¢¢¸ ¤µ V ¦¡¥¦¸¡§º¤ £§§¸µ ¦®¤¦. f ¾§±¯¸¡©®¥°¤ (6.33) £§§¸µ¨©¾µ ¹©¥¸¯¬W = T−1AT ¤µ ¨¯©¡¦¤©®µ ¾¢®¢¸¥¢º © (6.31) £§§¸¯©£ (6.33)£§§¸µ¥ ª¯®»¯¾ ¹©¥¸¯¬ A ¹©¥¸¯¬ ¤µ ¨¯©¡¦¤©®µ²®©¡¨©¤©. N.�iöõùijii
. Ü¢¸¢± ¦¨¯¥ ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ³¾ ¥¦¦¤§§¨ ¤µ ¦¨à¯¥¦º © ¾¦£ ¾¦£¦¦¸¦¦ �®¡©©¥©º ¦® §§® ¹©¥¸¯¬ ¦¨¯¥ ¦¡¥¦¸¡§º¤ ¨¯©¡¦à¤©®µ²®©¡¨©¾ ¹©¥¸¯¬ ©º¤©.�!"!GÉ

.
0¶¦¸¶¹ 6.16-

¯º¤ ©¥©®¡©©¤©©£ A ¹©¥¸¯¬°¡ ¨¯©¡¦¤©®µ²®©¡² T¹©¥¸¯¬°¤ ©¡©¤§§¨ ¤µ A ¹©¥¸¯¬°¤ ª§¡©¹©¤ ¾©¹©©¸©®¡³º ¾§±¯º¤ ±¶ÿ¥¦¸©¡©¤§§¨ ©º¤© ¡¢» ¹«¸¨«¤ ¡©¸¤©.ØÙÚÛÛ
6.11.

A =





1 −4 −8
−4 7 −4
−8 −4 1





¹©¥¸¯¬°¤ λ1 = 9, λ2 = −9 ¡¢£¢¤ ¥¦¨¦¸¾¦º®¦¡² ¥¦¦¤§§¨ ¤µ ¾©¸¡©®´©¤
m1 = 2, m2 = 1 ¨©±¥©®¥¥©º. rang (A−λ1E) = 1

©m1 = n−r1 = 3−1 = 2,
rang (A − λ2E) = 2

© m2 = n − r2 = 3 − 2 = 1
©º¤©. ·¤¨¢¢£ ¥¶¦¸¶¹

6.16-
¯º¤ ¤«¾¬«® ¯¶®» ©º¡©© ¤µ ¾©¸©¡¨©» ©º¤©. �º¹¢¢£ A ¹©¥¸¯¬ ¤µ

B =





9 0 0
0 9 0
0 0 −9
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¨¯©¡¦¤©®µ ¹©¥¸¯¬©¨ ª¯®»¯¤¢. T−1AT = B ¤«¾¬®¯º¡ ¾©¤¡©¾ T ¹©¥¸¯à¬°¡ ¦®3Ý. A ¹©¥¸¯¬°¤ λ1 = 9 ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ ¤µ
x(s1,−2s1 − 2s2, s2), λ2 = −9 ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ ¤µ y(2t, t, 2t)©º¤© (»¯ª¢¢ 6.10-°¡ ¾©¸). s1 = 0, s2 = 1

© s1 = 1, s2 = 0, t = 1 §¥à¡§§¨©¨ ¾©¸¡©®´©¾ ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ x1(0,−2, 1), x2(1,−2, 0), x3(2, 1, 2) ¤µ£§§¸¯º¤ ±¶ÿ¥¦¸ ¦®¤¦.0¢¡±¢®
T =





0 1 2
−2 −2 1
1 0 2





6.14. ®��4�4���V ��������
ôõôö÷ôøùôùú

.
ÀÁÂÁÃ ËÒÐÇÆ þÃÅÐÂÅÆ ÄÅÆÂÇÈ

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann








-Ð ÍÅÂÓÅÎócÅÊ
x1(a11, a21, . . . , an1),x2(a12, a22, . . . , an2), . . . ,xn(a1n, a2n, . . . , ann)

ÃÏþÆÒÂÔÔÐÉÊ òÇòÆÏÄ ÒÂÆÒÊÒÂÄIÎÒÓÐòÒÊ ËÒÎA ÄÅÆÂÇÈÉÓ ÒÂÆÒÓÒÊÅÎÑ ÓÁÊÁ.
x1,x2, . . . ,xn

¤µ ¶±ÿ®¯¨ ¦¡¥¦¸¡§º¤ ±¶ÿ¥¦¸§§¨ ¦® ¥¢¨¡¢¢¸¯º¤ £ÿ©®�¸ ³¸»-±¢¸¯º¡
(xi,xj) =

n∑

k=1

akiakj

¡¢» ¥¦¨¦¸¾¦º®¨¦¡. �¢¢¸¾ ¥¦¨¦¸¾¦º®¦®¥¦¦£ ¾¢¸¢±A ¦¸¥¦¡¦¤©®µ ¦® ¨§¸°¤£¦¤¡¦£¦¤ i, j-¯º¤ ¾§±µ¨
(xi,xj) =

n∑

k=1

akiakj =

{
1, xrw i = j

0, xrw i 6= j
(6.34)

�§¸°¤ ¢¸¢¹¯º¤ ¤¢¡» ¹©¥¸¯¬ ¤µ ¦¸¥¦¡¦¤©®µ ©º¾ ¤µ ¯®¢¸¾¯º.ØÙÚÛÛ
6.12.

�©¸©©¾ ¹©¥¸¯¬§§¨ ¦¸¥¦¡¦¤©®µ ¹©¥¸¯¬ ¹«¤ ³³?
A =

[
0, 6 −0, 8
0, 8 −0, 6

]

, B =

[
cosα − sinα
sinα cosα

]

, C =





1 0 0
0 −1 0
0 0 1
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1ÒÐÒÎÆ. A ¹©¥¸¯¬©¨ ¾©¸¡©®´©¾ x1(0, 6; 0, 8), x2(−0, 8;−0, 6) ±¶ÿ¥¦¸§§¨°¤¾§±µ¨ (x1,x2) = 0, 6 · (−0, 8) + 0, 8 · (−0, 6) 6= 0 ⇒ A ¹©¥¸¯¬ ¦¸¥¦¡¦¤©®µ¯ª.

B ¹©¥¸¯¬©¨ ¾©¸¡©®´©¾ x1(cosα; sinα), x2(− sinα; cosα) ±¶ÿ¥¦¸§§¨°¤ ¾§±µ¨
(x1,x2) = cosα(− sinα) + (sinα) cosα = 0

©
(x1,x1) = cos2 α+ sin2 α = 1, (x2,x2) = (− sinα)2 + cos2 α = 1©º¡©© §²¸©©£ B ¹©¥¸¯¬ ¤µ ¾©¸¡©®´©¾ x1(1, 0, 0), x2(0,−1, 0), x3(0, 0, 1)±¶ÿ¥¦¸§§¨°¤ £¯£¥¶¹ ¤µ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ ©º¡©© §²¸©©£ C ¹©¥¸¯¬ ¦¸¥¦¡à¦¤©®µ ©º¤©.FôöFG

6.17. A ¹©¥¸¯¬ ¦¸¥¦¡¦¤©®µ ©º¾ ´©º®ª¡³º ¾³¸¢®¬¢¢¥¢º ¤«¾¬«®¤µ
A¥A = E (6.35)½¹. ·¤¨ A¥ ¤µ A ¹©¥¸¯¬°¤ ¾«¸±«£«¤ ¹©¥¸¯¬ E ¤µ A-¥©º ¯»¯® ¢¸¢¹¯º¤¤¢¡» ¹©¥¸¯¬.1ÅÆÅÎÓÅÅ. ⇒: A = (aij)

¦¸¥¦¡¦¤©®µ, A¥ = (a′ij)
¤µ A-
¯º¤ ¾«¸±«£«¤ ¹©¥¸¯¬¡¢¶. C = A¥A = (cij)

¹©¥¸¯¬°¡ ¦®3Ý. ¿©¥¸¯¬°¡ ³¸»¯¾ ¨³¸¹¢¢¸ cij =
n∑

k=1

a′ikakj
©º¤©. a′ik = aki

¡¢¨¡¢¢£ cij =
n∑

k=1

aki · akj
©º¤©. (6.34)-««¸

cij =

{
1, ¾¢¸¢± i = j

0, ¾¢¸¢± i 6= j�º¹¨
C = A¥A =








1 0 0 . . . 0
0 1 0 . . . 0

. . . . . . . . .
. . . . . .

0 0 0 . . . 1








= E

⇐: A¥ · A = E
¦® A ¦¸¥¦¡¦¤©®µ ¡¢» ©¥®©¤©. A¥A = C = (cij) = E

(¤«¾¬®««¸) ««¸««¸ ¾¢®¢®
cij =

{
1, ¾¢¸¢± i = j

0, ¾¢¸¢± i 6= j©º¤©. Þ«¡«« ¥©®©©£
cij =

n∑

k=1

a′ikakj =
n∑

k=1

aki · akj =

{
1, ¾¢¸¢± i = j

0, ¾¢¸¢± i 6= j

·¤¨¢¢£ A ¹©¥¸¯¬°¤ ¾§±µ¨
(xi,xj) =

{
1, ¾¢¸¢± i = j

0, ¾¢¸¢± i 6= j
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©º¤©. ·¤¢ ¤µ A ¹©¥¸¯¬°¤ ¦¸¥¦¡¦¤©®µ ¡¢¨¡¯º¡ ´©©» ©º¤©. N�iöõùijii

1. 2¸¥¦¡¦¤©®µ ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ©£¦®½¥ ¾¢¹»¢¢¡¢¢-¸¢¢ ¤¢¡¥¢º ¥¢¤¬³³ ©º¤©.1ÅÆÅÎÓÅÅ. A ¦¸¥¦¡¦¤©®µ ¦® A¥ · A = E (¥¶¦¸¶¹ 6.17)
©º¤©. 0¢¡±¢®

det(A¥ · A) = detE ««¸««¸ ¾¢®¢® detA2 = 1
§½§ detA = ±1. Ü¢¸¢±

detA = ±1 ¦¸¥¦¡¦¤©®µ ©º¾ ©®©¡³º. N�iöõùijii
2. 2¸¥¦¡¦¤©®µ ¹©¥¸¯¬§§¨ ³¾¢¤ ³® «¾«¾ ©º¤©.�iöõùijii
3. 2¸¥¦¡¦¤©®µ ¹©¥¸¯¬§§¨°¤ ³¸»±¢¸ ¦¸¥¦¡¦¤©®µ ©º¤©.1ÅÆÅÎÓÅÅ. A,B ¦¸¥¦¡¦¤©®µ ¹©¥¸¯¬§§¨. 0¢¡±¢® A¥A = E, B¥B = E©º¤©.

(AB)¥ · (AB) = B¥ · (A¥A) ·B = B¥EB = B¥B = E

·¤¢ ¤µ AB ¦¸¥¦¡¦¤©®µ ¹©¥¸¯¬ ¦®¦¾°¡ ¾©¸§§®» ©º¤©. N�iöõùijii
4. A ¹©¥¸¯¬ ¦¸¥¦¡¦¤©®µ ©º¾ ´©º®ª¡³º ¾³¸¢®¬¢¢¥¢º ¤«¾¬«®¤µ

A¥ = A−1 (6.36)

½¹.�iöõùijii
5. Ü¢¸¢± A ¦¸¥¦¡¦¤©®µ ¹©¥¸¯¬ ¦® A¥ ¦¸¥¦¡¦¤©®µ.1ÅÆÅÎÓÅÅ. (A¥)¥ ·A¥ = A ·A¥ = A ·A−1 = E. ·¤¢ ¥¢¤¬¢® A¥ ¦¸¥¦¡¦¤©®µ¡¢¨¡¯º¡ ¾©¸§§®» ©º¤©. N�iöõùijii
6. Ü¢¸¢± A ¦¸¥¦¡¦¤©®µ ¦® A−1 ¹«¤ ¦¸¥¦¡¦¤©®µ.FôöFG

6.18. Þ¢¡ ¤¦¸¹²®¦¡¨£¦¤ £§§¸¯©£ ¤«¡«« ¤¦¸¹²®¦¡¨£¦¤ £§§¸µ¥ ª¯®-»¯¾ ª¯®»¯®¥¯º¤ ¹©¥¸¯¬ ¦¸¥¦¡¦¤©®µ ©º¤©.1ÅÆÅÎÓÅÅ.
e1, e2, . . . , en (6.37)

e′1, e
′
2, . . . , e

′
n (6.38)

¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸¯§¨ ¡¢¶. (6.37) £§§¸¯©£ (6.38) £§§¸µ¥ ª¯®»¯¾ ¹©¥-¸¯¬

T =








t11 t12 . . . t1n

t21 t22 . . . t2n

. . . . . .
. . . . . .

tn1 tn2 . . . tnn








¡¢¶. 0¢¡±¢®
e′1 = t11e1 + t21e2 + . . .+ tn1en

e′2 = t12e1 + t22e2 + . . .+ tn2en

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

e′n = t1ne1 + t2ne2 + . . .+ tnnen
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R±² ³´¢» §º £§§¸¯§¨ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ ¡¢¨¡¢¢£
(e′i, e

′
j) =

{
1, ¾¢¸¢± i = j

0, ¾¢¸¢± i 6= j©º¤©. Þ«¡«« ¥©®©©£
(e′i, e

′
j) =

n∑

k=1

tki · tkj.

A³³®²¯º¤ ¾¦Ý¸ ¥¢¤¬®¢¢£
n∑

k=1

tkitkj =

{
1, ¾¢¸¢± i = j

0, ¾¢¸¢± i 6= j

¦®¤¦. ·¤¢ ¤µ T ¹©¥¸¯¬°¤ ¦¸¥¦¡¦¤©®µ ¡¢¨¡¯º¡ ´©©» ©º¤©. N

6.15. ®��4�4���V 	�9������
ôõôö÷ôøùôùú

.
ÀÁÂÁÃ E ÏÃþÎÇÐ ÒÓÆÒÂÓÔÖÊ ÐÔÂÉÊ x, y ÃÏþÆÒÂÔÔÐ ËÅ f :

E → E-ÇÖÊ ÍÔÃÑÐ
(x,y) = (f(x), f(y))ÊÕÍÈÕÎ ËÇÏÎü ËÅÖÃÅÎ f ÍÔÃÇÂÓÅÎÆÉÓ ÒÂÆÒÓÒÊÅÎÑ ÓÁÊÁ.FôöFG

6.19. f : E → E ¾§±¯¸¡©®¥ ¦¸¥¦¡¦¤©®µ ©º¾ ´©º®ª¡³º ¾³¸¢®à¬¢¢¥¢º ¤«¾¬«® ¤µ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ¨©¾µ ¥³³¤¯º ¹©¥¸¯¬ ¦¸¥¦¡¦¤©®µ©º¾ ½¹.1ÅÆÅÎÓÅÅ. f : E → E ¾§±¯¸¡©®¥°¤ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ¨©¾µ ¹©¥-¸¯¬°¡ A , ¢¤¢ £§§¸µ ¨©¾µ x,y ±¶ÿ¥¦¸§§¨°¤ ÿ¦¦¸¨¯¤©¥©©£ ¥¦¡¥¦¾ ©¡©¤©¹©¥¸¯¬§§¨°¡ X,Y ¡¢¶. (5.27)
© (6.6) ¥¦¹3Ý¦¡ ©ª¯¡®©±©®
(x,y) = X¥Y (6.39)

(f(x), f(y)) = (AX)¥AY§½§
(f(x), f(y)) = X¥A¥AY (6.40)¦®¤¦.

⇒: f -¦¸¥¦¡¦¤©®µ, ««¸««¸ ¾¢®¢® (x,y) = (f(x), f(y))
¦® (6.39), (6.40)-¦¦£

X¥Y = X¥A¥AY ©º¤©. A³³®²¯º¤ ¥¢¤¬¢® © ¥¶¦¸¶¹ 6.1-¢¢£ A¥A = E¦®¦¾ © A ¹©¥¸¯¬ ¦¸¥¦¡¦¤©®µ ©º¤©.
⇐: A ¹©¥¸¯¬ ¦¸¥¦¡¦¤©®µ ¦® A¥A = E

©º¤©. 0¢¡±¢® (6.39), (6.40) ¥¢¤à¬®³³¨¢¢£
(f(x), f(y)) = X¥A¥AY = X¥EY = X¥Y = (x,y)
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¡¢» ¡©¸¤©. ·¤¢ ¤µ f : E → E ¾§±¯¸¡©®¥ ¦¸¥¦¡¦¤©®µ ¡¢¨¡¯º¡ ´©©» ©º¤©.
NFôöFG

6.20. Å±ÿ®¯¨ ¦¡¥¦¸¡§º¤ ª§¡©¹©¤ ¾§±¯¸¡©®¥ f ¦¸¥¦¡¦¤©®µ ©º¾´©º®ª¡³º ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ f ¾§±¯¸¡©®¥ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸¯º¡¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ¥ ª¯®»³³®¢¾ ½¹.1ÅÆÅÎÓÅÅ. ⇒: Å±ÿ®¯¨ ¦¡¥¦¸¡§º¤ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ e1, e2, . . . , en
£§§¸µ¥

A ¹©¥¸¯¬¥©º f ¾§±¯¸¡©®¥ ¦¸¥¦¡¦¤©®µ ¡¢¶. 0¢¡±¢® e′i = f(ei) (i = 1, n) ±¶ÿà¥¦¸°¤ ÿ¦¦¸¨¯¤©¥§§¨ A ¹©¥¸¯¬°¤ i-¸ ©¡©¤©¤¨ ©º¸®©¤©. A ¦¸¥¦¡¦¤©®µ¡¢¨¡¢¢£
(e′i, e

′
j) =

{
1, ¾¢¸¢± i = j

0, ¾¢¸¢± i 6= j©º¤©. �¤¡¢¾®¢¢¸ e′1, e′2, . . . , e′n ¤µ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸¯º¡ ³³£¡¢» ©º¤©.
⇐: f ¾§±¯¸¡©®¥ ¤µ (6.37) ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸¯º¡ (6.38) ¦¸¥¦¤¦¸¹²®¦¡¨-£¦¤ £§§¸µ¥ ª¯®»³³®¨¢¡ ¡¢¶. 0¢¡±¢® f ¾§±¯¸¡©®¥°¤ (6.37) £§§¸µ ¨©¾µ¹©¥¸¯¬ A ¤µ (6.37) £§§¸¯©£ (6.38) £§§¸µ¥ ª¯®»³³®¢¾ ¹©¥¸¯¬ ¦®¤¦. �¤à¡¢¾®¢¢¸ (¥¶¦¸¶¹ 6.18) A ¹©¥¸¯¬ ¦¸¥¦¡¦¤©®µ. �º¹¨ (¥¶¦¸¶¹ 6.19) f ¾§±¯¸-¡©®¥ ¦¸¥¦¡¦¤©®µ ©º¤©. N�!"!GÉ

.
0¶¦¸¶¹°¤ ©¥©®¡©©¤©©£ "f ª§¡©¹©¤ ¾§±¯¸¡©®¥ �¹©¸ ¤¢¡ ¦¸¥¦-¤¦¸¹²®¦¡¨£¦¤ £§§¸¯º¡ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ¥ ª¯®»³³®¨¢¡ ¦® ³¾¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸¯º¡ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ¥ ª¯®»³³®¤¢. ·¤¢¥¦¾¯¦®¨¦®¨ f ¾§±¯¸¡©®¥ ¦¸¥¦¡¦¤©®µ ©º¤©" ¡¢» ¹«¸¨«¤ ¡©¸¤©.FôöFG

6.21. f ª§¡©¹©¤ ¾§±¯¸¡©®¥ ¦¸¥¦¡¦¤©®µ ©º¾ ´©º®ª¡³º ¾³¸¢®à¬¢¢¥¢º ¤«¾¬«® ¤µ f ¾§±¯¸¡©®¥ ±¶ÿ¥¦¸°¤ §¸¥°¡ ««¸²®«¾¡³º ©º¾ ½¹.1ÅÆÅÎÓÅÅ. ⇒: f ¦¸¥¦¡¦¤©®µ ¾§±¯¸¡©®¥ ¡¢¶.
(x,x) = (f(x), f(x)) ⇒ |x|2 = |f(x)|2 ⇒ |x| = |f(x)|

⇐:
l§¡©¹©¤ ¾§±¯¸¡©®¥ f ¤µ ±¶ÿ¥¦¸°¤ §¸¥°¡ ««¸²¯®¨«¡¡³º ¡¢¶. |x + y|2© |f(x + y)|2-¯º¡ ¦®3Ý.

|x + y|2 = (x + y,x + y) = |x|2 + 2(x,y) + |y|2

|f(x + y)|2 = (f(x + y), f(x + y)) = (f(x) + f(y), f(x) + f(y)) =

= |f(x)|2 + 2(f(x), f(y)) + |f(y)|2

·¨¡¢¢¸ ¥¢¤¬®³³¨¢¢£
(x + y,x + y) = (f(x + y), f(x + y))

¡¢» ¡©¸©¾ ©
(x,y) = (f(x), f(y))
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©º¤©. ·¤¨¢¢£ f ¾§±¯¸¡©®¥ ¦¸¥¦¡¦¤©®µ. N2¸¥¦¡¦¤©®µ ¾§±¯¸¡©®¥§§¨°¤ ¾§±µ¨ ¨©¸©©¾ «¡³³¢¸ ³¤¢¤.
1. 2¸¥¦¡¦¤©®µ ¾§±¯¸¡©®¥ ³® «¾«¾.
2. 2¸¥¦¡¦¤©®µ ¾§±¯¸¡©®¥©¤¨ §¸±§§ ¾§±¯¸¡©®¥ ¦¸ª¯¾ © ³® «¾«¾ ©º¤©.
3. Ü¢¸¢± A ¤µ ¦¸¥¦¡¦¤©®µ ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬ ¦® A¥ ¤µ ¥³³¤¯º §¸±§§¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬ ©º¤©.
4. 2¸¥¦¡¦¤©®µ ¾§±¯¸¡©®¥§§¨°¤ ³¸»±¢¸ ¦¸¥¦¡¦¤©®µ ©º¤©.
6.16. M2

4��4���
 ��	V 4��4�4���V 	�9������&� �O4O������
M2
¤µ ¾©±¥¡©º¤ ²«®««¥ ±¶ÿ¥¦¸§§¨°¤ ¶±ÿ®¯¨ ¦¡¥¦¸¡§º. f : M2 → M2¦¸¥¦¡¦¤©®µ ¾§±¯¸¡©®¥, ¥³³¤¯º ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ¨©¾µ ¹©¥¸¯¬

A =

[
a11 a12

a21 a22

]

¡¢¶. A ¦¸¥¦¡¦¤©®µ ¹©¥¸¯¬ ¡¢¨¡¢¢£ A¥ = A−1. �«¸««¸ ¾¢®¢®
∣
∣
∣
∣

a11 a21

a12 a22

∣
∣
∣
∣
= ±

∣
∣
∣
∣

a22 −a12

−a21 a11

∣
∣
∣
∣

(6.41)

©º¤©. (6.41) ¥¢¤¬®¢¢£ detA = 1 ¥¦¾¯¦®¨¦®¨ a11 = a22, a12 = −a21.

A ¹©¥¸¯¬ ¦¸¥¦¡¦¤©®µ ¡¢¨¡¢¢£ a2
11 + a2

21 = 1
© a11 = cosϕ, a21 = sinϕ

©º¾
ϕ «¤¬«¡ ¦®¨¦¤¦. f ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬ ¤µ

A =

[
cosϕ − sinϕ
sinϕ cosϕ

]

�º¤¾³³ f ¾§±¯¸¡©®¥ ¤µ ϕ «¤¬¡««¸ ¢¸¡³³®¢¾ ¢¸¡³³®¢®¥ ©º¤© (»¯ª¢¢ 6.3-¡¾©¸).
Ü¢¸¢± detA = −1

¦® f ¤µ OX ¥¢¤¾®¢¡¯º¤ ¾§±µ ¨©¾µ ¥¢¡ª ¾¢¹, ϕ «¤¬¡¯º¤¢¸¡³³®¢®¥¯º¡ ¨©¸©©®©¤ ¾¢¸¢¡®¢£¢¤ ¾§±¯¸¡©®¥ ©º¤©. ß³¤¯º¡ ¨©¸©©¾ ¥¢¤à¬®¢¢£ ¾©¸» ¦®¤¦.
A =

[
cosϕ + sinϕ
sinϕ − cosϕ

]

=

[
cosϕ − sinϕ
sinϕ cosϕ

]

·
[

1 0
0 −1

]

.

·¤¨ [
1 0
0 −1

] ¤µ OX ¥¢¤¾®¢¡¯º¤ ¾§±µ¨ ¥¢¡ª ¾¢¹¯º¤ ¹©¥¸¯¬ (»¯ª¢¢ 6.4-¡ ¾©¸).
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6.17. ¬4�4� 	�9������
f : En → En

ËÅÖÍ �ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆ ÓÁÏ.ÀÁÂÁÃ g : En → En
ÍÔÃÇÂÓÅÎÆ

(f(x),y) = (x, g(y)) ∀x,y ∈ En (6.42)

ÊÕÍÈÎÇÖÓ ÍÅÊÓÅü ËÅÖÃÅÎ g-Ó f ÍÔÃÇÂÓÅÎÆÉÊ ÍÒòÄÒÓ ÍÔÃÇÂÓÅÎÆ ÓÁÊÁ. f -ÇÖÊÍÒòÄÒÓ ÍÔÃÇÂÓÅÎÆÉÓ f∗ ÓÁü ÆÁÄÐÁÓÎÁÊÁ.FôöFG
6.22. Ü¢¸¢± f ¾§±¯¸¡©®¥©¤¨ ¾¦£¹¦¡ ¾§±¯¸¡©®¥ ¦¸ª¨¦¡ ¦® ¥¢¸¤µ ¡©¤¬ ©º¤©.1ÅÆÅÎÓÅÅ. f∗1 , f∗2 ¤µ f ¾§±¯¸¡©®¥©¤¨ ¾¦£¹¦¡ ¾§±¯¸¡©®¥§§¨ ¡¢¶. �«¸««¸¾¢®¢® ∀x,y ∈ En-

¯º¤ ¾§±µ¨
(f(x),y) = (x, f∗1 (y)); (f(x),y) = (x, f∗2 (y));

(∀x,y ∈ En)
©º¨©¡ ¡¢¶. 0¢¡±¢® ¢¨¡¢¢¸ ¥¢¤¬®¢¢£

(x, f∗1 (y)) = (x, f∗2 (y)).

·¤¨¢¢£ f∗1 (y) = f∗2 (y) ∀y ∈ En.
�º¹¨ f∗1 = f∗2 . NFôöFG

6.23. f, g ¤µ En
¶±ÿ®¯¨ ¦¡¥¦¸¡§º¤ ª§¡©¹©¤ ¾§±¯¸¡©®¥§§¨, A,B¤µ ¾©¸¡©®´©¤ ¢¨¡¢¢¸ ¾§±¯¸¡©®¥§§¨°¤ �¹©¸ ¤¢¡ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ¨©¾µ ¹©¥¸¯¬§§¨ ¡¢¶. g ¾§±¯¸¡©®¥ f ¾§±¯¸¡©®¥©¤¨ ¾¦£¹¦¡ ¾§±¯¸¡©®¥ ©º¾´©º®ª¡³º © ¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ

B = A¥ (6.43)

©º¾ ½¹.1ÅÆÅÎÓÅÅ. ⇒: g ¤µ f ¾§±¯¸¡©®¥©¤¨ ¾¦£¹¦¡. �«¸««¸ ¾¢®¢® ∀x,y ∈ En-
¯º¤¾§±µ¨

(f(x),y) = (x, g(y))©º¡.
e1, e2, . . . , en (6.44)¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ¨©¾µ x ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥©©£ ¥¦¡¥¦¾ ©¡©¤©¹©¥¸¯¬°¡ X, y ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥©©£ ¥¦¡¥¦¾ ©¡©¤© ¹©¥¸¯¬°¡ Y ¡¢»¥¢¹¨¢¡®¢¶. 0¢¡±¢® AX,BY ¤µ ¾©¸¡©®´©¤ f(x), g(y) ±¶ÿ¥¦¸§§¨°¤ ÿ¦¦¸¨¯à¤©¥©©£ ¥¦¡¥¦¾ ©¡©¤© ¹©¥¸¯¬§§¨ ((6.44) £§§¸µ ¨©¾µ) ©º¤©. �º¤¾³³

(f(x),y) = (AX)¥Y = X¥A¥Y (6.45)

(x, g(y)) = X¥(BY ) = X¥BY (6.46)
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(6.45), (6.46) ¥¢¤¬®³³¨¢¢£ X¥A¥Y = X¥BY ¡¢» ¡©¸¤©. A³³®¯º¤ ¥¢¤¬¢®¤µ ¨§¸°¤ X,Y ¹©¥¸¯¬§§¨°¤ ¾§±µ¨ ¯¶®¤¢. �º¹¨ ¥¶¦¸¶¹ 6.1, ¥¶¦¸¶¹ 6.2-¦¦¸ B = A¥ ©º¤©.
⇐: (6.43) ¥¢¤¬¢® ¯¶®¨¢¡ ¡¢» ³´µ¶. 0¢¡±¢® A¥ − B = O

© ¨§¸°¤ X,Y¹©¥¸¯¬§§¨°¤ ¾§±µ¨
X¥(A¥ −B)Y = O ⇒ X¥A¥ = X¥BY ⇒ (AX)¥Y = X¥(BY )

©º¤©.
(AX)¥Y = (f(x),y); X¥(BY ) = (x, g(y))¡¢¨¡¢¢£

(f(x),y) = (x, g(y))

·¤¨¢¢£ g = f∗. N

á©¥©®£©¤ ¥¶¦¸¶¹§§¨©©£ ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¾¦£¹¦¡ ¤µ ª§¡©¹©¤ ¾§-±¯¸¡©®¥ ©º¤© ¡¢» ¹«¸¨«¤«.ØÙÚÛÛ
6.13. R3 ¶±ÿ®¯¨ ¦¡¥¦¸¡§º¤ f(x) = [x, a] (a–

¢¾¢®£¢¤ ±¶ÿ¥¦¸) ©º¾
f ¾§±¯¸¡©®¥°¤ ¾¦£¹¦¡ ¾§±¯¸¡©®¥°¡ ¦®.1ÒÐÒÎÆ. f∗ ¤µ f ¾§±¯¸¡©®¥°¤ ¾¦£¹¦¡ ¾§±¯¸¡©®¥ ¦® ∀x,y ∈ R3-

¯º¤ ¾§±µ¨
(f(x),y) = (x, f∗(y)) (6.47)

©º¤©.
f ¾§±¯¸¡©®¥°¤ ¥¦¨¦¸¾¦º®¦®¥, ±¶ÿ¥¦¸§§¨°¤ ¾¦®¯¹¦¡ © £ÿ©®�¸ ³¸»±¢¸¯º¤²©¤©¸°¡ ©ª¯¡®©±©®

(f(x),y) = ([x,a],y) = (x, [a,y])

¦®¤¦. �¤¡¢» ∀x,y ∈ R3-
¯º¤ ¾§±µ¨

(f(x),y) = (x, [a,y]) (6.48)

©º¤©. (6.47)
© (6.48) ¤«¾¬®³³¨¢¢£ f∗(y) = [a,y]. �«¸««¸ ¾¢®¢® f∗ = −f¡¢» ¡©¸¤©.ØÙÚÛÛ

6.14. �¹¤«¾ »¯ª¢¢¤¨ ©±² ³´£¢¤ f, f∗ ¾§±¯¸¡©®¥§§¨°¤ i, j,k £§§¸µ¨©¾µ ¹©¥¸¯¬°¡ ¦®.1ÒÐÒÎÆ. α1, α2, α3
¤µ a ±¶ÿ¥¦¸°¤ i, j, k £§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥§§¨ ¡¢¶. f¾§±¯¸¡©®¥°¤ ¢¤¢ £§§¸µ ¨©¾µ ¹©¥¸¯¬ A-¡ ¦®3Ý.

f(i) = [i,a] =





i j k

1 0 0
α1 α2 α3



 = α3j + α2k
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f(j) = [j,a] =





i j k

0 1 0
α1 α2 α3



 = −α3i− α1k

f(k) = [k,a] =





i j k

0 0 1
α1 α2 α3



 = −α2i + α1j

�º¹¢¢£ f ¾§±¯¸¡©®¥°¤ i, j, k £§§¸µ ¨©¾µ ¹©¥¸¯¬

A =





0 −α3 −α2

α3 0 α1

α2 −α1 0





f∗ ¾§±¯¸¡©®¥°¤ i, j, k £§§¸µ ¨©¾µ ¹©¥¸¯¬

A¥ =





0 −α3 −α2

α3 0 α1

−α2 α1 0





©º¤©.
Ü¦£¹¦¡ ¾§±¯¸¡©®¥ ¨©¸©©¾ ²©¤©¸¥©º.
1. (f∗)∗ = f .1ÅÆÅÎÓÅÅ. f∗ ¤µ f -

¯º¤ ¾¦£¹¦¡ ¾§±¯¸¡©®¥ ¥§® ∀x,y-
¯º¤ ¾§±µ¨ (6.42) ¥¢¤¬¢®¯¶®¤¢. Aÿ©®�¸ ³¸»±¢¸ ©º¸ £¦®¯¾ ¾§§®µ¨ ´©¾¯¸©¡¨¨©¡ ¡¢¨¡¢¢£

(f∗(y),x) = (y, f∗(x)) (6.49)

Þ«¡«« ¥©®©©£
(f∗(y)∗,x) = (y, (f∗)∗(x)) (6.50)©º¤©. (6.49)

© (6.50) ¥¢¤¬®³³¨¢¢£
(y, (f∗)∗(x)) = (y, f(x)) ∀y ∈ En¦®¤¦. �º¹¨
(f∗)∗(x) = f(x) ⇒ (f∗)∗ = f N

2. (f · g)∗ = g∗ · f∗.1ÅÆÅÎÓÅÅ. Ü§±¯¸¡©®¥§§¨°¤ ³¸»±¢¸, ¾¦£¹¦¡ ¾§±¯¸¡©®¥°¤ ¥¦¨¦¸¾¦º®¦®¥¦¦£
((fg)(x),y) = (f(g(x)),y) = (g(x, f∗(y)) =

= (x, g∗(f∗(y))) = (x, (g∗f∗)(y))

©º¤©. ·¤¨¢¢£ ((f · g)(x),y) = (x, (g∗f∗)(y))
¦®¤¦. ·¤¢ ¥¢¤¬®¢¢£ g∗f∗ ¤µ

f · g ¾§±¯¸¡©®¥°¤ ¾¦£¹¦¡. �«¸««¸ ¾¢®¢® (fg)∗ = g∗f∗. N
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3. (f + g)∗ = f∗ + g∗

4. (αf)∗ = αf∗

5. (f∗)1 = (f−1)∗ (f -³® «¾«¾ ³¶¨).ôõôö÷ôøùôùú
.
ÀÁÂÁÃ An×m = (aij), A

∗
m×n = (a∗ij)

ÄÅÆÂÇÈÔÔÐÉÊ ÍÔÃÑÐ
a∗ij = aij (i = 1,m, j = 1, n) ËÅÖÃÅÎ m×n ÁÂÁÄËÇÖÊ A∗

m×n

ÄÅÆÂÇÈÉÓ n×mÁÂÁÄËÇÖÊ An×m
ÄÅÆÂÇÈÐ ÍÒòÄÒÓ ÄÅÆÂÇÈ ÓÁÊÁ.�º¤¾³³ ¨§¸°¤ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ¨©¾µ ¾¦£¹¦¡ ¾§±¯¸¡©®¥§§¨©¨ ¾¦£à¹¦¡ ¹©¥¸¯¬§§¨ ¾©¸¡©®´©¤©.

f ¾§±¯¸¡©®¥°¤ ¸©¤¡ ¤µ ¥³³¤¯º ¹©¥¸¯¬°¤ ¸©¤¡¥©º ¥¢¤¬³³ ©º¤©. �º¹¢¢£
f, f∗ ¾§±¯¸¡©®¥§§¨ ¯»¯® ¸©¤¡¥©º.

6.18. ¡8��88 	4�4� 	�9������, �  ��
 	�9�
� ����, 	�-9�
� 9O;�4�
f : En → En

�ÔÓÅÄÅÊ ÍÔÃÇÂÓÅÎÆ ÊÑ
∀x,y ∈ En, (f(x),y) = (x, f(y))

ÊÕÍÈÎÇÖÓ ËÇÏÎÌÌÎü ËÅÖÃÅÎ f ÍÔÃÇÂÓÅÎÆÉÓ ÕÕÂÆÕÕ ÍÒòÄÒÓ (ÆÁÓ� ÍÁÄÆÁÖ)ÓÁÊÁ. ÀÁÂÁÃ f ÊÑ ÕÕÂÆÕÕ ÍÒòÄÒÓ ËÒÎ f∗ = f ËÅÖÊÅ.FôöFG
6.24. f : En → En

¾§±¯¸¡©®¥ ««¸¥«« ¾¦£¹¦¡ ©º¾ ´©º®ª¡³º¾³¸¢®¬¢¢¥¢º ¤«¾¬«® ¤µ �¹©¸ ¤¢¡ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ¨©¾µ ¥³³¤¯º¹©¥¸¯¬ ¥¢¡ª ¾¢¹¥¢º ©º¾ ½¹.1ÅÆÅÎÓÅÅ. ⇒: f ««¸¥«« ¾¦£¹¦¡ ¾§±¯¸¡©®¥
e1, e2, . . . , en (6.51)

¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ¨©¾µ ¥³³¤¯º ¹©¥¸¯¬ A ©º¡. 0¶¦¸¶¹ 6.23-©©¸
f -¨ ¾¦£¹¦¡ ¾§±¯¸¡©®¥ f∗ ¤µ ¢¤¢ £§§¸µ¥ A¥ ¹©¥¸¯¬¥©º. f = f∗ ¡¢¨¡¢¢£
A = A¥. ·¤¨¢¢£ A ¥¢¡ª ¾¢¹¥¢º.
⇐: f ¾§±¯¸¡©®¥ (6.51) £§§¸µ ¨©¾µ ¹©¥¸¯¬ A ¥¢¡ª ¾¢¹¥¢º. �«¸««¸ ¾¢®¢®
A = A¥ ©º¡. 0¢¡±¢® f∗ ¾§±¯¸¡©®¥ (6.51) £§§¸µ¥ A¥ ¹©¥¸¯¬¥©º. f, f∗ ¤µ
(6.51) £§§¸µ¥ ¯»¯® ¹©¥¸¯¬¥©º ¥§® f = f∗. NFôöFG

6.25. �«¸¥«« ¾¦£¹¦¡ ¾§±¯¸¡©®¥°¤ �®¡©©¥©º ¾§±¯º¤ §¥¡§§¨©¨¾©¸¡©®´©¾ ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ ¦¸¥¦¡¦¤©®µ.1ÅÆÅÎÓÅÅ. �«¸¥«« ¾¦£¹¦¡ f ¾§±¯¸¡©®¥°¤ λ1 6= λ2
¾§±¯º¤ §¥¡§§¨©¨ ¾©¸à¡©®´©¾ ¾§±¯º¤ ±¶ÿ¥¦¸§§¨°¡ x1,x2

¡¢¶.
f ¤µ ««¸¥«« ¾¦£¹¦¡ ¡¢¨¡¢¢£ (f(x1),x2) = (x1, f(x2))

§½§ (λ1x1,x2) =
(x1, λ2x2)

©º¤©. ·¤¨¢¢£ (λ1−λ2)(x1,x2) = 0
¦®¤¦. λ1−λ2 6= 0.

�¤¡¢¾®¢¢¸
(x1,x2) = 0

© x1,x2
¦¸¥¦¡¦¤©®µ ±¶ÿ¥¦¸§§¨ ©º¤©. N
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. Ü¢¸¢± x1,x2, . . . ,xn
¤µ �®¡©©¥©º ¾§±¯º¤ §¥¡§§¨¥©º ««¸¥««¾¦£¹¦¡ ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ ¦® x1,x2, . . . ,xn

¤µ ¾¦£ ¾¦£¦¦¸¦¦¦¸¥¦¡¦¤©®µ ©º¤©.FôöFG
6.26. �«¸¥«« ¾¦£¹¦¡ ¾§±¯¸¡©®¥°¤ ¥¦¨¦¸¾¦º®¦¡² ¥¦¦ ¤µ ¦¨¯¥¥¦¦ ©º¤©.1ÅÆÅÎÓÅÅ. �«¸¥«« ¾¦£¹¦¡ f ¾§±¯¸¡©®¥°¤ �¹©¸ ¤¢¡ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤£§§¸µ ¨©¾µ ¹©¥¸¯¬A © f ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ §¥¡© λ12 = α±βi (α, β ∈ R)©º¡. λ1
¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥°¡ (A− λ1E)X = O£¯£¥¶¹¢¢£ ¦®¤¦. ·¤¢ £¯£¥¶¹¯º¤ ÿ¦¢CC¯¬¯¶¤¥³³¨ ¤µ ÿ¦¹E®¶ÿ£ ¥¦¦ ¡¢¨¡¢¢£ª¯º¨X ¤µ ÿ¦¹E®¶ÿ£ ©¡©¤© ¹©¥¸¯¬ ©º¤©. 0¢¡±¢®X¥AX ³¸»±¢¸¯º¡ ¾¦Ý¸©¸¡©©¸ ¦®¤¦. Þ¢¡ ¥©®©©£

X¥AX = X¥AX = (X)¥AX = X¥λ1X = Xλ1X = X1(X
¥X)

Þ«¡«« ¥©®©©£
X¥AX = X¥A¥X = (AX)¥X = (λ1X)¥X = λ1(X

¥X)©º¤©. ·¤¨¢¢£
λ1(X
¥X) = λ1(X

¥X)§½§
(λ1 − λ1)(X

¥X) = 0 (6.52)

¥¢¤¬¢® ¡©¸¤©. (6.52) ¥¢¤¬®¯º¡ ´©¨©®» ¯²±¢®

X¥X = [x1, x2, . . . , xn] ·








x1

x2
...
xn








= [x1x1 + x2x2 + . . .+ xnxn]

§½§
X¥X = [|x1|2 + |x2|2 + . . .+ |xn|2] (6.53)¦®¤¦ (·¤¨ |xi| ¤µ xi ¥¦¦¤° ¹¦¨§®µ). X ¤µ ¥¢¡¢¢£ �®¡©©¥©º ©¡©¤© ¹©¥¸¯¬© (6.53) ¥¢¤¬®¢¢£ X¥X 6= O.

0¢¡±¢® (6.52) ¥¢¤¬¢®¨ λ1 = λ1. �«¸««¸¾¢®¢® λ1
¦¨¯¥ ¥¦¦. N.FôöFG

6.27. �«¸¥«« ¾¦£¹¦¡ ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ ±¶ÿ¥¦¸§§¨©©£ ¥¦¡¥¦¾¦¸¥¦¡¦¤©®µ £§§¸µ ¦¸ª¯¤ ©º¤© (¦®¨¦¤¦).1ÅÆÅÎÓÅÅ. f : En → En
««¸¥«« ¾¦£¹¦¡ ¾§±¯¸¡©®¥ ©º¡. n = 1 ³¶¨ x 6=

0 ±¶ÿ¥¦¸ ³¾¢¤ f -
¯º¤ ¾§±¯º¤ ±¶ÿ¥¦¸ ¦®¦¾ © E1

¦¡¥¦¸¡§º¤ ¦¸¥¦¡¦¤©®µ£§§¸µ ¦®» ²©¨¤©. �º¹¨ n = 1 ³¶¨ ¥¶¦¸¶¹ ³¤¢¤ ©º¤©.
n = k−1 ³¶¨ ¥¶¦¸¶¹ ³¤¢¤ ¡¢» ³´¢¢¨ n = k ³¶¨ ¥¶¦¸¶¹ ³¤¢¤ ¡¢¨¡¯º¡ ©¥©®3�.�«¸¥«« ¾¦£¹¦¡ ¾§±¯¸¡©®¥°¤ ³¾ ¾§±¯º¤ §¥¡§§¨ ¦¨¯¥ ¥¦¦ ©º¨©¡ ¡¢¨¡¢¢£
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¢¤¢ ¾§±¯¸¡©®¥ ¨¦¸ ¾©�» ¤¢¡ e1
¾§±¯º¤ ±¶ÿ¥¦¸¥¦º. e1

±¶ÿ¥¦¸°¡ Ek
¦¡à

¥¦¸¡§º¤ ¦¸¥¦¡¦¤©®µ £§§¸µ e1, e2, . . . , ek

¦®¥¦® ¡³º¬¢¢¶.
V = {α2e2 + α3e3 + . . . + αkek | ∀αi ∈ R}

¦®¦¤®¦¡¯º¡ ©±² ³´µ¶. ·¤¢ V ¦®¦¤®¦¡ Ek
¦¡¥¦¸¡§º¤ ¨¢¨ ¦¡¥¦¸¡§º ¦®¤¦

(ª©®¡©» ³´). dimV = k − 1, f : V → V ¡¢» ¾©¸§§®3�. ∀x ∈ V
¦®

(x, e1) = (α2e2 + . . .+ αnen, e1) = α2(e2, e1) + . . .+ αn(ek, e1) = 0

©º¤©. (x, e1) = 0 ¡¢¨¡¢¢£ x ∈ V ¤µ ¯®¢¸¾¯º ©º¤©.
f ««¸¥«« ¾¦£¹¦¡ ¾§±¯¸¡©®¥, e1 ¥³³¤¯º ¾§±¯º¤ §¥¡© §²¸©©£ ∀x ∈ V -

¯º¤¾§±µ¨ (f(x), e1) = (x, f(e1)) − (x, λe1) = λ(x, e1) = 0.

·¤¢ ¤µ ¾¢¸¢± x ∈ V
¦® f(x) ∈ V ¡¢¨¡¯º¡ ´©©» ©º¤©. �º¹¨ f : V → V©º¤©. �¤¨§ÿ¬¯º¤ Ý£¦¦¸ (dim V = k − 1) V -¨ g2, g3, . . . , gk

¡¢£¢¤ f -
¯º¤¾§±¯º¤ ±¶ÿ¥¦¸¦¦£ ¥¦¡¥¦¾ ¦¸¥¦¡¦¤©®µ £§§¸µ ¦®¨¦¤¦. 0¢¡±¢® e1, g2, . . . , gk
¤µ

f -
¯º¤ ¾§±¯º¤ ±¶ÿ¥¦¸§§¨©©£ ¥¦¡¥¦¾ Ek

¦¡¥¦¸¡§º¤ ¦¸¥¦¡¦¤©®µ £§§¸µ ¦®»©º¤©. N�iöõùijii
1. �«¸¥«« ¾¦£¹¦¡ ¾§±¯¸¡©®¥ ³¾¢¤ ¢¤¡¯º¤ ³¥¢¬¥¢º ©º¤©.�iöõùijii
2. �«¸¥«« ¾¦£¹¦¡ ¾§±¯¸¡©®¥ ³¸¯º¤ ¾§±µ¨ ¥³³¤¯º ¾§±¯º¤±¶ÿ¥¦¸§§¨©©£ ¥¦¡¥¦¾ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ¦®¨¦¤¦.�iöõùijii
3. á¦¨¯¥ ¦¡¥¦¸¡§º¨ ¥¢¡ª ¾¢¹¥¢º ¹©¥¸¯¬ ³¾¢¤ ¨¯©¡o¤a®µ²-®©¡¨©¤©.�iöõùijii
4.

0¢¡ª ¾¢¹¥¢º ¹©¥¸¯¬°¡ ¨¯©¡o¤a®µ²®©¡² ¹©¥¸¯¬ ³¾¢¤¦¸¥¦¡¦¤©®µ ©º¤©.
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6.19. n����� N� N4��4����
o

1. x(α1, α2, α3)
±¶ÿ¥¦¸°¡ y ±¶ÿ¥¦¸¥ ª¯®»³³®¢¾ f ¾§±¯¸¡©®¥ ª§¡©¹©¤¦®¦¾°¡ ¥©º®©¸®©.�) y(2α−α2, α3 −α2, α1)

+) y(α1, α2 + 2, α3)
]) y(α2

1, α
2
2, α

2
3).o

2. f : E3 → E3. X¢¸¢± a ¢¤¢ ¦¡¥¦¸¡§º¤ ¢¾¢®£¢¤ ±¶ÿ¥¦¸ © f(x) = (a,x)
(∀x ∈ E3)

¦® f ª§¡©¹©¤ ¾§±¯¸¡©®¥ ©º» ²©¨©¾ §§?o
3. f : E3 → E3. Ü¢¸¢± a ∈ E3

¢¾¢®£¢¤ ±¶ÿ¥¦¸ f(x) = [x,a] (∀x ∈ E3)¦® f ª§¡©¹©¤ ¾§±¯¸¡©®¥ ¦®¦¾ §§?o
4. f : x(α1, α2, α2) → y(2α1 − α2 + α3, 3α1 − α3, α2) (

¯»¯® £§§¸µ¥) ©º¾ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬°¡ ¦®.o
5. f : x(α1, α2, α3) → y(α2 + 5α3, α1 + α2 + α3, α1 − α2)

©º¾ ª§¡©¹©¤¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬°¡ ¯².o
6. e1, e2, e3

¶±ÿ®¯¨ ¦¡¥¦¸¡§º¤ ¦¸¥¦¡¦¤©®µ £§§¸µ |e1| =
√

2, e3 = 3,
|e3| = 1

© a = 2e1 − e2 − e3
¦® ¶±ÿ®¯¨ ¦¡¥¦¸¡§º¤ x ±¶ÿ¥¦¸ ³¸¯º¡

f(x) = (x,a)a ±¶ÿ¥¦¸¥ ª¯®»³³®¨¢¡ ª§¡©¹©¤ f ¾§±¯¸¡©®¥°¤ ¹©¥-¸¯¬°¡ ¯².o
7. f : E3 → E3, ∀x ∈ E3

±¶ÿ¥¦¸°¡ y = [x,a] ±¶ÿ¥¦¸¥ ª¯®»³³®¨¢¡ª§¡©¹©¤ f ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬°¡ ¯². ·¤¨ a = 2i+ 3j−k, (i, j,k)¤µ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ.o
8.
l§¡©¹©¤ ¦¡¥¦¸¡§º¤ e1, e2, . . . , en

© e′1, e
′
2, . . . , e

′
n
¾¦Ý¸ £§§¸µ «¡²¢¢.l§¡©¹©¤ ¾§±¯¸¡©®¥°¤ e1, e2, . . . , e3

£§§¸µ ¨©¾µ ¹©¥¸¯¬ A. ·¤¢¾§±¯¸¡©®¥°¤ e′1, e
′
2, . . . , e

′
n
£§§¸µ ¨©¾µ ¹©¥¸¯¬°¡ ¦®.�) A =

[
−3 1
2 −1

]

, e′1 = e2, e′2 = e1 + e2

+) A =





0 −2 1
3 1 0
2 −1 1



,
e′1 = 3e1 + e2 + 2e3

e′2 = 2e1 + e2 + 2e3

e′3 = −e1 + 2e2 + 5e3o
9. E2

¦¡¥¦¸¡§º¨ a = 2i− j, b = i + 2j £§§¸µ «¡²¢¢. ·¤¢ £§§¸µ¥
a) OX ¥¢¤¾®¢¡¯º¤ ¾§±µ ¨©¾µ ¥¢¡ª ¾¢¹¯º¤+) OY ¥¢¤¾®¢¡¯º¤ ¾§±µ ¨©¾µ ¥¢¡ª ¾¢¹¯º¤ ¹©¥¸¯¬§§¨°¡ ¦®.o

10. q¹©¸ ¤¢¡ £§§¸µ¥ ¾©¸¡©®´©¤ A,B ¹©¥¸¯¬§§¨¥©º f, g ª§¡©¹©¤ ¾§±¯¸-¡©®¥§§¨ «¡²¢¢. a) f + g +) f − 2g ]) f · g �) g · f¾§±¯¸¡©®¥§§¨°¤ «¡£«¤ £§§¸µ ¨©¾µ ¹©¥¸¯¬§§¨°¡ ¦®.o
11. e1, e2

£§§¸µ¥ f ¾§±¯¸¡©®¥ A =

[
2 3
3 5

] ¹©¥¸¯¬¥©º. e′1 = e1 +

e2, e′2 = e1 + 2e2
£§§¸µ¥ g ¾§±¯¸¡©®¥ B =

[
1 0
2 −1

] ¹©¥¸¯¬¥©º¦® a) f + g (e1, e2
£§§¸µ¥) +) f · g (e1, e2

£§§¸µ¥) ]) g · f
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(e′1, e
′
2
£§§¸µ¥) ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬°¡ ¦®.o

12. a) e1, e2, e3
¦¡¥¦¸¡§º¤ £§§¸µ © f(e1) = 2e1, f(e2) = 5e1 + 3e2,

f(e3) = 3e1 +4e2−6e3
©º¾ f ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¥¦¨¦¸¾¦º®¦¡²¥¢¡ª¯¥¡¢®, ¥¦¨¦¸¾¦º®¦¡² ¥¦¦¤§§¨°¡ ¦®.+) f(e1) = −e1, f(e2) = 2e1 + 5e2, f(e3) = 2e1 − e2 + 3e3 + 5e4,

f(e4) = e1 + 7e2 + 4e3 + 6e4
© e1, e2, e3, e4

¤µ ¦¡¥¦¸¡§º¤ £§§¸µ ¦®
f ¾§±¯¸¡©®¥°¤ ¥¦¨¦¸¾¦º®¦¡² ¥¢¡ª¯¥¡¢®, ¥¦¨¦¸¾¦º®¦¡² ¥¦¦¡ ¦®.o

13. q¹©¸ ¤¢¡ £§§¸µ ¨©¾µ f ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬ A, x1,x2,x3
±¶ÿ¥¦¸§§¨«¡£«¤ ¦® ¢¨¡¢¢¸ ±¶ÿ¥¦¸§§¨°¤ ©®µ ¤µ f ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ ±¶ÿ¥¦¸¦®¦¾ ±¢?

A =

[
1 0
−2 1

]

x1 =

[
1
2

]

x2 =

[
0
3

]

x3 =

[
0
−1

]

o
14. f, g ª§¡©¹©¤ ¾§±¯¸¡©®¥§§¨°¤ λ1, λ2

¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸
x ¤µ f · g, f + g ¾§±¯¸¡©®¥§§¨°¡ ¾©¸¡©®´©¤ λ1λ2 , λ1 + λ2

¾§±¯º¤§¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ ¦®¦¾°¡ ©¥©®.o
15. Ü©¸¡©®´©¤ λ1 6= λ2

¾§±¯º¤ §¥¡©¥©º ÿ¦®®¯¤¶©¸ ¯ª x1,x2
±¶ÿ¥¦¸¤µ f ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ ¦® x1 + x2
¤µ f¾§±¯¸¡©®¥°¤ ¾§±¯º¤ ±¶ÿ¥¦¸ ¦®» ²©¨©¾ §§?o

16. q¹©¸ ¤¢¡¢¤ £§§¸µ¥ A ¹©¥¸¯¬¥©º ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ ¾§±¯º¤ ±¶ÿà¥¦¸§§¨°¡ ¦®.
�) A =

[
2 4
−1 −3

] +) A =





1 2 −2
1 0 3
1 3 0



 ]) A =





1 0 2
0 3 0
0 0 0





�) A =





1 1 8
0 2 0
1 0 −1



 /) A =





2 0 −6
1 3 −2
−1 0 1



.

o
17. á¦¨¯¥ ¦¡¥¦¸¡§º¨ «¡£«¤ ¹©¥¸¯¬§§¨ ¨¯©¡o¤a®µ ¾¢®¢¸¥ ª¯®»¯¾ ¢£¢-¾¯º¡ ¥©º®©¸®©», ¨¯©¡o¤a®µ ¾¢®¢¸¥ ª¯®»¯¾ ¥¦¾¯¦®¨¦®¨ ¨¯©¡o-¤a®µ ¾¢®¢¸¯º¤ ¹©¥¸¯¬°¡ ¯².

�) [
2 1
3 4

] +) [
2 −1
3 4

] ])




2 5 3
0 3 4
0 0 −6



 �)




3 1 −1
0 0 3
3 0 0



.

o
18. f ª§¡©¹©¤ ¾§±¯¸¡©®¥°¤ �¹©¸ ¤¢¡ £§§¸µ ¨©¾µ ¹©¥¸¯¬ A «¡²¢¢.á¦¨¯¥ ª§¡©¹©¤ ¦¡¥¦¸¡§º¨ ¾§±¯¸¡©®¥°¤ ¹©¥¸¯¬ ¤µ ¨¯©¡o¤a®µ ¾¢®à¢¸¥¢º ©º¾ £§§¸¯º¡ ¦®.�) A =

[
1 2
4 3

] +) A =

[
3 1
2 2

]

]) A =





2 −2 0
−2 1 −2
0 −2 0



 �) A =





−10 54 36
0 −1 0
−3 18 11
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/) A =







1 0 0 0
1 1 0 0
2 5 2 1
−1 1 0 3







Z) A =





0 −2 −3
−2 0 −3
2 2 5





�) A =





5 −6 2
6 −7 2
6 −6 1



 [) A =







0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0







.

o
19. A,A¥ ¹©¥¸¯¬§§¨ ¯»¯® ¾§±¯º¤ §¥¡©¥©º ¡¢¨¡¯º¡ ©¥©®.o
20. ¿©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡² ¤µ ¥³³¤¯º ¾§±¯º¤ §¥¡§§¨°¤ ³¸»±¢¸¥¢º¥¢¤¬³³ ¡¢¨¡¯º¡ ©¥©®.o
21. Ü¢¸¢± λ ¤µ A ¹©¥¸¯¬°¤ ¾§±¯º¤ §¥¡© ¦® λ−µ ¤µ A−µE ¹©¥¸¯¬°¤¾§±¯º¤ §¥¡© ©º¾°¡ ©¥©®.o
22. Ü¢¸¢± λ 6= 0 ¤µ A ¹©¥¸¯¬°¤ ¾§±¯º¤ §¥¡© ¦® 1

λ
¤µ A−1 ¹©¥¸¯¬°¤¾§±¯º¤ §¥¡© ¦®¦¾°¡ ©¥©®.o

23. Ü¢¸¢± AB = BA
¦® A,B ¹©¥¸¯¬§§¨°¤ £E¶ÿ¥¦¸ ¨©±¾¬©¾°¡ ©¥©®.o

24. A =

[
a b

c d

]

, c 6= 0
© A S1−mS2−→ B (m 6= 0)

¦® A,B ¹©¥¸¯¬§§¨°¤£E¶ÿ¥¦¸§§¨ �®¡©©¥©º¡ ©¥©®.o
25. 2, 3 ¾§±¯º¤ §¥¡©¥©º, ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ ¤µ ¾©¸¡©®´©¤ [1, 4]¥, [3, 2]¥©º¾ A ¹©¥¸¯¬°¡ ¦®.o
26. A,B ¤µ n ¢¸¢¹¯º¤ ¨¯©¡o¤a®µ²®©¡¨©¾ «¡««¨ ¯»¯®¾¢¤ ¾§±¯º¤ ±¶ÿà¥¦¸§§¨¥©º ¦® AB = BA

©º¾°¡ ©¥©®.o
27.

0¢¡¥¢º ¥¢¤¬³³ ¾¦Ý¸ ¾§±¯º¤ §¥¡©¥©º, ¾¦Ý¸¨§¡©©¸ ¢¸¢¹¯º¤ ¥¢¡¢¢£�®¡©©¥©º ¹©¥¸¯¬ ¨¯©¡¦¤©®µ²®©¡¨©¾¡³º ¡¢¨¡¯º¡ ©¥©®.o
28. A ¹©¥¸¯¬ ¦¸¥¦¡¦¤©®µ ¢£¢¾¯º¡ ¥¦¡¥¦¦», ¾¢¸¢± ¦¸¥¦¡¦¤©®µ ¦® ¥³³¤¯º§¸±§§¡ ¦®.

�) A =





2 −1 1
0 3 0
−2 1 1



 +) A =






1√
5

2√
6

2√
30

− 2√
5

1√
6

1√
30

0 1√
6

−5√
30




.

o
29. �¡£«¤ ¥¢¡ª ¾¢¹¥¢º ¹©¥¸¯¬°¡ ¨¯©¡¦¤©®µ²®©¡² ¦¸¥¦¡¦¤©®µ ¹©¥¸¯à¬°¡ ¦®.�) [

1 2
2 1

] +) [
5 6
6 0

] ]) [
7 3

√
5

3
√

5 3

]

�)




2 0 0

0 1 −2
√

2

0 −2
√

2 3



.
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r���.
1. �) l§¡©¹©¤, +) á¯ª, ]) á¯ª 2. á¦®¤¦ 3. á¦®¤¦
4.





2 −1 1
3 0 −1
0 1 0



 5.





0 1 5
1 1 −1
5 1 0



 6.





8 −18 −2
−4 9 1
−4 9 1





7.





0 −1 3
1 0 2
3 −2 0



 8. �) [
−2 3

1 −2

]

, +)




−85 −59 18
121 84 −25
−13 −9 3



 9. a)

1
5

[
3 6
4 −3

]

, +) 1
5

[
−3 −4
−4 3

]

10. a)





0 1 6
2 4 2

−1 0 7



, +)




−3 4 −3
−4 4 −1

8 −3 1



,

])




−6 4 5
5 1 6

−15 3 15



, �)




5 −5 17
0 3 11
7 −4 2



 11. a)

[
9 −1

15 −2

]

, +) [
50 −29
81 −47

]

,

]) [
2 3
1 1

]

12. a) (λ− 2)(λ− 3)(λ+ 6) = 0 ⇒ λ1 = 2, λ2 = 3, λ3 = −6,

+) (λ + 1)(λ − 5)(λ2 − 9λ − 2) = 0 ⇒ λ1 = −1, λ2 = 5, λ34 = 9±
√

89
2 13.

x2,x3 15.
�©¨©¾¡³º 16. �) [

4
−1

]

s,

[
1

−1

]

t, ∀s, t ∈ R, s 6= 0,

t 6= 0, +)




−2
1
1



 s,





0
1
1



 t,





6
−7

5



 p, ∀s, t, p ∈ R, s 6= 0, t 6= 0, p 6= 0, ])




−2
0
1



 s,





0
1
0



 t,





1
0
0



 p, ∀s, t, p ∈ R, s 6= 0, t 6= 0, p 6= 0, �)




3
−5

1



 s,





4
0
1



 t,





2
0

−1



 p, ∀s, t, p ∈ R, s 6= 0, t 6= 0, p 6= 0, /)




0
1
0



 s,





3
5

−1



 t,





2
0
1



 p, ∀s, t, p ∈ R, s 6= 0, t 6= 0, p 6= 0 17. �) [
1 0
0 s

]

(¨¯©¡o¤a®¯º¤ ¢®¶à

¹¶¤¥³³¨¯º¤ ¢¸¢¹¯º¤ ¤©¸¯º±²®©®¥©º), +) l¯®»¯¾¡³º, ])




2 0 0
0 3 0
0 0 −6



,

�) ª¯®»¯¾¡³º 18. �) e′1 = (−e1 + e2)t, e′2 = (e1 + 2e2)s, ∀s, t ∈ R, t 6= 0,
s 6= 0, +) e′1 = (e1 − 2e2)t, e′2 = (e1 + e2)s, ∀s, t ∈ R, t 6= 0, s 6= 0, ]) e′1 =
(e1 +2e2 +2e3)t, e′2 = (2e1 +e2−2e3)s, e′3 = (2e1 −2e2 +e3)k, ∀k, s, t ∈ R,
t 6= 0, s 6= 0, �) e′1 = (24e1 − 12e2 + e3 + 9e4)s, e′2 = (−2e1 + 9e3 + e4)t,
e′3 = ke4, e′4 = (e3 + e4)p, ∀k, s, t, p ∈ R, t 6= 0, s 6= 0, p 6= 0, k 6= 0,/) e′1 = (6s1 + 4t1)e1 + s1e2 + t1e3, e′2 = (6s2 + 4t2)e1 + s2e2 + t2e3),
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e′3 = 3ke1 + ke3, ∀k, s1, s2, t1, t2 ∈ R, ¥¢¡¢¾¨¢¢
∣
∣
∣
∣
∣
∣

6s1 + 4t1 s1 t1
6s2 + 4t2 s2 t2

3k 0 k

∣
∣
∣
∣
∣
∣

6= 0, Z)
e′1 = k(e1 +e2−e3), e′2 = (2t1 +3s1)e1−2t1e2−2s1e3), e′3 = (2t2 +3s2)e1−

2t2e2 − 2s2e3, ∀k, s1, s2, t1, t2 ∈ R, ¥¢¡¢¾¨¢¢
∣
∣
∣
∣
∣
∣

k k −k
2t1 + 3s1 −2t1 −2s1
2t2 + 3s2 −2t2 −2s2

∣
∣
∣
∣
∣
∣

6= 0,

�) e′1 = k(e1 + e2 + e3), e′2 = s1e1 + t1e2 + 3(t1 − s1)e3), e′3 = s2e1 +

t2e2 + 3(t2 − s2)e3, ∀k, s1, s2, t1, t2 ∈ R, ¥¢¡¢¾¨¢¢
∣
∣
∣
∣
∣
∣

k k k

s1 t1 3(t1 − s1)
s2 t2 3(t2 − s2)

∣
∣
∣
∣
∣
∣

6= 0,

[) e′1 = −t1e1+t1e2+s1e3−s1e4, e′2 = −t2e1+t2e2+s2e3−s2e4, e
′
3 = k1e1+

k1e2+p1e3+p1e4, e
′
4 = k2e1+k2e2+p2e3+p2e4, ∀k1, k2, s1, s2, t1, t2, p1, p2 ∈

R, ¥¢¡¢¾¨¢¢
∣
∣
∣
∣
∣
∣
∣
∣

−t1 t1 s1 −s1
−t2 t2 s2 −s2
k1 k1 p1 p1

k2 k2 p2 p2

∣
∣
∣
∣
∣
∣
∣
∣

6= 0 25. − 1
10

[
32 −3
8 18

]

28. �)

2¸¥¦¡¦¤©®µ ¯ª, +) 2¸¥¦¡¦¤©®µ A−1 = A¥ 29. �)
[

− 1√
2

1√
2

1√
2

1√
2

]

, +)
[

3√
13

− 2√
13

2√
13

3√
13

]

, ])




3√
14

√
5
14√

5
14 − 3√

14



, �)






1 0 0

0 1√
3

√
2
3

0 −
√

2
3

1√
3






.



VII �����. %Ë�������� ������
7.1. ������ �4�4�	4
�4�����
ôõôö÷ôøùôùú

.

n∑

i=1

n∑

j=1
aijxixj = a11x

2
1 + a12x1x2 + . . . + a1nx1xn+

+a21x2x1 + a22x
2
2 + . . . + a2nx2xn+

+ . . . + an1xnx1 + an2xnx2 + . . .+ annx
2
nÍÁÎËÁÂÆÁÖ ÆÒÒÊ �ÔÊþÈÇÖÓ ÆÒÒÊ ÔÆÓÅ ÅÃÐÅÓ x1, x2, . . . , xn
ÍÔÃÑòÅÓIÇÖÊ þÃÅÐ-ÂÅÆÎÅÓ ÍÁÎËÁÂ ÓÁÊÁ. <ÊÐ aij

ÆÒÒÓ þÃÅÐÂÅÆÎÅÓ ÍÁÎËÁÂÇÖÊ þÒÁ��ÇÈÇÏÊÆÓÁÊÁ.P±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ L(x1, x2, . . . , xn) ¡¢» ¥¢¹¨¢¡®¢¶.
L(x1, x2, . . . , xn) =

n∑

i=1

n∑

j=1

aijxixj (7.1)

Ü¢¸¢± ¾§±µ£©¡² x1, x2, . . . , xn
© ÿ¦¢CC¯¬¯¶¤¥ aij

¤µ ¦¨¯¥¦º ¥¦¦ ¦® ÿ±©¨-¸©¥®©¡ ¾¢®¢¸¯º¡ ¦¨¯¥ ¡¢» ¤¢¸®¢¤¢,

A =








a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . .
. . . . . .

an1 an2 . . . ann








ÄÅÆÂÇÈÉÓ (7.1) þÃÅÐÂÅÆÎÅÓ ÍÁÎËÁÂÇÖÊ ÄÅÆÂÇÈ ÓÁÊÁ. @©©ª¯¨ aij = aji««¸««¸ ¾¢®¢® A ¹©¥¸¯¬ ¥¢¡ª ¾¢¹¥¢º ¡¢» ³´¤¢.ôõôö÷ôøùôùú
. A
ÄÅÆÂÇÈÉÊ ÂÅÊÓÇÖÓ þÃÅÐÂÅÆÎÅÓ ÍÁÎËÁÂÇÖÊ ÂÅÊÓ ÓÁÊÁ.ÀÁÂÁÃ þÃÅÐÂÅÆÎÅÓ ÍÁÎËÁÂÇÖÊ ÄÅÆÂÇÈ ÊÑ ÌÎ ËÕÍÕÍ ËÒÎ ÌÎ ËÕÍÕÍ þÃÅÐÂÅÆÎÅÓÍÁÎËÁÂ ÓÁÊÁ.

A ¤µ (7.1)-
¯º¤ ¹©¥¸¯¬, X = [x1, x2, . . . , xn]¥ ©¡©¤© ¹©¥¸¯¬ ©º¡. X¥AX¤µ ¢®¶¹¶¤¥ ¤µ n∑

i=1

n∑

j=1
aijxixj-¥¢º ¥¢¤¬³³ ©º¾ ¤¢¡¨³¡¢¢¸ ¢¸¢¹¯º¤ ¹©¥¸¯¬¦®¤¦. �«¸««¸ ¾¢®¢®

[L(x1, x2, . . . , xn)] = X¥AX §½§ L(x1, x2, . . . , xn) = X¥AX
©º¤©. X¥AX-

¯º¡ ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¤ ¹©¥¸¯¬©¤ ¾¢®¢¸ ¡¢¤¢.ØÙÚÛÛ
7.1. L(x1, x2, x3) = 2x2

1 − 3x2
2 + x2

3 + 8x1x2 + 2x1x3
ÿ±©¨¸©¥®©¡¾¢®¢¸¯º¡ ¹©¥¸¯¬©¤ ¾¢®¢¸¥¢º ¯².
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1ÒÐÒÎÆ. �¡£«¤ ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¤ ¹©¥¸¯¬

A =





2 4 1
4 −3 0
1 0 1



 (a12 = a21 = 2a12 = 8)

0¢¡±¢® L(x1, x2, x3) = [x1x2x3]





2 4 1
1 −3 0
1 0 1



 ·





x1

x2

x3



.

n ¾¢¹»¢¢£¥ ¶±ÿ®¯¨ En
¦¡¥¦¸¡§º¤

e1, e2, . . . , en (7.2)

¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ £§§¸µ ¨©¾µ x ∈ En
±¶ÿ¥¦¸°¤ ÿ¦¦¸¨¯¤©¥°¡

(x1, x2, . . . , xn) f : En → En
ª§¡©¹©¤ ««¸¥«« ¾¦£¹¦¡ ¦E¶¸©¥¦¸ ¤µ A =

(aij)
¹©¥¸¯¬¥©º ((7.2) £§§¸µ¥) ©º¡. 0¢¡±¢® (4.27)

© (5.6) ¥¦¹3Ý¦¤§§¨°¡¾¢¸¢¡®¢±¢®
(f(x), x) = (Ax)¥X §½§ (f(x), x) = X¥A¥X

¦®¤¦.
7.2.

~9�������� 	��N���
� 	£�N�� 	��N��� ���'  ��	
ôõôö÷ôøùôùú

.
ÀÁÂÁÃ i 6= j ÌÏÐ aij = 0 ËÒÎ þÃÅÐÂÅÆÎÅÓ ÍÁÎËÁÂÇÖÓ Í5ÎËÅÂÐÌÂòÆÁÖ ËÅÖÊÅ ÓÁÐÁÓ. P±©¨¸©¥®©¡ ¾¢®¢¸¯º¤ ¾�®©¸ ¨³¸£ ¤µ
a11x

2
1 + a22x

2
2 + . . .+ annx

2
n =

n∑

i=1

aiix
2
i

©º¾ © ¥³³¤¯º ¹©¥¸¯¬ ¤µ ¨¯©¡¦¤©®µ ¹©¥¸¯¬ ©º¤©.
Ü¢¸¢± (7.1) ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¤ ¹©¥¸¯¬ ¨¯©¡¦¤©®µ ¾¢®¢¸¥¢º ©º¾
e1, e2, . . . , en

£§§¸µ V ª§¡©¹©¤ ¦¡¥¦¸¡§º¨ ¦®¨¦» ©º±©® (7.1)-
¯º¡ ¾�®©¸¨³¸£¥ ¦¸§§®®©© ¡¢» ³´¤¢.FôöFG

7.1.
P±©¨¸©¥®©¡ ¾¢®¢¸ ³¸¯º¡ ¾�®©¸ ¾¢®¢¸¥ ª¯®»³³®» ¦®¤¦.1ÅÆÅÎÓÅÅ. e1, e2, . . . , en

£§§¸µ ¨©¾µ ¹©¥¸¯¬ ¤µ A ©º¾ (7.1) ÿ±©¨¸©¥®©¡¾¢®¢¸ «¡£«¤ ©º¡. A ¹©¥¸¯¬ ¤µ ¥¢¡ª ¾¢¹¥¢º ¡¢¨¡¢¢£

C = B−1AB =








λ1 0 . . . 0
0 λ2 . . . 0

. . . . . .
. . . . . .

0 0 . . . λn








©º¾ ¦¸¥¦¡¦¤©®µ B ¹©¥¸¯¬ ¦®¨¦¤¦.
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B ¹©¥¸¯¬ ¤µ e1, e2, . . . , en
£§§¸¯©£

e′1, e
′
2, . . . , e

′
n (7.3)

£§§¸µ¥ ª¯®»¯¾ ¹©¥¸¯¬ ¦®¤¦.
X,Y ¤µ x ±¶ÿ¥¦¸°¤ ¾©¸¡©®´©¤ (7.2), (7.3) £§§¸µ ¨©¾µ ÿ¦¦¸¨¯¤©¥§§¨©©£¥¦¡¥¦¾ ©¡©¤© ¹©¥¸¯¬ ¡¢¶. 0¢¡±¢® X = BY

©º¾ ©
X¥AX = (BY )¥A(BY ) = Y ¥B¥ABY = Y ¥B−1ABY = Y ¥CY

©º¤©. ·¤¨¢¢£
X¥AX = λ1y

2
1 + λ2y

2
2 + . . .+ λny

2
n (7.4)©º¤©. N

·¤¢ (7.4) ¾¢®¢¸¥ ©º¡©© λ1, λ2, . . . , λn
¤µ A ¹©¥¸¯¬°¤ ¾§±¯º¤ §¥¡©.ØÙÚÛÛ

7.2. 17x2
1 + 12x1x2 + 8x2

2
ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ ¦¸¥¦¡¦¤©®µ ¹©¥-¸¯¬°¤ ¥§£®©¹»¥©º¡©©¸ ¾�®©¸ ¨³¸£¥ ¦¸§§®», ¢¤¢ ¦¸¥¦¡¦¤©®µ ¹©¥¸¯¬°¡¦®.1ÒÐÒÎÆ. P±©¨¸©¥®©¡ ¾¢®¢¸¯º¤ ¹©¥¸¯¬ ¤µ

A =

[
17 6
6 8

]

0¦¨¦¸¾¦º®¦¡² ¥¢¡ª¯¥¡¢® ∣
∣
∣
∣

17−λ 6
6 8−λ

∣
∣
∣
∣
= 0-
¯º¡ ¦¨±¦® λ1 = 20, λ2 = 5.�º¹¨ «¡£«¤ ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¤ ¾�®©¸ ¨³¸£ ¤µ 20y2

1 + 5y2
2

¦®¤¦.P±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ ¾�®©¸ ¨³¸£¢¨ ª¯®»³³®¢¾ ¦¸¥¦¡¦¤©®µ ¹©¥¸¯¬°¤©¡©¤§§¨ ¤µA ¹©¥¸¯¬°¤ ¤¦¸¹²®¦¡¨£¦¤ ¾§±¯º¤ ±¶ÿ¥¦¸§§¨°¤ ©¡©¤© ©º¤©.
·¾®¢¢¨ A ¹©¥¸¯¬°¤ λ1 = 20 ¾§±¯º¤ §¥¡©¥©º ¤¦¸¹²®¦¡¨£¦¤ ¾§±¯º¤ ±¶ÿ¥¦¸©¡©¤°¡ ¦®3Ý. A ¹©¥¸¯¬°¤ ¾§±¯º¤ ±¶ÿ¥¦¸ ©¡©¤°¡ [u1, u2]

¥ ¡¢» ¥¢¹¨¢¡-®¢±¢®
(A− λE)

[
u1

u2

]

= 0 ⇒
[

17 − λ1 6
6 8 − λ1

] [
u1

u2

]

= 0 ⇒

⇒ −3u1 + 6u2 = 0
6u1 − 12u2 = 0

}

¦®¤¦. ·¤¢ £¯£¥¶¹¯º¤ ª¯º¨ u1 = 2u2
©º¤©. �º¹¨ ¨§¸°¤ t 6= 0-

¯º¤ ¾§±µ¨
[

2t
t

] ¤µ A ¹©¥¸¯¬°¤ λ1 = 20 ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ ©¡©¤©
¦®¤¦. Ü©¸¯¤ ¤¦¸¹²®¦¡¨£¦¤ ¾§±¯º¤ ±¶ÿ¥¦¸ ©¡©¤© ¤µ

[
2√
5

1√
5

]

. 2¨¦¦ λ2 = 5
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¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ ©¡©¤°¡ ¦®¦®:

0 =

[
17 − λ2 6

6 8 − λ2

] [
v1
v2

]

⇒ 12v1 + 6v2 = 0
6v1 + 3v2 = 0

}

v2 = −2v1
©º¾ © ∀s 6= 0-

¯º¤ ¾§±µ¨ [s − 2s]¥ ¤µ A ¹©¥¸¯¬°¤ λ2 =
5 ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ ©¡©¤©. Ü©¸¯¤ ¤¦¸¹²®¦¡¨£¦¤ ¾§±¯º¤±¶ÿ¥¦¸ ©¡©¤© ¤µ [

1√
5

− 2√
5

]

¦®¤¦. 2®¦¾ ¦¸¥¦¡¦¤©®µ ¹©¥¸¯¬
B =

[
2√
5

1√
5

1√
5

− 2√
5

]

©º¤©. �º¹¨
B−1AB =

[
20 0
0 5

]

© «¡£«¤ ÿ±©¨¸©¥®©¡ ¾¢®¢¸ 20y2
1 + 5y2

2
¨³¸£¥¢º ¦®¤¦.ØÙÚÛÛ

7.3. x2
1 − 8x1x2 − 16x1x3 + 7x2

2 − 8x2x3 +x2
3
ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¡¾�®©¸ ¨³¸£¢¨ ª¯®»³³®¢¾ ¦¸¥¦¡¦¤©®µ ¹©¥¸¯¬°¡ ¦®.1ÒÐÒÎÆ. �¡£«¤ ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¤ ¹©¥¸¯¬

A =





1 −4 −8
−4 7 −4
−8 −4 1





©º¤©. 0¦¨¦¸¾¦º®¦¡² ¥¢¡ª¯¥¡¢® ¾¢¸¢¡®¢±¢®
∣
∣
∣
∣
∣
∣

1 − λ −4 −8
−4 7 − λ −4
−8 −4 1 − λ

∣
∣
∣
∣
∣
∣

= 0

-
¯º¡ ¦¨±¦® λ1 = −9, λ2 = λ3 = 9

©º¤©.
λ1 = −9 ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸ ©¡©¤© X-

¯º¤ ÿ¦¦¸¨¯¤©¥°¡




x1

x2

x3





¡¢» ¥¢¹¨¢¡®¢¶.
(A− λE) ·





x1

x2

x3



 = 0
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£¯£¥¶¹¯º¡ ¯²±¢®
10x1 − 4x2 − 8x3 = 0
−4x1 + 16x2 − 4x3 = 0
−8x1 − 4x2 + 10x3 = 0







§½§ 5x1 − 2x2 − 4x3 = 0
x1 − 4x2 + x3 = 0
4x1 + 2x2 − 5x3 = 0







·¤¢ £¯£¥¶¹¯º¤ ¹©¥¸¯¬°¤ ¸©¤¡ 2-¥¢º ¥¢¤¬³³ ©º¤©. �º¹¨ £³³®²¯º¤ £¯£¥¶¹¤µ
5x1 − 2x2 − 4x3 = 0
x1 − 4x2 + x3 = 0

}

£¯£¥¶¹¥¢º ©¨¯® ²©¤©¸¥©º ©º¤©. A¯£¥¶¹¯º¡ ¦¨±¦®
x1 = −18t, x2 = −9t, x3 = −18t (t 6= 0)�¶ÿ¥¦¸ ©¡©¤© ¤µ [−18t,−9t,−18t]¥. Þ¦¸¹²®¦¡¨£¦¤ ±¶ÿ¥¦¸ ©¡©¤© ¤µX∗

1 =
[23 ,

1
3 ,

2
3 ]¥ ©º¤©.

A ¹©¥¸¯¬°¤ λ = 9 ¾§±¯º¤ §¥¡©¥©º ±¶ÿ¥¦¸ ©¡©¤© [u1, u2, u3]
¥-¨ ¾©¸¡©®´©¾£¯£¥¶¹¯º¡ ¯²±¢®

−8u1 − 4u2 − 8u3 = 0
−4u1 − 2u2 − 4u3 = 0
−8u1 − 4u2 − 8u3 = 0







¦®¦¾ © £¯£¥¶¹¯º¤ ¹©¥¸¯¬°¤ ¸©¤¡ ¤µ ¤¢¡¥¢º ¥¢¤¬³³ ©º¡©© ¥§® £³³®²¯º¤£¯£¥¶¹ ¤µ 2u1 + u2 + 2u3 = 0 ¥¢¡ª¯¥¡¢®¥¢º ¥¢¤¬³³ ²©¤©¸¥©º. ·¤¨¢¢£
u1 = s1, u2 = −2s1 − 2s2, u3 = s2.

�¶ÿ¥¦¸ ©¡©¤©




s1
−2s1 − 2s2

s2



 (7.5)

|s1|+|s2| 6= 0 ¤«¾¬®¯º¡ ¾©¤¡©¾ ¨§¸°¤ s1, s2-¯º¤ ¾§±µ¨ (7.5) ¤µA ¹©¥¸¯¬°¤
λ = 9 ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ ±¶ÿ¥¦¸§§¨ ¦®¤¦.
λ = 9 ¾§±¯º¤ §¥¡©¥©º X2,X3

¡¢£¢¤ ¦¸¥¦¡¦¤©®µ ¾§±¯º¤ ©¡©¤© ¦®¨¦¤¦.
(7.5)-¨ s1 = 1, s2 = 0 ¡¢» ©±©® X2 = [1,−2, 0]¥, X3-

¯º¡ ¦®¦¾¨¦¦ X2,X3¦¸¥¦¡¦¤©®µ ©º¾©©¸ ««¸««¸ ¾¢®¢® s1 +4s1 +4s2 = 0
§½§ s1 = −4

5s2
©º¾à©©¸ s1, s2-¯º¡ £¦¤¡¦¤¦. ×¯ª¢¢®¢® s2 = 5 ¡¢±¢® (7.5)-©©£ X3 = [−4,−2, 5]¥¡¢» ¦®¨¦¤¦. X2,X3-

¯º¡ ¤¦¸¹²¯®±¦®
X∗

2 =
[1

5
,− 2√

5
, 0

]¥
, X∗

3 =
[

− 4√
45
,− 2√

45
,

5√
45

]¥
á¯¨¤¯º ¦®¦¾ ¹©¥¸¯¬

B =






2
3

1
5 − 4√

45
1
3 −2

5
−2√
45

2
3 0 5√

45
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P±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ ¾�®©¸ ¾¢®¢¸¥ ¦¸§§®©¾ W©¡¸©¤»,qÿ¦¯º¤ ©¸¡§§¨°¡ ©±² ³´µ¶.
§ 7.2.1. `�������)� ����P±©¨¸©¥®©¡ (7.1) ¾¢®¢¸¥ ¨©¸©©®©¤ ³¥¢¤ ÿ±©¨¸©¥ �®¡©¾ ´©¹©©¸ (7.1)-

¯º¡¾�®©¸ ¾¢®¢¸¥ ¦¸§§®¤©. ·¤¨ ¾¦Ý¸ ¥¦¾¯¦®¨¦® ©º¤©.
1. aii

ÿ¦¢CC¯¬¯¶¤¥©©£ �¨©» ¤¢¡ ¤µ ¥¢¡¢¢£ �®¡©©¥©º ©º¾ ¥¦¾¯¦®¨¦®.0§¾©º®©® a11 6= 0
©º¡. (7.1) ¾¢®¢¸¥ ©º¡©© x1

¾§±µ£©¡²¯º¡ ©¡§§®£©¤¡¯ª³³¨¯º¡ �®¡©¤ ¨©¸©©¾ ¾¢®¢¸¥ ¯²±¢®:
L(x1, . . . , xn) = (a11x

2
1 + 2a12x1x2 + . . . + 2a1nx1xn) + L1(x2, x3, . . . , xn)

·¤¨ `1(x2, . . . , xn) ¤µ n − 1 ¾§±µ£©¡²¥©º ÿ±©¨¸©¥®©¡ ¾¢®¢¸. Ü©©®¥©¤¨¦¥¦¸¾ a11x
2
1 + 2a12x1x2 + . . . + 2a1nx1xn-

¯º¡ ¨©¸©©¾ ©º¨®©©¸ ¾§±¯¸¡©�.
a11[x

2
1 + 2(a12x2 + a13x3 + . . .+ a1nxn) x1

a11
+ 1

a2
11

(a12x2 + a13x3+

+ . . .+ a1nxn)2 − 1
a2
11

(a12x2 + a13x3 + . . .+ a1nxn)2] =

= 1
a2
11

(a11x1 + a12x2 + . . . + a1nxn)2 + L2(x2, x3, . . . , xn).�º¤¾³³
L(x1, . . . , xn) =

1

a11
(a11x1 + a12x2 + . . .+ a1nxn)2 + L2(x2, x3, . . . , xn)

¦®¤¦. ·¤¨ a11x1 + a12x2 + . . . + a1nxn =
1

2
· ∂L
∂x1

©º¤©.
Ü¢¸¢± `2(x2, . . . , xn) ¾¢®¢¸¥ x2

i -
¯º¤ ÿ¦¢CC¯¬¯¶¤¥§§¨©©£ ¨¦¸ ¾©�» ¤¢¡ ¤µ¥¢¡¢¢£ �®¡©©¥©º ©º±©® `2(x2, . . . , xn)-
¯º¡ ³¸¡¢®»®³³®¢¤ ¾§±¯¸¡©¤©.

2. (7.1) ¾¢®¢¸¯º¤ ³¾ aii = 0
©º¾ ¥¦¾¯¦®¨¦®.

i 6= j ³¶¨ aij 6= 0
©º¡. 0¢¡±¢®

x1 = y1

. . . . . . . . .

xi−1 = yi−1

xi = yi + yj

xi+1 = yi+1

. . . . . . . . .

xn = yn







¡¢£¢¤ ³® «¾«¾ ¾§±¯¸¡©®¥ ¦®¨¦¤¦. ·¤¢ ¾§±¯¸¡©®¥ ¤µ L(x1, x2, x3)
ÿ±©¨¸©¥à®©¡ ¾¢®¢¸¯º¡ y2

i -
¯º¤ ÿ¦¢CC¯¬¯¶¤¥ ¤µ ¥¢¡¢¢£ �®¡©©¥©º ÿ±©¨¸©¥®©¡ ¾¢®¢¸¥ª¯®»³³®¤¢. �¤¡¢» 1-¸ ¥¦¾¯¦®¨¦®¨ ª¯®»¯¤¢.
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ØÙÚÛÛ
7.4. W©¡¸©¤»¯º¤ ©¸¡© ¾¢¸¢¡®¢¤

L(x1, x2, x3) = x2
1 − 3x1x2 + 4x1x3 + x2

3 + 2x2x3ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ ¾�®©¸ ¾¢®¢¸¥ ª¯®»³³®.1ÒÐÒÎÆ. a11 = 1 6= 0
©º¤© ¡¢¨¡¢¢£

L(x1, x2, x3) = [x2
1 − x1(3x2 − 4x3)+

+1
4(3x2 − 4x3)

2] − 1
4(3x2 − 4x3)

2 + 2x2x3 + x2
3 =

= (x1 − 3
2x2 + 2x3)

2 − 9
4x

2
2 + 8x2x3 − 3x2

3 =

= (x1 − 3
2x2 + 2x3)

2 − 9
4(x2

2 − 32
9 x2x3 + 256

81 x
2
3) + 64

9 x
2
3 − 3x2

3 =

= (x1 − 3
2x2 + 2x3)

2 − 9
4(x2 − 16

9 x3)
2 + 37

9 x
2
3.·¤¨

y1 = x1 −
3

2
x2 + 2x3 y2 = x2 −

16

9
x3 y3 = x3

¡¢» ¦¸®§§®©® L(x1, x2, x3)-
¯º¡

L(y1, y2, y3) = y2
1 − 9

4
y2
2 +

37

9
y2
3¾¢®¢¸¥ ª¯®»³³®» ©º¤©.ØÙÚÛÛ

7.5. L(x1, x2, x3) = 4x1x2 − 5x2x3
ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ W©¡-¸©¤»¯º¤ ©¸¡©©¸ ¾�®©¸ ¾¢®¢¸¥ ª¯®»³³®.1ÒÐÒÎÆ. á³¾ aii = 0 ¥§® x1 = 1

2(y1 − y2), x2 = 1
2(y1 + y2), x3 = y3

¡¢±¢®
L(x1, x2, x3)-

¯º¡
L(y1, y2, y3) = y2

1 −
5

2
y1y3 − y2

2 −
5

2
y2y3¾¢®¢¸¥ ª¯®»³³®¤¢.

y2
1-
¯º¤ ÿ¦¢CC¯¬¯¶¤¥ ¥¢¡¢¢£ �®¡©©¥©º ¥§® L(y1, y2, y3)-¥ ³¥¢¤ ÿ±©¨¸©¥ �®à¡©¾ ©¸¡©©¸ ¾�®©¸ ¾¢®¢¸¥ ¦¸§§®¤©.

`1(y1, y2, y3) = (y1 −
5

4
y3)

2 − (y2 +
5

4
y3)

2

z1 = y1 − 5
4y3 z2 = y2 + 5

4y3 z3 = y3

¦E¶¸©¥¦¸ `1(y1, y2, y3)-
¯º¡ `2(z1, z2, z3) = z2

1−z2
2
¾¢®¢¸¥ ª¯®»³³®¤¢. �º¹¨

z1 = x1 + x2 − 5
4x3 z2 = −x1 + x2 + 5

4x3 z3 = x3

¡¢£¢¤ ³® «¾«¾ ¾§±¯¸¡©®¥ ¤µ L(x1, x2, x3) = 4x1x2 − 5x2x3
ÿ±©¨¸©¥®©¡ ¾¢®à¢¸¯º¡ `2(z1, z2, z3) = z2

1 − z2
2 + 0 · z2

3
¡¢£¢¤ ¾�®©¸ ¾¢®¢¸¥ ª¯®»³³®¤¢.
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§ 7.2.2. Ì«�+�� ����
L(x1, x2, x3, . . . , xn) ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¤

A =










a11 a12 a13 . . . a1n

a12 a22 a23 . . . a2n

a13 a23 a33 . . . a3n

. . . . . . . . .
. . . . . .

a1n a2n a3n . . . ann










¹©¥¸¯¬°¤ ¡¦® §®©¤¡¯º¤ ¹¯¤¦¸ ¡¢» ¤¢¸®¢¡¨¢¾

∆1 = |a11|, ∆2 =

∣
∣
∣
∣

a11 a12

a12 a22

∣
∣
∣
∣
, ∆3 =

∣
∣
∣
∣
∣
∣

a11 a12 a13

a12 a13 a23

a13 a23 a33

∣
∣
∣
∣
∣
∣

, . . . ,

∆n =

∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1n

a12 a22 . . . a2n

. . . . . .
. . . . . .

a1n a2n . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣

¹¯¤¦¸§§¨ ¥¢¡¢¢£ �®¡©©¥©º ¥¦¾¯¦®¨¦®¨ L(x1, . . . , xn)-
¯º¡ ¾�®©¸ ¾¢®¢¸¥ª¯®»³³®¢¾¨¢¢ qÿ¦¯º¤ ©¸¡© ¡¢» ¤¢¸®¢¾ ©¸¡°¡ ¾¢¸¢¡®¢¨¢¡.

L(x1, x2, . . . , xn) = X¥AX
ÿ±©¨¸©¥®©¡ ¾¢®¢¸ «¡£«¤ ¡¢¶. ¿«¤ A ¹©¥¸¯¬°¤ §®©¤¡¯º¤ ¡¦® ¹¯¤¦¸§§¨
∆1,∆2, . . . ,∆n

³¡¨ ¥¢¡¢¢£ �®¡©©¥©º ©º¡. ·¤¢ ¥¦¾¯¦¨¦®¨ L(x1, x2, . . . , xn)ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ n∑

i=1
βiy

2
i
¾�®©¸ ¾¢®¢¸¥ ª¯®»³³®¢¾

x1 = y1 + d21y2 + d31y3 + . . .+ dn1yn

x2 = y2 + d32y3 + . . . + dn2yn

x3 = y3 + . . .+ dn3yn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

xn = yn







¡¢£¢¤ ¡©¤¬¾©¤, ³® «¾«¾ ¾§±¯¸¡©®¥ ¦®¨¦¤¦ ¡¢¨¡¯º¡ ©¥©®» ¦®¤¦. ·¤¨
β1 = ∆1 βj =

∆j

∆j−1
(j = 2, n) (7.6)

·¤¢ ¾§±¯¸¡©®¥°¤ ÿ¦¢CC¯¬¯¶¤¥§§¨°¡
dji = (−1)j+i ∆j−1i

∆j−1
(7.7)
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¥¦¹3Ý¦¡¦¦¸ ¦®¤¦. ·¤¨ ∆j−1i
¹¯¤¦¸ ¤µ A ¹©¥¸¯¬°¤

1, 2, . . . , j − 1 ¨§¡©©¸¥©º ¹«¸³³¨, 1, 2, . . . , i− 1, i+ 1, . . . , j ¨§¡©©¸¥©º ©¡©-¤§§¨°¤ ¦¡¥®¦®¬¦® ¨¢¢¸ ¦¸ª¯¾ ¢®¶¹¶¤¥³³¨¢¢£ ¥¦¡¥¦¤¦.ØÙÚÛÛ
7.6. qÿ¦°¤ ©¸¡©©¸
L(x1, x2, x3) = 2x2

1 + 3x2
2 + x3 − 4x1x2 + 2x1x3 − 2x2x3

ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ ¾�®©¸ ¾¢®¢¸¥ ª¯®»³³®.1ÒÐÒÎÆ. L(x1, x2, x3)-
¯º¤ ¹©¥¸¯¬

A =





2 −2 1
−2 3 −1
1 −1 1





á§®©¤¡¯º¤ ¡¦® ¹¯¤¦¸§§¨ ¤µ ∆1 = 2, ∆2 = 2, ∆3 = 1 (7.6) ¥¦¹3Ý¦¡¦¦¸
β1 = 2, β2 = ∆2

∆1
= 1, β3 = ∆3

∆2
= 1

2

¦®¤¦. L(x1, x2, x3)
¤µ

`1(y1, y2, y3) = 2y2
1 + y2

2 +
1

2
y2
3¡¢£¢¤ ¾�®©¸ ¾¢®¢¸¥ ª¯®»¯¤¢.�¡£«¤ ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ ¾�®©¸ ¨³¸£¥ ª¯®»³³®¢¾ ¾§±¯¸¡©®¥ (¦E¶¸©à¥¦¸) ¤µ

x1 = y1 + d21y2 + d31y3

x2 = y2 + d32y3

x3 = y3







©º¾ © (7.7) ¥¦¹3Ý¦¡¦¦¸ ÿ¦¢CC¯¬¯¶¤¥§§¨°¡ ¦®¦®
d21 = (−1)2+1 ∆11

∆1
= −−2

2
= 1

d31 = (−1)3+1 ∆21

∆2
=

∣
∣
∣
∣

−2 1
3 −1

∣
∣
∣
∣

2
= −1

2

d32 = (−1)3+2 ∆22

∆2
=

∣
∣
∣
∣

2 1
−2 −1

∣
∣
∣
∣

2
= 0�º¹¨ ¨¢¢¸¾ ¾§±¯¸¡©®¥ ¤µ

x1 = y1 + y2 − 1
2y3

x2 = y2

x3 = y3







¦®¤¦.
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P±©¨¸©¥®©¡ ¾¢®¢¸¯º¤ ¾�®©¸ ¾¢®¢¸ ¤µ ¤¢¡ §¥¡©¥©º ¯ª. B¢±² ³¾ ¾�®à©¸ ¾¢®¢¸¥ ¶¸«¤¾¯º ²©¤©¸ ©º¤©. 0§¾©º®©® ³¾ ¾�®©¸ ¾¢®¢¸¥
1.
0¢¡¥¢º ¥¢¤¬³³ ÿ¦¢CC¯¬¯¶¤¥§§¨°¤ ¥¦¦ ¤µ ¯»¯®

2. ·¶¸¢¡ ÿ¦¢CC¯¬¯¶¤¥§§¨°¤ ¥¦¦ ¤µ ¯»¯®
3.
A«¸«¡ ÿ¦¢CC¯¬¯¶¤¥§§¨°¤ ¥¦¦ ¤µ ¯»¯® ©º¤©.

7.3. ¬�9���
� 	4�������� ���N�
� ������ ����������
�	£�N��J��	

ax2 + bxy + cy2 + dx+ gy + f = 0 |a| + |b| + |c| 6= 0 (7.8)¾¦Ý¸¨§¡©©¸ ¢¸¢¹¯º¤ ¥¢¡ª¯¥¡¢®¯º¡ ©±² ³´µ¶. ·¤¢ ¥¢¡ª¯¥¡¢®¯º¡
[x, y] ·

[
a b

2
b
2 c

]

·
[
x

y

]

+ [d, q]

[
x

y

]

+ f = 0 (7.9)

¾¢®¢¸¥¢º ¯²¯» ¦®¤¦.
(7.8), (7.9) ¥¢¡ª¯¥¡¢®¯º¡ ¾©¤¡©¾ ¬¢¡³³¨¯º¤ ¦®¦¤®¦¡ ¤µ (0, i, j) £¯£¥¶¹¨�¹©¸ ¤¢¡ ª§¡©¹°¡ ¨³¸£®¢¤¢. (7.8)-

¯º¤ ¢¾¤¯º ¡§¸±©¤ ¡¯ª³³¤ ¤µ
ax2 + bxy + cy2 (7.10)

¤µ (x, y)-
¯º¤ ¾§±µ¨ ÿ±©¨¸©¥®©¡ ¾¢®¢¸ ©º¤©. ·¤¢ ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¤

(i, j) £§§¸µ ¨©¾µ ¹©¥¸¯¬ ¤µ
A =

[
a b

2
b
2 c

]

©º¤©.
T =

[
t11 t12
t21 t22

]

¹©¥¸¯¬¥©º ¦¸¥¦¡¦¤©®µ ¾§±¯¸¡©®¥©©¸ (7.10) ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ λ′1x′2 +
λ′2y

′2 ¡¢£¢¤ ¾�®©¸ ¨³¸£¢¨ ª¯®»³³®¨¢¡ ¡¢¶. ·¤¢ ¾§±¯¸¡©®¥ ¤µ ¦¸¥¦¤¦¸¹²-®¦¡¨£¦¤ (i, j) £§§¸¯º¡ ¦¸¥¦¤¦¸¹²®¦¡¨£¦¤ (i′, j′) £§§¸µ¥
i′ = t11i+ t21j

j′ = t12i+ t22j

¥¦¹3Ý¦¡¦¦¸ ª¯®»³³®¤¢. �¤¡¢¾¢¢¸ ÿ¦¦¸¨¯¤©¥°¤ (0, i′, j′) £¯£¥¶¹¨ (7.8)¥¢¡ª¯¥¡¢® ¤µ
λ2

1x
′2 + λ2y

′2 + [d q] ·
[
t11 t12
t21 t22

]

·
[
x′

y′

]

+ f = 0 (7.11)
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¾¢®¢¸¥¢º ¦®¤¦.
(7.8) ¥¢¡ª¯¥¡¢® ¤µ a, b, c ÿ¦¢CC¯¬¯¶¤¥§§¨©©£ ¾©¹©©¸² �¹©¸ ª§¡©¹ ¨³¸£®¢-¾¯º¡ ª¯¤»®¢¶.
(7.11) ¥¢¡ª¯¥¡¢®¯º¤ λ1, λ2

ÿ¦¢CC¯¬¯¶¤¥³³¨ ¤µ
∣
∣
∣
∣

a− λ b
2

b
2 c− λ

∣
∣
∣
∣
= 0

¥¢¡ª¯¥¡¢®¯º¤ ª¯º¨³³¨ ©º¤©. �«¸««¸ ¾¢®¢®
λ2 − (a+ c)λ+ ac− (

b

2
)2 = 0

¥¢¡ª¯¥¡¢®¯º¤ ª¯º¨³³¨ ©º¤©. ·¤¨ ¨©¸©©¾ 3 ¥¦¾¯¦®¨¦® ©º¤©. ß³¤¨:
1. ac − b2

4 > 0
¦® (7.8) ¤µ ¢®®¯E£®¢¡ ¾¢®¢¸¯º¤ ¹§¸§º¡ ¨³¸£®¢¤¢. ·¤¢¥¦¾¯¦®¨¦®¨ (7.11)-¨ λ1λ2 > 0

©º¤©.
2. Ü¢¸¢± ac− b2

4 < 0
¦® (7.8) ¤µ ¡¯E¶¸¦®®¦¡ ¾¢®¢¸¯º¤ ¨³¸£¯º¡ ¨³¸£®¢¤¢.ß¤¢¤¨¢¢ ¢¤¢ ¥¦¾¯¦®¨¦®¨ λ1λ2 < 0 ¥§® (7.11) ¤µ ¡¯E¶¸¦®®¦¡ ¾¢®¢¸¯º¤¨³¸£¯º¡ ¨³¸£®¢¤¢ (5.25-¡ ³´).

3. Ü¢¸¢± ac− b2

4 = 0
¦® (7.8) ¤µ E©¸©¦®®¦¡ ¾¢®¢¸¯º¤ ¨³¸£¯º¡ ¨³¸£®¢¤¢.·¤¢ ¥¦¾¯¦®¨¦®¨ λ1λ2 = 0
©º¾ © (7.11) ¤µ E©¸©¦®®¦¡ ¾¢®¢¸¯º¤ ¨³¸£¯º¡¨³¸£®¢¤¢.ØÙÚÛÛ

7.7. 5x2 + 24xy − 5y2 + 6
√

13x + 4
√

13y + 13 = 0 ¥¢¡ª¯¥¡¢®¯º¡¾�®©¸ ¾¢®¢¸¥ ¦¸§§®» ¢¤¢ ¥¢¡ª¯¥¡¢®¢¢¸ ¨³¸£®¢¡¨¢¾ ¨³¸£¯º¡ ©º¡§§®.1ÒÐÒÎÆ. �¡£«¤ ¥¢¡ª¯¥¡¢®¯º¡
[xy] ·

[
5 12
12 −5

]

·
[
x

y

]

+ [6
√

13 4
√

13]

[
x

y

]

+ 13 = 0

¡¢» ¯²¤¢.
[x y] ·

[
5 12
12 −5

]

·
[
x

y

]

(7.12)

ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ ¾�®©¸ ¾¢®¢¸¥ ª¯®»³³®¢¾ ¦¸¥¦¡¦¤©®µ ¾§±¯¸¡©®à¥°¤ ¹©¥¸¯¬ T -¡ ¦®3Ý. ·¤¢ ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¤ ¹©¥¸¯¬ A-
¯º¤ ¥¦¨¦¸¾à¦º®¦¡² ¥¢¡ª¯¥¡¢®¯º¤ ª¯º¨¯º¡ ¦®¦®

∣
∣
∣
∣

5 − λ 12
12 −5 − λ

∣
∣
∣
∣
= 0 ⇒ − 25 + λ2 − 144 = 0 ⇒ λ2 = 169 ⇒

λ1 = 13, λ2 = −13.

A ¹©¥¸¯¬°¤ λ1 = 13 ¾§±¯º¤ §¥¡©¥ ¾§±¯º¤ [u1 u2]
¥ ±¶ÿ¥¦¸ ©¡©¤°¡ ¦®¦®

[
5−13 12
12 −5−13

]

·
[
u1

u2

]

= 0 ⇒ −8u1 + 12u2 = 0
12u1 − 18u2 = 0

}

⇒ u1 =
3

2
u2
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·¤¨¢¢£ ¾§±¯º¤ ±¶ÿ¥¦¸ ©¡©¤© ¤µ [3s 2s]¥, ∀s ∈ R (s 6= 0)

¦®¤¦. ·¤¢ ±¶ÿ¥¦¸©¡©¤°¡ ¤¦¸¹²¯®¦® ( 3√
13
, 2√

13
)¥.

λ2 = −13 ¾§±¯º¤ §¥¡©¥©º [v1 v2]
¥ ±¶ÿ¥¦¸ ©¡©¤°¡ ¦®3Ý.

[
5 − (−13) 12

12 −5 − (−13)

]

·
[
v1
v2

]

= 0 ⇒ 18v1 + 12v2 = 0
12v1 + 8v2 = 0

}

⇒

v1 = −2

3
v2. ·¤¨¢¢£ [−2k 3k]¥, k 6= 0, ∀k ∈ R ¤µ ¦®¦¾ ±¶ÿ¥¦¸ ©¡©¤©.

ß³¤¯º¡ ¤¦¸¹²¯®¦® [− 2√
13

3√
13

]¥ ©º¤©.
(7.12) ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ ¾�®©¸ ¾¢®¢¸¥ ª¯®»³³®¢¾ ¦¸¥¦¡¦¤©®µ ¾§±¯¸-¡©®¥ ¤µ

T =

[
3√
13

− 2√
13

2√
13

3√
13

]

¹©¥¸¯¬¥©º.l¯¤¢ (0, i′, j′) £¯£¥¶¹¯º¤ £§§¸¯º¤ ±¶ÿ¥¦¸§§¨
i′ = 3√

13
i+ 2√

13
j, j′ = − 2√

13
i+ 3√

13
j¦®¤¦. (0i′, j′) £¯£¥¶¹¨ «¡£«¤ ¥¢¡ª¯¥¡¢® ¤µ

13x′2 − 13y′2 + [6
√

13 4
√

13] ·
[

3√
13

− 2√
13

2√
13

3√
13

]

·
[
x′

y′

]

+ 13 = 0§½§
13x′2 − 13y′2 + 26x′ + 13 = 0 ⇒ x′2 − y′2 + 2x′ + 1 = 0¦®¤¦.

·¤¢ £³³®²¯º¤ ¥¢¡ª¯¥¡¢®¨ ³¥¢¤ ÿ±©¨¸©¥ �®¡©±©®
(x′ + 1)2 − y′2 = 0 ⇒ (x′ + y′ + 1) · (x′ − y′ + 1) = 0�º¹¨ ¢¤¢ ¥¢¡ª¯¥¡¢® ¤µ x′ + y + 1 = 0, x′ − y′ + 1 = 0 ¡¢£¢¤ ¦¡¥®¦®¬£¦¤ª§®§§¤°¡ ¨³¸£®¢¤¢. (0, i′, j′) £¯£¥¶¹¨ ª§®§§¤§§¨°¡

6

-

J
J

J
J

J
J

J
J]

�
�

�
�

�
�

�
��>

s

6

-
x

y

x′y′

x

y

*
I

x′
y′

O′ 0

�����
78

�����
79©º¡§§®©® 79-¸ ´§¸©¡ ¡©¸¤©. ·¤¢ ¤µ (0, i, j) £¯£¥¶¹¨ «¡£«¤ ¥¢¡ª¯¥¡¢® ¤µ¦¡¥®¦®¬£¦¤ ¾¦£ ª§®§§¤°¡ ¨³¸£®¢¤¢ ¡¢¨¡¯º¡ ´©©¤©.ØÙÚÛÛ

7.8. 17x2 +12xy+8y2 +20
√

5x+20 = 0 ¥¢¡ª¯¥¡¢®¯º¡ ¾�®©¸ ¾¢®à¢¸¥ ¦¸§§®» ¢¤¢ ¥¢¡ª¯¥¡¢®¢¢¸ ¨³¸£®¢¡¨¢¾ ¡¶¦¹¶¥¸¯º¤ ¨³¸£¯º¡ ©º¡§§®.
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1ÒÐÒÎÆ. �¡£«¤ ¥¢¡ª¯¥¡¢®¯º¡
[x y] ·

[
17 6
6 8

]

·
[
x

y

]

+ [20
√

5 0] ·
[
x

y

]

+ 20 = 0

¡¢» ¯²µ¶.
[x y] ·

[
17 6
6 8

]

·
[
x

y

]

ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ ¾�®©¸ ¾¢®¢¸¥ ¦¸§§®©¾ ¦¸¥¦¡¦¤©®µ ¾§±¯¸¡©®¥°¤¹©¥¸¯¬ T -¡ ¦®3Ý. ·¤¢ ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¤ ¹©¥¸¯¬°¤ ¥¦¨¦¸¾¦º®¦¡²¥¢¡ª¯¥¡¢®¯º¡ ¦¨¦» ¾§±¯º¤ §¥¡°¡ ¦®¦®
∣
∣
∣
∣

17 − λ 6
6 8 − λ

∣
∣
∣
∣
= 0 ⇒ λ2 − 25λ+ 100 = 0 ⇒ λ1 = 20, λ2 = 5.

P±©¨¸©¥®©¡ ¾¢®¢¸¯º¤ ¹©¥¸¯¬°¤ λ1 = 20 ¾§±¯º¤ §¥¡©¥©º ¾§±¯º¤ [u1, u2]
¥±¶ÿ¥¦¸ ©¡©¤°¡ ¦®3Ý.

[A− 20E] ·
[
u1

u2

]

= 0 ⇒
[

17 − 20 6
6 8 − 20

]

·
[
u1

u2

]

= 0 ⇒

−3u1 + 6u2 = 0
6u1 − 12u2 = 0

}

⇒ u1 = 2u2

A ¹©¥¸¯¬°¤ λ1 = 20 ¾§±¯º¤ §¥¡©¥©º ±¶ÿ¥¦¸ ©¡©¤© [2s s]¥,
s 6= 0, ∀s ∈ R

©º¤©. ß³¤¯º¡ ¤¦¸¹²¯®¦® [ 2√
5

1√
5
]¥ ¦®¤¦.

ß³¤¥¢º ©¨¯®©©¸A ¹©¥¸¯¬°¤ λ2 = 5 ¾§±¯º¤ §¥¡©¥©º ±¶ÿ¥¦¸ ©¡©¤°¡ ¦®¦®
[−s, 2s]¥, s 6= 0, ∀s ∈ R. ß³¤¯º¡ ¤¦¸¹²¯®¦® [− 1√

5
2√
5
]¥ ¦®¤¦. P±©¨¸©¥à®©¡ ¾¢®¢¸¯º¡ ¾�®©¸ ¾¢®¢¸¥ ª¯®»³³®¢¾ ¦¸¥¦¡¦¤©®µ ¾§±¯¸¡©®¥ ¤µ

T =

[
2√
5

− 1√
5

1√
5

2√
5

]

¹©¥¸¯¬¥©º ©º¤©.
(0, i′, j′) ª¯¤¢ £¯£¥¶¹¯º¤ £§§¸¯º¤ ±¶ÿ¥¦¸§§¨

i′ =
2√
5
i+

1√
5
j, j′ = − 1√

5
i+

2√
5
j

¦®¤¦.
(0, i′, j′) £¯£¥¶¹¨ «¡£«¤ ¥¢¡ª¯¥¡¢®

20x′2 + 5y′2 + [20
√

5 0] ·
[

2√
5

− 1√
5

1√
5

2√
5

]

·
[
x′

y′

]

+ 20 = 0
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20x′2 + 5y′2 + 40x′ − 20y′ + 20 = 0¦®¤¦. ·¤¢ ¥¢¡ª¯¥¡¢®¢¢£ ³¥¢¤ ÿ±©¨¸©¥ �®¡©±©®
20(x′ + 1)2 + 5(y′ − 2)2 = 20 ⇒ (x′ + 1)2

1
+

(y′ − 2)2

4
= 1

·¤¢ ¤µ (0, i′, j′) £¯£¥¶¹¨ O′(−1, 2) ¬¢¡ ¨¢¢¸ ¥«±¥¢º a = 1, b = 2 ¡¢£¢¤ ¾©à¡©£ ¥¢¤¾®¢¡³³¨¥¢º, ¥¢¡ª ¾¢¹¯º¤ ¥¢¤¾®¢¡³³¨ ¤µ OX ′, OY ′ ¥¢¤¾®¢¡³³¨¥¢ºE©¸©®¶®µ ¢®®¯E£ ©º¤© (´§¸©¡ 79).
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7.4. n����� N� N4��4����o
1.
�©¸©©¾ ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¤ ¸©¤¡¯º¡ ¦®.�) L(x1, x2) = x2

1 + x2
2 − 2x1x2+) L(x1, x2, x3) = x2

1 + x2
3 + 2x1x2 + 2x1x3 + 2x2x3.o

2. �¡£«¤ ÿ±©¨¸©¥®©¡ ¾¢®¢¸¯º¡ ¾�®©¸ ¾¢®¢¸¥ ª¯®»³³®. ·¤¢ ¾�®©¸¾¢®¢¸¥ ª¯®»³³®¢¾ ¦¸¥¦¡¦¤©®µ ¦E¶¸©¥¦¸°¡ ´©©.�) x2
1 + x2

2 + 4x1x2
+) 5x2

1 + 12x1x2]) 2x2
1 + x2

2 + 3x2
3 − 4

√
2x2x3

�) 5x2
1 + 9x2

2 + 9x2
3 − 12x1x2 − 6x1x3/) 5x2

1 + 2x2
2 + 2x2

3 − 2x1x2 − 4x2x3 + 2x1x3
Z) 4x1x2 + 3x2

2.o
3. �¡£«¤ ¥¢¡ª¯¥¡¢® ¤µ ¢¤¢ ¥¢¡ª¯¥¡¢®¢¢¸ ¨³¸£®¢¡¨¢¾ ¾©±¥¡©º¤ ¡¶¦¹¶¥-¸¯º¤ ¨³¸£¯º¡ ©º¡§§®.�) 5x2 + 8xy + 5y2 + 9

√
2x+ 9

√
2y = 0+) 3x2 + 4xy − 12

√
5x+ 16 = 0]) x2 − 6xy + 9y2 + 3
√

10x+
√

10y = 0�) 3x2 + 10xy + 3y2 + 6
√

2x− 2
√

2y + 32 = 0/) 3y2 + 4xy + 4
√

5x+ 2
√

5y − 1 = 0Z) 25x2 − 20xy + 4y2 + 5
√

29x− 2
√

29y = 0�) x2 − 4xy + 4y2 + 4
√

5x− 3
√

5y − 15 = 0.

r���.

1. a) 1, +) 3 2. �) 3y2
1 − y2, x1 = 1√

2
y1 + 1√

2
y2, x2 = 1√

2
y1 − 1√

2
y2,+) 9y2

1 − 4y2
2 , x1 = 3√

13
, y1 − 2√

13
y2, x2 = 2√

13
y1 + 3√

13
y2,
]) 2y2

1 + 5y2
2 − y2

3,

x1 = y1, x2 = 1√
3
y2 +

√
2
3y3, x3 = −

√
2
3y2 + 1√

3
y3,

�) 9y2
1 + 14y2

2 , x1 =

− 5√
70
y2+ 3√

14
y3, x2 = 1√

5
y1+ 6√

70
y2+ 2√

14
y3, x3 = − 2√

5
y1+ 3√

70
y2+

√
1
√

14y3,/) 6y2
1+3y2

2, x1 = 2√
6
y1− 1√

3
y2, x2 = − 1√

6
y1− 1√

3
y2+

1√
2
y3, x3 = 1√

6
y1+

1√
3
y2+

1√
2
y3,

Z) −y2
1 + 4y2

2, x1 = 2y1+y2√
5

, x2 = −y1+2y2√
5

3. �) x′2

9 + (y′+1)
1 = 1,

+) (y′+6)2

16 − (x′−3)2

4 = 1, ]) y′2 = x′, �) (x′−1)2

16 − (y′−0.5)2

4 = 1, /) (y′+3)2

4 −
(x′+1)2

1 = 1, Z) y′ = 0 y′ + 1 = 0, �) (y′ + 1)2 = −(x′ − 4).
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